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Proof of Theorem 1

We begin by establishing a fundamental property of the search order.

Lemma 1. The sequence of extracted rule-apex-realization pairs has monotoni-
cally non-decreasing f1-values.

Proof. The rule-apex-realization pair extracted from Open has the smallest f1-
value due to the lexicographic ordering. Also, any newly generated pair has an
f1-value that is greater than or equal to that of its parent pair, and the resulting
pair of a merge can not have an f1-value smaller than both of its merged pairs
(their rule apexes). Thus, the sequence of extracted pairs has monotonically
non-decreasing f1-values.

The next two lemmas justify the correctness of pruning based on previously
expanded nodes.

Lemma 2. If there exists a rule-apex-realization pair RP ′ in G=
cl(s(RP)) the

truncated f -value of which weakly rule-dominates the truncated f -value of some
realization-pair RP on Line 7 of the Algorithm 5, then the f -value of RP ′ weakly
rule-dominates the f -value of RP.

Proof. The rule-apex-realization pair RP ′ has been expanded and added to
G=

cl(s(RP)) before RP was extracted from Open. Let

RP0 = RP ′,RP1,RP2, . . .RPk = RP

be the sequence of rule-apex-realization pairs extracted since then. Because RP ′

is still in G=
cl(s(RP)), the Line 1 of the Algorithm 5 never held. According to

Lemma 1 and since the heuristic function is consistent, it follows that f1(RPi) =
f1(RPi+1) for all i < k. Thus, f1(RP ′) = f1(RP) which along with the premise
in the lemma implies f(RP ′) ≲R f(RP).

Lemma 3. If there exists a rule-apex-realization pair RP ′ in G<
cl(s(RP)) the

residual f -value of which weakly rule-dominates the residual f -value of some rule-
apex-realization pair RP on Line 9 of the Algorithm 5, then it also holds that
the f -value of RP ′ weakly rule-dominates the f -value of RP.

Proof. Since RP ′ was previously expanded and added to G<
cl(s(RP)), the condi-

tion on Line 1 of the Algorithm 5 held at least once. According to Lemma 1 and
because the heuristic function is consistent, it holds that f1(RP ′) < f1(RP).
Thus, the f -value of RP ′ weakly rule-dominates the one of RP.

We then turn to the correctness of the solution-set maintenance.

Lemma 4. Let RP = ⟨r, x⟩ be a rule-apex-realization pair and y be any realiza-
tion such that r ≲R cR(y). If we merge RP with another rule-apex-realization
pair then the rule apex of the resulting rule-apex-realization pair will still weakly
rule-dominate (≲R) y.
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Proof. The rule apex of the resulting rule-apex-realization pair is the component-
wise minimum of the two merged rule apexes.

The next lemma shows that ε-rule-dominance satisfies one-sided transitivity
with respect to exact rule-dominance. In other words, approximate dominance is
preserved when composed with exact dominance. This property allows RA*pex
to reason about sets of realizations using rule-apex-realization pairs and is cru-
cial for establishing the algorithm’s approximation guarantees. Specifically, for a
given ε-bounded rule-apex-realization pair RP = ⟨r, x⟩, it allows the representa-
tive realization x to ε-rule-dominate all the realizations that the pair represents.

Lemma 5. Let x, y, z be realizations such that x ≲ε
R y and y ≲R z, then x ≲ε

R
z.

Proof. Let R = ⟨R,≤⟩ be a rulebook with R = {r1, . . . , rN}. Assume x ≲ε
R y

and y ≲R z. To show that x ≲ε
R z, suppose there is a rule ri ∈ R such that

ri(x) > (1 + εi)ri(z). We need to show that there exists a more important rule
rj > ri such that rj(x) < (1 + εj)rj(z). Consider two possibilities.

– ri(x) ̸= (1 + εi)ri(y). If ri(x) > (1 + εi)ri(y), then x ≲ε
R y guarantees

that there exists a rule rk > ri such that rk(x) < (1 + εk)rk(y). If instead
ri(x) < (1 + εi)ri(y), then we can set rk = ri. Thus, in either case, there
exists rk ≥ ri such that rk(x) < (1+ εk)rk(y). We are done if rk(y) ≤ rk(z),
since we can take rj = rk. Otherwise, rk(y) > rk(z) and y ≲R z imply
that there exists rl > rk such that rl(y) < rl(z). Again, we are done if
rl(x) ≤ (1+ εl)rl(y), and if not, there has to be some rule rm > rl such that
rm(x) < (1 + εm)rm(y). Repeating this argument construncts an increasing
chain ri ≤ rk < rl < rm . . . . Since R is finite, the chain has to stop, which is
only possible if there exists n ∈ {1, . . . , N} such that rn(x) < (1+ εn)rn(z).

– ri(x) = (1 + εi)ri(y). Then ri(x) > (1 + εi)ri(z) implies that ri(y) > ri(z).
Because y ≲R z, there must exist a rule rk > ri such that rk(y) < rk(z).
We are done if rk(x) ≤ (1+ εk)rk(y), since one can take rj = rk. Otherwise,
there must exist a rule rl > rk such that rl(x) < (1 + εl)rl(y). Applying the
same reasoning as in the previous case, we again obtain an increasing chain
ri ≤ rk < rl . . . which must terminate at some rn with rn(x) < (1+εn)rn(z).

Using the above results, we now relate the behavior of RA*pex to arbitrary
optimal solutions.

Lemma 6. For any prefix xl = [s1, s2 . . . sl] of any solution

x = [s1(= sstart), s2 . . . sL(= sgoal)]

with 1 ≤ l ≤ L, when the algorithm terminates, there exists either (Case 1:)
an expanded rule-apex-realization pair RP (that is, one that reaches Line 9 of
the Alg 1) that ends at the state sl and whose rule apex weakly rule-dominates
the g-value of the realization xl or (Case 2:) a rule-apex-realization pair RP
in the solution set such that the f -value of its representative realization ε-rule-
dominates the f -value of the realization xl.
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Proof. The proof is done via induction. The lemma holds for l = 1 and any
solution since the realization pair RP = ⟨0, [sstart]⟩ gets expanded and has the
properties required for Case 1. Now assume that the lemma holds for some l < L
and any solution. Then, we prove that it is also true for l + 1 and this solution.

Assume that Case 1 holds for l and consider both RP - the realization-pair
mentioned there and its potential child realization pair RP ′ created on Line 14
of the Algorithm 1 for s′ = sl+1. The realization pair RP ′ ends at the state sl+1

and its rule apex weakly rule-dominates the g-value of the realization xl+1, which
implies that its f -value weakly rule-dominates the f -value of the realization xl+1.
We distinguish three cases:

1. First, the condition on Line 11 in Alg 5 (or Line 1 in the Alg 2) holds for some
realization pair in the solution set, meaning, the f -value of the representative
path of this realization pair ε-rule-dominates the f -value of the realization
pair RP ′. The algorithm replaces this realization pair with a new realization-
pair RP ′′ in the solution set on Line 13 in the Alg 5 (or Line 3 in the Alg
2). The pair RP ′′ stays in the solution set but the algorithm might merge it
several times with other rule-apex-realization pairs on Line 2 of Algorithm 4
before it terminates. The rule apex of the pair RP ′′ weakly rule-dominates
the f -value of the realization xl+1 (since this rule apex is the component-wise
minimum of the f -value of the pair RP ′ and another rule apex, and hence
weakly rule-dominates the f -value of the pair RP ′, which in turn weakly
rule-dominates the f -value of the realization xl+1) and merging it with other
realization-pairs does not change this property according to Lemma 4. Since
the pair RP ′′ also remains ε-bounded, the f -value of its representative path
always ε-rule-dominates the f -value of itself, which equals its rule-apex. Put
together, according to Lemma 5 the f -value of its representative path ε-rule-
dominates the f -value of the realization xl+1. Thus, the merged realization
pair satisfies Case 2 for l + 1.

2. Second, the condition on Line 7 or Line 9 of the Alg 5 (or Line 5 in the Alg
2) holds , meaning, there exists a rule-apex-realization realization pair RP=

in G=
cl(s(RP ′)) the truncated f -value of which weakly rule-dominates the

truncated f -value of the rule-apex-realization pair RP ′ or there exists a rule-
apex-realization pair RP< in G<

rmcl(s(RP ′)) the residual f -value of which
weakly rule-dominates that of the pair RP ′. In either case, the expanded
pairs RP= and RP< ending at the state sl+1 have f -values that weakly
rule-dominate the f -value of the pair RP ′ according to Lemmas 2 and 3
respectively. Thus, their rule apex weakly rule-dominate the rule apex of
the pair RP ′. Thus, either RP= or RP< satisfies Case 1 for l + 1 since the
rule apex of the pair RP ′ in turn weakly rule-dominates the g-value of the
realization xl+1.

3. Otherwise, the algorithm executes Line 17 of the Alg 1 for the rule-apex-
realization pair RP ′, where the pair is inserted into Open, perhaps after
having been merged with another realization-pair in the Algorithm 4. The
algorithm might merge it several more times before finally extracting it.
Its rule apex weakly rule-dominates the g-value of the realization xl+1 and
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merging it with other realization pairs does not change this property accord-
ing to Lemma 4. Thus, if this realization pair is expanded, it satisfies Case
1 for l + 1. If it is extracted but not expanded, then the pruning conditions
in the Alg 5 (or the Alg 2) hold, and as we have already proved, Case 1 or
Case 2 holds.

Assume that Case 2 holds for l and consider the rule-apex-realization pair
mentioned there. The f -value of the representative realization of this pair ε-
rule-dominates the f -value of the realization xl. Since the heuristic function is
consistent, the f -value of the realization xl in turn weakly rule-dominates the
f -value of the realization xl+1. Thus, according to Lemma 5, this realization-pair
satisfies Case 2 for l + 1.

Finally, we combine these results to prove Theorem 1.

Proof of Theorem 1. Lemma 6 holds for prefix xL = x of any solution x.
In case its Case 2 holds, the theorem holds by definition for realization x since
the f -values of the solutions are equal to their costs. In case its Case 1 holds,
consider the rule-apex-realization pair as mentioned. This pair ends at the the
goal state, and the algorithm thus executed the Line 11 in Alg 1 for it, where
the pair was inserted into the solution set, maybe after having been merged
with another rule-apex-realization pair on Line 2 of the Algorithm 4. The pair
stays in the solution set, and might be merged several more times with other
rule-apex-realization pairs before the algorithm terminates. The rule apex of the
pair weakly rule-dominates the g-value of the path x according to Lemma 6 and
merging it with other pairs does not change this fact according to Lemma 4. Since
the pair also remains ε-bounded (due to the conditions on Line 3 in Alg 4, Line 11
in Alg 5, Lemma 1, and the consistency of the heuristic function), the f -value of
its representative realization always ε-rule-dominates the f -value of itself, which
equals its rule apex. Putting it all together, the f -value of its representative
realization ε-rule-dominates the g-value of the realization x according to Lemma
5. Thus, the theorem holds by definition for the realization x since the g- and
f -values of the solutions are equal to their costs.
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Formal Specification and Control Synthesis of

Autonomous Robots Using Rulebooks
Tichakorn Wongpiromsarn1, Konstantin Slutsky2, and Emilio Frazzoli3

Abstract—This paper presents a formal specification
framework for planning and control of autonomous robots,
focusing on the challenge of managing complex trade-offs
among multiple, potentially conflicting objectives. These include
hierarchical relationships and non-comparable objectives, some
of which may be too complex to be captured by standard additive
cost functions. We leverage the rulebook formalism to represent
such objectives and their relationships and formulate two control
synthesis problems: single-strategy synthesis, which seeks one
optimal strategy, and complete synthesis, which computes
the full set of optimal strategies with respect to a rulebook,
analogous to the Pareto front in multi-objective planning. We
show that our formulation generalizes existing temporal logic-
based and optimization-based planning and control, providing
a unifying framework across robotics, formal methods, control
theory, and operations research. For single-strategy, we identify
tractable subclasses and present a polynomial-time algorithm that
accommodates richer combinations of objectives than prior work.
For complete synthesis, we introduce an algorithm to compute
all optimal solutions and analyze its computational complexity.
In both cases, we present case studies that include complex
multi-objective planning problems and demonstrate the practical
effectiveness of our approach compared to existing methods.

Index Terms—Formal methods in robotics and automation,
motion and path planning, graph search-based path planning

I. INTRODUCTION

Autonomous robots are often required to satisfy or optimize
multiple complex objectives simultaneously. For example,
self-driving cars and unmanned aerial vehicles must avoid
collisions, comply with regulatory requirements (e.g., staying
within designated lanes or airspace and maintaining a sufficient
clearance from obstacles), and optimize for performance
metrics such as travel time and energy efficiency [1]–[3]. In
many situations, however, these objectives may conflict and
cannot be satisfied simultaneously, e.g., in the trolley problem,
where the system must choose between undesirable outcomes.
Unlike semi-autonomous robots that operate under close human
supervision and can rely on human intervention in such complex
situations, a fully autonomous robot must make timely decisions
and take action on its own, often before human intervention is
possible, to minimize harm. This need is explicitly acknowledged
in regulations such as §107.21 in Title 14 of the Code of Federal
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Regulations [4]. Applications such as agricultural spraying with
toxic chemicals further illustrate the challenge where robots
are required to complete tasks that inherently pose safety risks.
These challenges necessitate the development of a principled
framework that can formally specify such diverse and potentially
conflicting objectives and guide planning strategies to prioritize
critical objectives while managing unavoidable trade-offs.

Variants of temporal logics provide formalisms for pre-
cisely describing complex objectives or specifications of au-
tonomous robots due to their expressiveness [5], [6]. Correct-by-
construction synthesis of control strategies with respect to tempo-
ral logic specifications has been extensively studied across various
settings, including deterministic [7]–[13], reactive [14]–[16], and
probabilistic [17]–[22]. Recent languages such as Metric Tem-
poral Logic [23], robust Linear-time Temporal Logic [24], and
Signal Temporal Logic (STL) [25]–[33] include robust semantics
and allow quantitative assessment of the robustness of satisfaction.
Various robustness metrics have been introduced [34]–[37]. These
formalisms, however, do not capture the unequal importance
of different objectives. Since all objectives are combined into a
single formula, they are implicitly treated as equally important.
As a result, these formalisms cannot distinguish between
violations of high-priority objectives (e.g., collision avoidance)
and those of lower-priority (e.g., signaling before changing lanes).

Traditional approaches to handle multiple objectives often
aggregate all objectives into a single scalar function using a
weighted sum [38]–[41]. Each objective is assigned a weight
reflecting its relative importance and the robot’s task is to
optimize this aggregate. While this formulation enables the use of
standard optimization techniques and can address a wide range of
problems, it becomes problematic in scenarios where objectives
follow a strict hierarchy, e.g., prioritizing safety over rule
compliance and rule compliance over performance optimization.
To ensure that a higher-priority objectives are never compromised
in favor of lower-priority ones, a lexicographic ordering needs to
be imposed such that lower-priority objectives are only taken into
account when all higher-priority ones are optimized. Such strict
prioritization cannot be represented by any finite set of weights, as
an infinitesimal violation of a high-priority objective could other-
wise be outweighed by large improvements in lower-priority ones.

A common approach to address this limitation is to treat critical
objectives as hard constraints and the remaining objectives as soft
constraints or costs to be minimized. This leads to a constrained
optimal control problem, where the solution represents the robot’s
optimal strategy [42], [43]. Model predictive control (MPC) is a
widely used approach for solving such problems in real time [44].
Control Lyapunov functions (CLFs) and control barrier functions
(CBFs) have been introduced to encode stability and hard con-
straints that can be formulated as the superlevel set of a smooth
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function. Together, they provide a unified optimization-based
framework that integrates both stability and safety requirement
and reduce the control synthesis problem to a quadratic program
(QP) that can be solved efficiently at each time step [45]–[47].

A key limitation of constrained optimal control formulations
is their restriction to a two-level priority structure, with hard
constraints at the higher level and soft constraints at the lower
level. Multi-objective MPC has been investigated. For example,
[48] provides conditions under which Pareto optimal solutions
can be selected to ensure closed-loop stability, while [49]
considers lexicographic multi-objective formulations. However,
these formulations are typically limited to additive objectives
(i.e., the sum of stage costs over the horizon plus terminal
costs), which can limit their ability to capture non-additive
objectives, such as the maximum stage cost.

The multi-objective shortest path (MOSP) problem has
also been studied extensively in operational research and
computer networks [50], [51]. Here, the objectives are treated
independently and the goal is to compute Pareto optimal
solutions that represent trade-offs among conflicting objectives.
Unlike optimal control problems, which typically involve
continuous-state systems described by differential equations,
MOSP focuses on discrete-state systems modeled as graphs.
Both exact and approximate algorithms have been developed
to solve the MOSP problem [51]–[58].

Autonomous robots operating in complex real-world
environments often have to handle complex trade-offs and
relationships among objectives. Some objectives may be too
complex to be captured by simple additive cost functions.
Moreover, while certain objectives naturally form a strict
hierarchy (e.g., prioritizing collision avoidance over lane
keeping), others (e.g., obstacle clearance and lane keeping) may
be important but not directly comparable in terms of priority.

To handle complex objectives and their diverse relationships,
we employ the rulebook formalism introduced in [59], which
provides a principled way to specify objectives and their relative
priorities. This formalism was originally developed to compare
robot behaviors based on externally observable outcomes. At
the core of this framework is the concept of ordering rules
based on their relative importance, where each rule captures
a distinct objective. Its semantics imposes a preference ordering
over possible robot behaviors.

This paper extends the application of rulebooks beyond
behavior comparison, showing that rulebooks can serve as a
general specification language for expressing objectives and
constraints in robot planning and control. While [59] focuses on
ranking behaviors, we leverage rulebook semantics to formally
define acceptable behaviors and provide algorithms to synthesize
control strategies that satisfy these specifications. Despite its
potential, the use of rulebooks in this context remains largely
unexplored. To our knowledge, the only prior work in this
direction are [60], [61], both of which consider restricted forms of
rulebooks with the primary focus on computing a single optimal
strategy. Specifically, [60] assumes a total order over rules,
resulting in a strict lexicographic hierarchy among objectives and
further requires each rule to be a differentiable function. Under
these assumptions, the rulebook is reduced to a single utility
function via a weighted sum and the optimal solution with respect

to this function converges to the rulebook-optimal solution as the
ratios between successive weights approach infinity. On the other
hand, [61] assumes a total preorder over rules and restricts rules
to Boolean formulas that must hold at all times. Our work departs
from prior literature by focusing on establishing rulebooks as a
general and expressive specification language for planning and
control, rather than tailoring them to specific optimization settings.
Our goal is to support a broad class of objectives and constraints
along with rich prioritization structures. To achieve this, we
consider the most general form of rulebooks defined as arbitrary
preorders, allowing both hierarchical and non-comparable rela-
tionships among rules. Building on this foundation, we introduce
weak assumptions on the rules under which computing an optimal
solution remains tractable. Furthermore, we go beyond extracting
a single optimal behavior and develop a complete synthesis
procedure that characterizes the entire set of rulebook-consistent
behaviors. This enables us to address the verification problem,
i.e., determining whether a given behavior is consistent with a
rulebook, which is fundamental for using rulebooks as a formal
specification language but has not been handled in prior work.

Our primary contributions are as follows.
(1) In Section III, we formulate control synthesis with

rulebooks, considering two variants: single-strategy control
synthesis, which computes one optimal control strategy, and
complete control synthesis, which computes the full set of
optimal strategies (analogous to the Pareto front in MOSP). Then,
in Section IV, we show that these formulations subsume temporal-
logic-based and optimization-based planning and control as
special cases. As a result, they provide a unified framework that
bridges theoretical foundations from diverse fields, including
formal methods, control theory, optimization, and operations
research, to define and compute optimal robot’s strategies.
Moreover, the explicit structure and semantics of rulebooks offer
a principled language for specifying and reasoning about robot
behavior, independent of the underlying robot model, making
it well-suited for communication among diverse stakeholders,
including system designers, engineers, and regulatory bodies.

(2) In Section V, we identify conditions on the rules that
allow the single-strategy control synthesis problem to be solved
efficiently. This follows a common practice in the literature of
introducing tractable subclasses such as limiting temporal logic to
GR(1) fragments in reactive synthesis [62], [63] or limiting cost
functions to specific forms like quadratic costs in control [45]–
[47]. However, instead of reducing rulebooks to existing formula-
tions, we directly formulate assumptions on the rules themselves
and provide a polynomial-time algorithm under these assumptions.
This approach supports a broader class of objectives, including
combinations of non-additive, non-differentiable objectives and
temporal logic specifications, which has not been addressed in
prior work, as demonstrated in the case study in Section V-D.

(3) In Section VI, we introduce an algorithm to solve complete
control synthesis, which is essential to answer the verification
question. Unlike traditional formal methods that offer a binary
correctness criterion, rulebooks define a preference structure with-
out explicitly labeling acceptable behaviors. As a result, determin-
ing whether a given robot behavior is consistent with the rulebook
requires comparing its objective values to those of optimal ones.

While the control synthesis algorithms we build on are
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grounded in existing techniques, our key contribution lies in how
we develop and integrate them under a single, unified framework
based on rulebooks, which not only generalizes and unifies
several prior approaches, but also supports novel combinations of
specifications and objectives that are difficult to express or solve
using existing formulations. We use the term “control” in a broad
sense that also encompasses what is often referred to as “planning”
in literature, namely, the generation of control inputs or actions
that guide a robot toward desired behaviors specified by given
objectives. We review related work in Section IV and discuss
how our formulation generalizes and unifies several existing
formulations. All experiments in this paper were conducted using
the toolbox available at https://github.com/tichakornw/planning,
on a Dell XPS 15 (Intel Core i7-10750H, 2.60 GHz).

II. RULEBOOKS

This section presents formal definitions and theoretical
foundations of the rulebook formalism. Throughout the paper, we
let R, R≥0, R>0, and N denote the set of real, non-negative real,
positive real, and natural numbers, respectively. Additionally,
for any sequence s= 〈s1,...,sm〉, we write si:j to denote the
subsequence 〈si,...,sj〉.

A. Formal Definitions of Rulebooks

A rulebook is evaluated over a set of possible outcomes,
referred to as the set of realizations and denoted by Σ. In the
context of autonomous robots, a realization corresponds to a
world trajectory that captures the behavior of the robot, other
agents, and relevant objects in the environment.

A rulebook consists of two main components: a set of rules,
each representing a distinct objective, and a preorder that
captures the relative importance among them. A rule is defined
as a function that takes a realization as input and returns a
non-negative real number representing the cost associated with
that objective (e.g., the amount of rule violation).

Definition 1 (Rule, [59]). A rule is a function r : Σ→R≥0
that measures the degree of violation of its argument.

If r(x) < r(y), then realization y violates the rule r to a
greater extent than does x. On the other hand, r(x)=0 indicates
that realization x is fully compliant with the rule. While we
refer to this function as a “rule”, it is not limited to a regulatory
constraint but can also represent performance-related criteria
like comfort, efficiency, or user preferences that are desirable
but not strictly required. Additionally, a rule does not need to
be analytical and can be learned from data.

Remark 1. In [59], the set of realizations, Σ, is restricted to
externally observable actions and outcomes in the world. In
contrast, because we will use the rulebook framework to specify
all objectives for control synthesis, rather than for evaluating
robot behaviors from the perspective of an external observer,
we do not impose this restriction and allow Σ to include any
information relevant to the objectives, including internal states
or unobservable variables.

A preorder is used to specify the relative importance of these
rules, allowing us to express both hierarchical relationships and
the notion of non-comparability among objectives.

Definition 2 (Preorder, [64], [65]). A preorder on a set S is a
binary relation . that is reflexive (s.s for all s∈S), and tran-
sitive (s1.s2 and s2.s3 imply s1.s3 for all s1,s2,s3∈S).

Remark 2. A preorder is a generalization of partial order. While
both are reflexive and transitive, a preorder does not require anti-
symmetry, i.e., it is possible for both s1.s2 and s2.s1 to hold
for some s1 6=s2. As a result, every partial order is a preorder
but a preorder that is not antisymmetric is not a partial order.
This lack of antisymmetry makes preorders particularly useful in
the rulebook formalism as they support the notion of rules of the
same rank, i.e., distinct rules treated as having equal priority. As
we will see later, such rules can be aggregated using monotonic
functions (with the weighted sum being a common example)
through a refinement operation, while still preserving the original
preferences encoded by the unaggregated rulebook. In this way,
rules of the same rank provide a natural foundation for capturing
the weighted-sum formulations commonly used in the literature.

Given a preorder . on a set S, we define the associated
strict preorder < on S by s1<s2 if and only if s1 . s2 and
s2 6. s1. Furthermore, the equivalence relation ∼ induced by
. is defined by s1 ∼ s2 if and only if s1 . s2 and s2 . s1.
For each s∈S, the equivalence class of s under ∼ is denoted
by [s] = {s′ ∈ S |s′ ∼ s}. The quotient set of S under ∼,
denoted S/∼, is the set of all such equivalence classes, i.e.,
S/∼= {[s] | s∈ S}. The preorder . on S induces a partial
order � on S/∼, defined by [s]� [s′] if and only if s1 . s2
for some (equivalently, all) s1∈ [s] and s2∈ [s′].

A total preorder is a special case of a preorder where every
pair of elements is comparable, i.e., for any s1,s2∈S, either
s1 . s2 or s2 . s1. A total order is a total preorder that is
also antisymmetric, meaning that if s1.s2 and s2.s1, then
s1 =s2. Equivalently, in a total order, for any distinct elements
s1,s2∈S, either s1<s2 or s2<s1 holds.

Definition 3 (Rulebook, [59]). A rulebook is defined as a tuple
R= 〈R,.〉, where R is the set of rules and . is a preorder
on R, specifying their relative importance.

Throughout the paper, we assume that R is finite. Since the
ordering of the rules forms a preorder, comparing any two rules
r1,r2∈R yields one of the three possibilities:

(1) One rule has strictly higher priority than the other. We
write r1>r2 to indicate that r1 has strictly higher priority than
r2. This typically occurs when r1 is safety-related and r2 is
not, e.g., r1 enforces collision avoidance, while r2 enforces
correct use of turn signals.

(2) They are incomparable, i.e., r1 6. r2 and r2 6. r1. This
typically occurs when they address different concerns, e.g., r1
addresses safety of property while r2 addresses safety of animals.

(3) They are of the same rank, denoted by r1 ∼ r2. This
typically occurs when they address related concerns, e.g., r1
and r2 enforce clearance to different types of objects.

B. Graph Representation of Rulebooks

Since a preorder . on R can be viewed as a partial order
� on the quotient set R/∼, we can represent a rulebook
R=〈R,.〉 using a Hasse diagram, i.e., a graph GR=(VR,ER)
of the partially ordered set 〈R/∼,�〉. Each vertex v ∈ VR
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{r1,r2}

{r3,r4} {r5}

{r6} {r7}

Fig. 1: Hasse diagram GR representing the rulebook R in
Example 1. Each node v corresponds to a set [v]⊆R of rules
that are of the same rank, i.e., mutually equivalent under ..
A directed edge from v to v′ indicates that every rule in [v]
has strictly higher priority than every rule in [v′].

represents an equivalence class [r] ∈ R/∼ of rules with the
same rank. We write [v] ⊆ R for the set of rules associated
with v. An edge (v,v′) ∈ ER, denoted by v→ v′, indicates
that [v′]≺ [v], meaning that every rule in [v] has strictly higher
priority than every rule in [v′] under the original preorder ..1

Example 1. Consider a rulebook R = 〈R, .〉, where
R= {r1,...,r7} and . is given as the reflexive and transitive
closure of the following base relations:
• r1.r2, r2.r1 (so r1 and r2 are of the same rank),
• r3.r4, r4.r3 (so r3 and r4 are of the same rank)
• r3. r1, r3. r2, r4. r1, r4. r2, r5. r1, r5. r2 (so r1

and r2 have strictly higher priority than r3, r4, r5),
• r6 . r3, r6 . r4, r7 . r3, r7 . r4 (so r3 and r4 have

strictly higher priority over r6 and r7),
• r7.r5 (so r5 has strictly higher priority over r7).

The reflexive and transitive closures of these base relations
ensure that . is a preorder, i.e., . is both reflexive and
transitive. Specifically, the reflexive closure adds the relations
ri.ri,∀i, ensuring reflexivity. The transitive closure adds the
relations ri.rk for any i,k if there exists j such that ri.rj
and rj . rk, ensuring transitivity. For example, since r6 . r3
and r3.r1, the transitive closure adds r6.r1.

The resulting set of equivalence classes is
R/∼ = {[r1],[r3],[r5],[r6],[r7]}, where [r1] = [r2] = {r1,r2},
[r3] = [r4] = {r3,r4}, and [ri] = {ri} for all i∈ {5,6,7}. The
preorder . on R induces a partial order � on the quotient
set R/∼ with the following relations: [r3]≺ [r1], [r5]≺ [r1],
[r6]≺ [r3], [r7]≺ [r3], and [r7]≺ [r5]. The Hasse diagram of
〈R/∼,�〉 is shown in Fig. 1.

C. Induced Preorder over Realizations

A rulebook R induces a preference relation .R over
realizations Σ by comparing the degree to which each
realization violates the rules. Intuitively, a realization x is
considered at least as good as another realization y, denoted
x.R y, if x does not perform worse than y on any rule without
compensating by performing better on a higher-priority rule.

Definition 4 (Induced Preorder, [59]). Let R = 〈R,.〉 be a
rulebook over realizations Σ. The induced preorder .R ⊆ Σ×Σ
is defined as x.R y if and only if for every rule r∈R such
that r(x)>r(y), there exists a higher priority rule r′>r such

1We reverse the direction of the edges compared to a traditional Hasse
diagram to simplify topological sorting of equivalent rules in Section VI.

that r′(x)<r′(y). In other words, any rule that prefers y over x
must be of lower priority than some rule that prefers x over y.

If at least one of x.R y or y .R x holds, we say that x
and y are comparable; otherwise, they are incomparable. The
following proposition establishes that the induced relation .R
is a preorder on Σ, which ensure that .R is logically consistent
and does not admit cyclic preferences among realizations. A
complete proof can be found in [59].

Proposition 1 ([59]). Let R= 〈R,.〉 be a rulebook over a
set of realizations Σ. The induced preorder .R ⊆ Σ×Σ as
defined in Definition 4 is reflecxive and transitive.

The induced preorder .R also defines the corresponding
strict preference relation <R over Σ. In particular, x <R y
indicates that x is strictly better than y.

Definition 5 (Induced Strict Preorder, adapted from [59]). Let
.R ⊆ Σ×Σ be the induced preorder of R. The induced strict
preorder <R ⊆ Σ×Σ is defined as x <R y if and only if
x.R y and y 6.R x. In other words, x<R y means that x is
at least as good as y but y is not at least as good as x.

Realizations that are equally preferred according to the
rulebook are considered equivalent. This notion of equivalence
is formalized by the induced equivalence relation ∼R.

Definition 6 (Induced Equivalence Relation, adapted from
[59]). Let .R ⊆ Σ×Σ be the induced preorder of a rulebook
R. The induced equivalence relation ∼R ⊆ Σ×Σ is defined
as x∼R y if and only if x.R y and y.Rx.

The following proposition characterizes this equivalence in
terms of rule evaluations. A full proof can be found in [59].

Proposition 2 ([59]). Let R=〈R,.〉 be a rulebook over a set
of realizations Σ and let x,y ∈Σ. Then, x∼R y if and only
if r(x)=r(y) for all rules r∈R.

Example 2. Consider a rulebook with R={r1,r2} and two real-
izations x and y, where r1(x)=1,r2(x)=2,r1(y)=2,r2(y)=1.
Suppose r1 and r2 are of the same rank, i.e., r1 ∼ r2. Since
r2(x)>r2(y) and there is no rule r′>r2 such that r′(x)<r′(y),
we can conclude that x 6.R y. Similarly, since r1(y)> r1(x)
and there is no rule r′>r1 such that r′(y)<r′(x), we can also
conclude that y 6.Rx. As a result, x and y incomparable. The
same conclusion will be reached if r1 and r2 are incomparable.
On the other hand, if r1 > r2, we can conclude that x<R y,
whereas if r2>r1, then y<Rx.

D. Refining Rulebooks

To tailor robots to specific contexts, it is often useful to refine a
rulebook to resolve ambiguities or add more detailed preferences
while preserving the original intent. For example, we may have
a general-purpose or base rulebook that reflects broad societal
values or general regulations, while a refined version incorporates
specific legislation, user preferences, or task-specific priorities.
Refinement is also essential in single-strategy control synthesis
(Section V) to incorporate all preferences, ensuring the extracted
strategy is the most desirable among all optimal solutions defined
by the base rulebook. The key requirement is that the refined
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R1

{r1,r2}

{r3,r4} {r5}

{r6}

{r7}

R2

{r1,r2}

{r3,r4,r5}

{r6}

{r7}

R4

{r̃12}

{r̃345}

{r6}

{r7}

Fig. 2: Hasse diagram of the rulebooks R1 and R2 (Example
3) and R4 (Example 4), each being a refinement of R.

rulebook should remain consistent with the original in the sense
that no preference from the base rulebook should be contradicted.

Definition 7. Let R1 = 〈R1,.1〉 and R2 = 〈R2,.2〉 be two
rulebooks over the same set of realizations Σ. We say that R2

is a refinement of R1 if for all x,y∈Σ,
x.R1 y =⇒ x.R2 y and x<R1 =⇒ x<R2 y. (1)

Two basic operations that can be used to construct a rulebook
that is a refinement of the original rulebook according to Defi-
nition 7 are priority refinement and rule aggregation. Intuitively,
priority refinement introduces a new priority relationship between
two previously incomparable rules and rule aggregation combines
two rules of the same rank into a single rule while preserving
their shared priority. We now formalize each of these operations.
The following definitions are equivalent to those in [59] but are
reformulated to explicitly specify the conditions under which
each operation can be applied and how the resulting rulebook
is constructed to offer a more application-oriented formulation.

Definition 8 (Priority Refinement). Let R1 = 〈R1,.1〉 be a
rulebook and r,r′∈R1 be two incomparable rules, i.e., r 6.1 r

′

and r′ 6.1 r. A priority refinement operation produces a new
rulebook R2 = 〈R2,.2〉 such that R2 = R1 and .2 is the
smallest preorder satisfying .1 ⊆ .2 and either r .2 r

′ or
r′.2 r or both. In other words, .2 extends .1 by introducing
a new priority relation between two incomparable rules or
declaring them to be of the same rank, followed by taking its
transitive closure to ensure that .2 remains a preorder.

Example 3. Consider the rulebook R=〈R,.〉 in Example 1.
The incomparability between r6 and r7 can be resolved through
a priority refinement operation to produce a refined rulebook
R1 = 〈R,.1〉, where .1 is the smallest preorder containing
. and satisfying r7.1 r6. Intuitively, this refinement declares
r6 to have strictly higher priority than r7.

We can further refine R1 by applying another priority
refinement operation to produce R2 = 〈R,.2〉, where r3 and
r5 are of the same rank by adding the relations r5.2 r3 and
r3 .2 r5. To ensure that .2 remains a preorder, we take its
transitive closure, which requires including r4.2 r5, r5.2 r4,
and r6 . r5. As a result, R2 is a refinement of R1 with r5
being in the same rank as r3 and r4.

Both R1 and R2 are illustrated in Fig. 2. Note that .2

forms a total preorder, though it is not a total order because
some distinct rules remain equivalent.

Definition 9 (Rule Aggregation). Let R1 = 〈R1,.1〉 be a
rulebook and r,r′ ∈ R1 be two rules of the same rank, i.e.,
r∼1 r

′. A rule aggregation operation produces a new rulebook
R2 = 〈R2,.2〉 such that (1) R2 = (R1 \{r,r′})∪{r̃}, where
r̃(x) = α(r(x), r′(x)) and α is a function that is strictly
monotone in both arguments; and (2) for any r1,r2∈R2\{r̃},
r1 .2 r2 if and only if r1 .1 r2; r1 .2 r̃ if and only if
r1 .1 r and r1 .1 r

′; and r̃.2 r1 if and only if r.1 r1 and
r′.1 r1. In other words, this operation merges rules r and r′

into a single rule r̃= α(r,r′) that inherits their joint priority
relations. A typical choice of α is a positive weighted sum, i.e.,
α(r(x),r′(x))=ar(x)+br′(x) where a,b∈R>0.

Remark 3. Definition 9 can be naturally expanded to
accommodate aggregation of multiple rules r1, ... , rK with
ri∼1 rj for all i,j by setting r̃(x)=α(r1(x),...,rK(x)), where
α :RK

≥0→R≥0 is strictly monotone in all arguments.

Example 4. Consider the rulebook R2 =〈R,.2〉 in Example 3.
We can refine R2 by applying a rule aggregation operation to
combine r1 and r2 into a single rule r̃12 =ar1+br2 for some
a,b ∈R>0. This results in a rulebook R3 = 〈R3,.3〉, where
R3 = (R\{r1,r2})∪{r̃12}. The aggregated rule r̃12 inherits
the joint priority relations of r1 and r2 in the sense that any
rule that is ranked below both r1 and r2 in R2 is also ranked
below r̃12 in R3 and any rule that is ranked above both r1 and
r2 in R2 is also ranked above r̃12 in R3.

We can further refine R3 by applying two additional rule
aggregation operations to combine r3,r4,r5 into a single rule
r̃345. The resulting rulebook R4 ={R4,.4} is shown in Fig. 2.
Note that .4 forms a total order.

The following proposition states that applying any combination
of the two basic operations above results in a rulebook that
is a refinement of the original rulebook. A complete proof can
be found in [59].

Proposition 3 ([59]). Applying any combination of the two
basic operations (priority refinement and rule aggregation) to
a rulebook R1 produces a rulebook R2 that is a refinement
of R1 according to Definition 7

Examples 3 and 4 illustrate that a rulebook can be refined
into one where the rules are totally ordered. The following
proposition formalizes this observation.

Proposition 4. Given a rulebook R= 〈R,.〉, there exists a
finite sequence of priority refinement and rule aggregation
operations that produces a rulebook RT = 〈RT ,.T 〉 such
that .T is a total order on RT and RT is a refinement of R
according to Definition 7.

Proof. Let R0 = 〈R0,.0〉 be the original rulebook, where
R0 =R and .0 = .. We construct a sequence of rulebooks
Ri+1 =〈Ri+1,.i+1〉 for each iteration i≥0 until .i becomes
a total order on Ri. At each iteration,
• Initialize Ri+1 =Ri and .i+1 = .i.
• If there exist incomparable rules r, r′ ∈ Ri, apply a

priority refinement operation by adding either r.i+1 r
′

or r′.i+1 r or both. Then, take the transitive closure to
maintain the preorder.
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• Otherwise, if there exist distinct rules r,r′∈Ri with r∼i r
′,

apply a rule aggregation operation to combine them into
a single rule and update Ri+1 and .i+1 accordingly.

Each iteration strictly decreases either the number of
incomparable pairs or the number of rules in the same rank.
Since R is finite, this process terminates after a finite number
of steps. Let RT = 〈RT ,.T 〉 be the rulebook obtained at
termination. By construction, .T is a total order on RT because
no pairs of rules are incomparable or equivalent. Additionally,
by Proposition 3, RT is a refinement of R.
Remark 4. The commonly used weighted sum formulation can
be viewed as a special case of the rulebook formalism, where
all rules are initially of the same rank. Applying a sequence
of rule aggregation operations then combines them into a single
weighted sum as demonstrated in Example 4.

Remark 5. Two different relations between r and r′, namely
when they are of the same rank (r ∼ r′) and when they are
incomparable (r 6. r′ and r′ 6. r), result in the same induced
ordering over realizations. However, they differ in how the
rulebook may be refined, as defined in Definition 7. If r∼r′,
the rulebook can be refined through rule aggregation, which
combines r and r′ into a new rule r̃ as defined in Definition 9. In
contrast, if r and r′ are incomparable, the rulebook can be refined
through priority refinement, which introduces a new priority
relation r.r′ or r′.r or both, allowing for a strict priority like
r<r′ or r′<r. However, if r∼r′, introducing a strict priority
between them in a refinement is not allowed as it would contradict
their initial equivalence in rank. Thus, refinement operations
serve as a mechanism for controlling how a rulebook can be
modified while ensuring that any changes respect the original
design semantics and preserve the intended priority structure.

Another operation that allows one to resolve preferences
between realizations previously considered equivalent is rule
augmentation. This operation introduces a new rule that has
strictly lower priority than all the existing rules. However, as
shown in [59], rule augmentation satisfies only the second
condition of (1) but, in general, not the first. Specifically,
realizations x,y that are equivalent under the original rulebook
R1, i.e., x.R1

y and y.R1
x may no longer be equivalent under

the refined rulebook R2, which may now prefer one realization
over the other. Although this violates the requirement that
refinements preserve equivalence classes, rule augmentation can
still be useful in applications where such distinctions are allowed
or desirable. For example, one may introduce an efficiency-related
objective to break ties among otherwise equivalent realizations.

Definition 10 (Rule Augmentation). Let R1 = 〈R1,.1〉 be
a rulebook. A rule augmentation operation constructs a new
rulebook R2 = 〈R2,.2〉 such that R2 =R1∪{r} and r <2 r

′

for all r′∈R1.

III. CONTROL SYNTHESIS WITH RULEBOOKS

This section formulates the control synthesis problem with
respect to rulebooks. We adopt the standard formal methods
approach, which separates the robot model from its specification.
Specifically, the robot model describes all the physically possible
behaviors of the robot, regardless of whether they are desirable,

while the specification describes all the desirable behaviors,
regardless of whether they are physically achievable. However,
in traditional formal methods, a specification is typically
Boolean, i.e., a trajectory either satisfies it or not. This allows
one to determine whether a given robot trajectory satisfies a
given specification by examining the trajectory alone, without
having to consider alternatives. In contrast, our specification
encodes a set of objectives and their relative priorities, rather
than a binary notion of satisfaction. As a result, it is not
straightforward to determine whether a given trajectory is
consistent with the specification in the sense that it is optimal
just by examining it in isolation. To address this, in Section
VI, we show how to compute the complete set of optimal robot
trajectories with respect to a given rulebook. This set enables
us to determine whether a given trajectory is consistent with
the rulebook by comparing it against all optimal alternatives.
Robot model: Let X⊂Rd, where d∈N, be a compact set of
states and U be a compact set of control inputs (or actions)
available to the robot. The initial state is denoted by xI ∈X
and the set of goal states by XG⊆X . The robot’s dynamics
are described by either a discrete-time model

xt+1 =f(xt,ut),x0 =xI ,t∈N, (2)
or a continuous-time model

ẋ(t)=f(x(t),u(t)),x(0)=xI ,t∈R≥0. (3)
While both models are relevant, for brevity, we provide full
formal details only for the discrete-time case. At each state
x∈X , the available actions are U(x)⊆U . A control strategy
is a finite sequence of actions u = 〈u0,u1, ... ,uT 〉 for some
T ∈N. A strategy is admissible if ut∈U(xt) for all t, where
the associated state sequence satisfies (2). The set of admissible
control strategies is then defined as U=

{
〈u0,u1,...,uT 〉 | T ∈

N, xt+1 = f(xt, ut), x0 = xI , ut ∈ U(xt),∀t ∈ {0, ... , T}}
}

.
Given a control strategy u=〈u0,u1,...,uT 〉∈U , we denote the
corresponding robot’s trajectory by xu(t)=Φ(t,xI ,u), where
Φ:{1,...,T+1}×X×U→X is the discrete-time flow map that
returns the state at time t given the initial state xI and control
strategy u. The set of robot trajectories induced by U is given by
X ={Φ(·,xI ,u) | u∈U}. Finally, the set of goal-reaching con-
trol strategies is defined as UG ={u∈U | Φ(T+1,xI ,u)∈XG}.
For the continuous-time model, a control strategy is a function
u : [0,T ]→U defined over some time horizon T ∈R≥0. The sets
U , X and UG as well as the flow map Φ are defined analogously
to the discrete-time case, with admissible control strategies rep-
resented by Lebesgue measurable functions instead of sequences.
We refer the reader to [66]–[68] for technical assumptions to
ensure existence and uniqueness of solutions of (3).
Robot specification: We use the rulebook formalism described
in Section II to specify the objectives of the robot. The set of
realizations is defined as Σ=X×U . Under this definition, a rule
r takes as input a robot’s trajectory x∈X and a control strategy
u ∈ U and returns a non-negative number that quantifies the
degree of violation or cost associated with x and u with respect
to r. Recall that for the discrete-time case, x and u are sequences,
whereas for the continuous-time case, x and u are functions.

Since the robot’s trajectory is uniquely determined for any
control strategy u∈U under both models (2) and (3), we slightly
abuse notation and write u.R ũ for any admissible control
strategies u,ũ∈U to mean (xu,u).R (xũ,ũ), where xu(t)=
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Φ(t,xI ,u) and xũ(t)=Φ(t,xI ,ũ) are the trajectories induced by
u and ũ, respectively. We are particularly interested in control
strategies in UG, i.e., those that drive the robot to the goal region.
We say that control strategy u∗∈UG is optimal or non-dominated
with respect to R if there is no other u∈UG such that u<Ru∗.
Note that this restriction to UG is without loss of generality since
one can simply set UG =U for applications without a goal region.

We now formalize two related control synthesis problems,
one computes a single optimal strategy for a given rulebook,
and the other computes the complete set of optimal strategies.
Access to this complete set supports formal verification and
enables humans or learning algorithms to choose among optimal
options without explicitly deriving rules for complex criteria
such as natural driving behavior.

Problem 1 (Single-strategy control synthesis with rulebooks).
Given a robot model (2) or (3) and a rulebook R = 〈R,.〉,
compute an optimal control strategy u∗∈UG.

Problem 2 (Complete control synthesis with rulebooks). Given
a discrete-time, discrete-state robot model (2) and a rulebook
R= 〈R,.〉, compute the (maximum) complete set U∗G ⊆UG
of all optimal control strategies such that for all u∗ ∈ U∗G
and u∈UG, u 6<R u∗ and for each u′∈UG\U∗G, there exists
u∗∈U∗G such that u∗<Ru′.

Note that Problem 2 considers the case where X and U are
finite to ensure the finiteness of U∗G.
Relevance to robotics applications: Problem 1 and Problem
2 serve as a unifying framework for a broad range of control
synthesis formulations commonly found in robotics literature,
as will be shown in Section IV. In particular, the rulebook
formalism provides a systematic and expressive way to specify
and reason about competing objectives or constraints, making
it particularly relevant for autonomous robots tasked with
complex missions that require them to make decisions under
trade-offs. A key application where the rulebook formalism has
demonstrated significant potential is autonomous driving, where
it has been used to formalize traffic rules and their relative
priorities. This is crucial because real-world traffic rules may
conflict and strictly adhering to all of them may not be possible
as acknowledged by regulatory bodies [69].

Formalizing traffic rules has also been an active area of
research in the robotics community [70]–[72]. However, as
shown in [73], such formalization is not straightforward because
humans do not always agree on the best way to drive, especially
in complex situations that may require breaking some rules
(e.g., the trolley problem or “Boston Left”). To investigate this
challenge, [73] proposed a specific rulebook that encodes traffic
rules and introduced a dataset of 92 complex driving scenarios,
each with multiple possible behaviors of an autonomous vehicle.
Experienced human drivers were asked to compare pairs of
behaviors and indicate their preferrences. The results showed that
the proposed rulebook achieved accuracy comparable to that of
state-of-the-art machine learning models, while also offering the
critical benefit of interpretability, a key requirement for earning
the trust of regulators and the public. Unlike black-box models,
the rulebook formalism enables explicit justification of decisions
based on clearly defined rules and their priorities, offering
a transparent framework for decision-making in safety-critical

domains. Moreover, the generality of the rulebook formalism and
its independence from the underlying robot model make it partic-
ularly well-suited for communication among diverse stakeholders,
including system designers, engineers, and regulatory bodies.

IV. UNIFYING PLANNING AND CONTROL FORMULATIONS

In this section, we demonstrate how a wide range of existing
planning and control formulations, whether already widely used
in robotics or showing strong potential for future applications,
can be unified within our framework as instances of either
Problem 1 or Problem 2. We exclusively consider deterministic,
time-invariant systems, leaving extensions to adversarial or
probabilistic settings as future work.

A. Control Synthesis with Temporal-Logic Specifications

Boolean satisfaction semantics: Earlier work in this domain
has focused on computing a robot’s control strategy u to ensure
that the resulting trajectory xu satisfies a given temporal logic
formula ϕ, denoted by xu |=ϕ. Here, ϕ typically encodes the
robot’s high-level complex tasks. Satisfaction in this context is
binary, i.e., a trajectory either satisfies or violates the specification,
with no quantification of the extent of satisfaction or violation.
Different variants of temporal logics have been explored, along
with both continuous-time and discrete-time models of the
robot. For example, references [7]–[10], [28], [29] consider a
continuous-time model, [11] considers a discrete-time, discrete-
state model, and [12], [27] consider a discrete-time, continuous-
state model. In terms of specifications, [7] considers propositional
temporal logic over the reals (RTL), a continuous-time version of
linear temporal logic (LTL); [8] considers LTL without the “next”
operator (LTLX); [9] considers syntactically co-safe LTL; [10],
[11] consider LTL; [12] considers deterministic µ-calculus; and
[27]–[29] consider signal temporal logic (STL) specifications.
Quantitative satisfaction semantics: More recent work
leverages variants of temporal logic that include quantitative
semantics, allowing for a measure of how well a specification
is satisfied. One of the most widely used formalisms is STL,
introduced in [25]. The STL robustness degree, denoted
by ρ(x, ϕ, t), quantifies how robustly a signal suffix (x, t)
satisfies an STL formula ϕ. This quantitative semantics enables
optimization-based formulation. For example, references [30],
[31] consider a discrete-time model, an STL specification ϕ
over predicates in X or U , and cost function J . The goal is to
compute an optimal trajectory that minimizes J , while satisfying
ϕ, if such a trajectory exists. Otherwise, the formulation seeks a
trajectory that minimizes the degree of violation of ϕ, quantified
using STL’s robustness metrics. On the other hand, [32] considers
a continuous-time model and proposes an RRT*-based algorithm
that aims to maximize the robustness degree with respect to
an STL specification ϕ. To ensure asymptotic optimality under
this complex objective, the RRT* algorithm is modified to bias
sample selection toward maximal satisfaction of ϕ.
Formulating as an instance of Problem 1: We begin by
defining a rule rϕ that captures the specification ϕ.

• Under boolean semantics, rϕ is defined as rϕ(x,u) = 0
if x |=ϕ and rϕ(x,u)=1 otherwise.
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• Under quantitative semantics, rϕ is defined as
rϕ(x, u) = max{0, −ρ(x, ϕ, 0)}, where ρ(x, ϕ, t) is
the STL robustness degree of (x,t) with respect to ϕ.

If the only objective is to ensure that the robot satisfies ϕ
(as in, e.g., [7]–[10], [12]), the rule set is simply R = {rϕ}.
If minimization of a cost function J : X ×U → R≥0 is also
considered, but only after ensuring satisfaction of ϕ (as in [11],
[27], [30]), we define an additional rule rJ = J , resulting in
R={rϕ,rJ} with rϕ>rJ , meaning that rϕ has priority over
rJ . We consider two possible cases.

(1) ϕ is satisfiable. Regardless of whether the cost function
J is included, the rule priority rϕ > rJ ensures that any
optimal control strategy u∗ (as defined in Problem 1) results in
rϕ(xu∗ ,u

∗)=0. Based on the definition of rϕ, this implies that
the robot satisfies the specification, i.e., xu∗ |=ϕ under Boolean
semantics and ρ(xu∗ ,ϕ,0) ≥ 0 under quantitative semantics.
Additionally, since rϕ is lower-bounded by 0, it does not reward
higher degree of satisfaction of ϕ. As a result, if J is included
in the rulebook, an optimal control strategy u∗ minimizes J
among all the strategies that satisfy ϕ.

(2) ϕ is not satisfiable. Under Boolean semantics, any
optimal control strategy u∗ (as defined in Problem 1) results
in rϕ(xu∗ ,u

∗) > 0, indicating that ϕ is not satisfiable; thus,
u∗ is not a valid solution. Under quantitative semantics, since
rϕ>rJ , an optimal control strategy u∗ prioritizes minimizing
the degree of violation −ρ(xu∗ ,ϕ,0).
In both cases, the definition of optimal control strategies
in Problem 1 is consistent with standard approaches in the
literature on control synthesis with temporal logic specifications.

B. Minimum-Violation Planning

Minimum-violation planning addresses scenarios where a
robot is subject to a set Φ={ϕ1,...,ϕN} of specifications and
may not be able to satisfy all of them. Thus, the goal shifts
from full satisfaction to minimizing the degree of violation.
This problem has been investigated under both discrete-time,
discrete-state [74]–[78] and continuous-time [67], [68], [79],
[80] models, using various metrics proposed to quantify the
extent to which each specification is violated.
Maximizing task completion: In [74], each specification ϕi

corresponds to a task, specified by an LTL formula and associated
with a reward rew(ϕi)∈N. The control synthesis problem is to
maximize the total reward

∑
{ϕi | x|=ϕi}rew(ϕi). Equivalently,

this can be framed as a penalty minimization problem by
introducing a penalty function ci :X →N for each ϕi such that
ci(x)=0 if x |=ϕi and ci(x)=rew(ϕi) otherwise. The control
synthesis problem then becomes computing a control strategy that
minimizes the total cost

∑
ici(xu) among all strategies u∈U .

Minimizing safety violation: In [67], [68], [78], each specifica-
tion ϕi corresponds to a safety requirement, expressed using finite
LTL (FLTL), and the set Φ={ϕ1,...,ϕN} is equipped with a total
preorder. The degree to which a trajectory x violates a specifica-
tion ϕi is quantified by a penalty function ci :X →R≥0, where
ci(x) is the minimum amount of time that must be removed from
x for it to satisfy ϕi. The total preorder over Φ imposes a priority
structure, which partitions Φ into equivalence classes Ψ1,...,ΨM ,
where each Ψi⊆Φ groups specifications of equal priority. These

classes are ordered such that specifications in Ψi have higher
priority than those in Ψj for any j>i. We refer to the overall
priority structure as Ψ=(Ψ1,...,ΨM ). To combine the specifi-
cations within each group Ψj , a weight wi is assigned to each
specification ϕi and the total violation for Ψj is computed as the
weighted sum of the the individual violations. Finally, a cost func-
tion J :X →R≥0 is defined to capture performance objectives
(e.g., minimizing time to reach the goal region). The total cost of a
trajectory x can be represented as a vector c(x)=(c1,...,cM+1),
where each cj for j∈{1,...,M} denotes the total weighted viola-
tion of specifications in group Ψj and cM+1 =J(x). These cost
vectors are compared using standard lexicograhic ordering, where
vectors are compared element-wise from left to right and the first
differing element determines the ordering. The control synthesis
problem here is to compute a control strategy that minimizes
the cost c(xu) among all goal reaching strategies u∈UG.
Other tasks and violation metrics: Other types of
specifications and violation metrics have also been explored [75]–
[77], [79]–[81]. While the specific metrics vary, a common theme
across these formulations is the association of each specification
ϕi with a penalty function ci such that ci(x) quantifies the
extent to which trajectory x violates ϕi. These penalty functions
are sufficiently flexible to accommodate a variety of violation
metrics. For example, in formulations that only care whether
ϕi is satisfied (e.g., when ϕi represents a hard constraint), the
penalty can be defined as ci(x)=0 if x |=ϕi; otherwise, ci(x)
assigns a fixed penalty for the violation. The priority structure
Ψ as described in the previous paragraph also offers a unified
structure across these formulations. For example, formulations
that aggregate penalties using a weighted sum can be viewed as
a special case with M=1. Formulations with a combination of
hard and soft constraints correspond to a hierarchy with M=2,
with hard constraints in Ψ1 and soft constraints in Ψ2. In all
cases, the control synthesis problem can be posed as computing
a strategy u∈UG that minimizes the overall cost vector c(xu)
in the lexicographic sense induced by the priority structure Ψ.
Formulating as an instance of Problem 1: The functions ci
can be viewed as rules ri by defining ri(x,u)=ci(x). This al-
lows minimum-violation planning with various task specifications
and violation metrics to be naturally represented using a totally
preordered rulebook. If reaching a goal state is not required, we
simply let XG =X . Under this construction, Problem 1 directly
corresponds to the minimum-violation planning problem and
an optimal strategy defined in Problem 1 minimizes the penalty
c(xu) in the lexicographic sense induced by the ordering of Ψ.

C. Constrained Optimal Control

In general, a finite-horizon constrained optimal control
problem for continuous-time, time-invariant system can be
formulated as [44], [47], [82]

argminu∈U
∫ T

0
L(x(t),u(t))dt+Φ(x(T ))

s.t. ẋ(t)=f(x(t),u(t)),x(0)=xI
u(t)∈U,x(t)∈X
g(x(t),u(t))≤0, ∀t∈ [0,T ].

(4)

For computational purposes, a discrete-time formulation is often
used, where the integral cost is replaced by a finite sum and
the continuous-time dynamics are approximated by a discrete-
time model. In this setup, L and Φ represent the stage cost
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and terminal cost, respectively. The constraint g(x(t),u(t))≤0
captures various state and control constraints, including bounds,
linear inequalities, and set membership constraints. The stability
and performance of the system have been extensively studied,
especially for linear dynamics f(x, u) = Ax + Bu, where
A, B are constant matrices, and quadratic cost functions
L(x,u)=xTQx+uTRu, where Q,R are positive semi-definite
weight matrices. We refer the reader to [44], [82] for more details.

Control barrier functions (CBFs) have been introduced as
a method to ensure that a nonlinear affine control system
remains within a safe set defined by {x∈X⊂Rd | b(x)≥0},
where b : Rd → R is a continuously differentiable function
[45]–[47]. This corresponds to the constrained optimal control
problem in (4) where the system dynamics are of the form
f(x,u)=A(x)+B(x)u, with A and B locally Lipschtiz, and
the safety constraint is expressed as g(x(t),u(t))=−b(x(t)).
Formulating as an instance of Problem 1: First, we
define goal region to be the entire state space, i.e.,
XG =X . We define a rule to represent the cost function as
rJ(x,u) =

∫ T

0
L(x(t),u(t))dt+ Φ(x(T )) for the continuous-

time setting and rJ(x,u)=
∑T−1

0 L(x(t),u(t))+Φ(x(T )) for
the discrete-time setting. To capture the constraint g(x(t),u(t))≤
0,∀t∈ [0,T ], we define rg(x,u) = max{maxtg(x(t),u(t)),0},
which is 0 if and only if the constraint is satisfied at all time
and is strictly positive otherwise. We then define the rulebook as
R={rg,rJ} with rg>rJ , indicating that constraint satisfaction
takes precedence over cost minimization. Suppose there exists
a feasible strategy u such that g(x(t),u(t)) ≤ 0,∀t ∈ [0,T ].
Since rg > rJ and the minimum value of rg(x,u) is 0, any
optimal control strategy u∗ defined in Problem 1 must satisfy
rg(xu∗ ,u

∗) = 0 and minimize rJ(xu,u) among all feasible
strategies u for which g(x(t),u(t))≤0,∀t∈ [0,T ].

D. Multi-Objective Shortest Path

The multi-objective shortest path (MOSP) problem is con-
cerned with computing optimal paths in a graph G= (V,E),
where V is the set of vertices and E⊆V ×V is the set of edges.
Such graphs are often used to represent networks (e.g., in com-
munication or transportation domains). In our context, the graph
represents a discrete-time, discrete state robot model by setting
V =X and E= {(x,x′) | x,x′ ∈V,x′= f(x,u) for some u∈
U(x)}. Unlike the classical shortest path problem, which involves
a single objective and aims to compute a single optimal path,
MOSP considers multiple objectives, represented by edge weight
functions w1,w2,...,wN :E→R≥0, and aims to compute the set
of non-dominated (i.e., Pareto optimal) paths from a source vertex
xI to a goal vertex in XG. In our context, a path corresponds
to a trajectory x=〈x0,x1,...,xT+1〉. We denote the weight of
x with respect to the ith objective by wi(x).

Two main types of objectives have been considered. The first
and most common is the sum formulation, where the weight
of a path with respect to the ith objective is the sum of the
edge weights along the path, i.e., wi(x) =

∑T
i=0wi(xi,xi+1).

The second is the min-max formulation, which is equivalent
to the max-min formulation, also known as the bottleneck
formulation [55]. In this case, the weight of a path with respect
to the ith objective is the maximum edge weight along the
path, i.e., wi(x) = maxT

i=0wi(xi,xi+1). This formulation is

useful when the objective is to avoid paths with any particularly
bad segments. For example, in communication networks,
one may want to minimize the worst-case latency along a
path or maximize the minimum bandwidth. Similarly, in
robotic navigation, the min-max formulation can help avoid
the narrowest or most hazardous segments. Unlike the sum
formulation, which may favor briefly passing through a highly
unsafe region, the min-max formulation prefers long exposure
to moderate risk over brief exposure to extreme risk.

A path x is Pareto optimal if there is no other path x′

that improves at least one objective without worsening others.
Extensions of Dijkstra’s and A* algorithms have been developed
to solve MOSP [51]–[57]. However, the number of Pareto optimal
paths can grow exponentially with the number of vertices in the
worst case. As a result, the time complexity for computing the
full Pareto front is also exponential in the number of vertices
in the worst case. For this reason, time complexity is typically
expressed in terms of the size of the solution set [51]. A faster and
more practical approach is to compute an approximate solution
set using the concept of ε-approximate domination [51], [58].
Formulating as an instance of Problem 2: MOSP can be
naturally expressed using a rulebook where every pair of rules is
incomparable. Define a rule ri corresponding to the ith objective
as ri(x,u) =

∑T
i=0wi(xi,xi+1) for the sum formulation and

ri(x,u) = maxT
i=0wi(xi,xi+1) for the min-max formulation,

where x = 〈x0, ... , xT+1〉. The rulebook is then defined as
R={r1,...,rN} with the priority relation satisfying ri 6.rj for
all i 6= j. Under this construction, Problem 2 exactly recovers
the standard MOSP problem.

V. SINGLE-STRATEGY CONTROL SYNTHESIS

According to Proposition 4, given a rulebook R=〈R,.〉, we
can construct its refinement RT = 〈RT ,.T 〉, where .T is a
total order by repeatedly applying priority refinement to pairs of
incomparable rules and rule aggregation to pairs of rules of the
same rank. Intuitively, for any pair of incomparable rules, there
are two refinement options: assign one rule higher priority than
the other, or place them at the same rank. Rules of the same rank
must be aggregated. In practice, the choice of added priorities
or aggregation functions is guided by relevant regulations, user
preferences, or task-specific considerations and implemented ac-
cordingly, similar to weight-tuning in weighted-sum approaches.
For example, in autonomous driving, a base rulebook may specify
that lane-keeping and obstacle-clearance rules are initially incom-
parable. An implementation can refine this rulebook according to
societal norms or design objectives by either prioritizing one rule
over the other or placing them at same rank with an appropriate
aggregation, analogous to tuning weights in a weighted-sum
optimization. SinceRT is a refinement ofR, Definition 7 ensures
that incorporating such preferences does not contradict the origi-
nal rulebook R, i.e., if u<R ũ, then u<RT

ũ also holds for any
u,ũ∈U . Additionally, since the definition of optimality depends
only on strict preferences between realizations, one can also apply
rule augmentation to resolve ties among equivalent realizations.

For single-strategy synthesis, we are only interested in
identifying one optimal strategy. As a result, any refinement
of R that resolves ambiguities among equally preferred or
incomparable strategies will yield a valid solution. Therefore,
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we will work with the refined rulebook RT , which represents
a specific instantiation of R. Without loss of generality, we
let RT ={r1,...,rN} and ri>T ri+1 for all i∈{1,...,N−1}.

A. Approach

First, consider discrete-time, discrete-state systems in (2),
which can be represented by a directed graph Gf = (Vf ,Ef ),
where the vertex set Vf = X corresponds to the set of
system states and the edge set Ef ⊆ X × U × X encodes
feasible transitions, with each edge labeled by a control action.
Specifically, (x,u,x′)∈Ef iff u∈U(x) and x′=f(x,u).

We define a path on Gf as a sequence of edge labels
u = 〈u0, u1, ... , uT 〉 that results in a state sequence
xu = 〈x0,...,xT+1〉 where x0 =xI and (xt,ut,xt+1)∈Ef , ∀t.
By defining a path in terms of edge labels, rather than the usual
sequence of states, a path directly corresponds to a control
strategy. This formulation also allows for multiple distinct
actions from a given state to result in the same successor state.
Assumptions on rulebooks: We impose structural
requirements on how rules are evaluated over trajectories.
Specifically, we assume that each rule can be incrementally
evaluated by combining its evaluations over sub-trajectories
using a binary operation ∗. This operation must also satisfy
algebraic properties that ensure consistency and compatibility
with ordering. These requirements are formalized below.

Assumption 1. For each rule ri∈RT , there exists an associated
binary operation ∗ that satisfies the following properties.

(A1.1) For any control strategy u = 〈u0, u1, ... , uT 〉 ∈ U
and robot trajectory x = 〈x0, x1, ... , xT+1〉, ri(x, u) =
ri(x0:t+1,u0:t)∗ri(xt+1:T+1,ut+1:T ), ∀t∈{0,...,T−1}.

(A1.2) 0 is the identity element, i.e., for all a ∈ R≥0,
0∗a=a∗0=a.

(A1.3) The operation ∗ is isotone, i.e., for all a,b,c,∈R≥0,
if a≤b, then a∗c≤b∗c and c∗a≤c∗b.

(A1.4) For all a,b,c,d ∈ R≥0, if a ∗ c = a ∗ d = b ∗ c, then
b∗d≤a∗c.

Assumption (A1.1) allows each rule to be encoded as an
edge weight on Gf . Specifically, for each edge (x,u,x′)∈E,
the weight with respect to rule ri is given by ri(〈x,x′〉,〈u〉).
The weight of any path on Gf with respect to ri can
then be computed by aggregating the weights of individual
edges along the path using the binary operation ∗, i.e.,
ri(x,u) = ri(x0:1,u0:0)∗ ri(x1:2,u1:1)∗ ··· ∗ ri(xT :T+1,uT :T ).
In other words, the operation ∗ defines how the edge weights are
aggregated under rule ri and may differ across rules. Common
choices of ∗ that satisfy Assumption 1 include addition and
max operations. If ∗ is the addition operation, the total weight
of a path is simply the sum of the individual edge weights (as
in the sum formulation in MOSP). If ∗ is the max operation,
the total weight of a path is the maximum edge weight along
the path (as in the min-max formulation in MOSP).

Let ∗i denote the binary operation associated with rule ri
that satisfies Assumption 1. Then, Assumptions (A1.2) and
(A1.3) ensure that (R≥0,∗i,0,≤) forms a cost monoid and
Assumption (A1.4) further ensures that this cost monoid is
regular as defined in [83]. Since .T is a total order on RT ,
the rulebook RT can be represented as a regular multicost,

i.e., a prioritized product of regular cost monoids, equipped
with coordinate-wise aggregation (using the corresponding ∗i
operations) and lexicographic comparison. As a result, Problem
1 reduces to computing an optimal path on Gf , where each
edge e=(x,u,x′)∈EF is assigned an N -dimensional weight
vector r(e) = [r1(〈x,x′〉,〈u〉),...,rN (〈x,x′〉,〈u〉)]. These edge
weights are aggregated along a path using coordinate-wise
operation of the corresponding ∗i and are compared using
standard lexicograhic ordering.

Efficient solution to Problem 1: Given well-defined edge
weights and aggregation and comparison operations, one may
consider applying standard graph search algorithms such as
Dijkstra’s or A* [38], [84]–[86]. However, as shown in [83],
these traditional algorithms do not necessarily return an optimal
path when edge weights are elements of a regular multicost
because such weights do not necessarily inherit the properties
of a cost monoid, which are required for dynamic programming
principles to apply (i.e., Bellman’s principle of optimality).
For example, let R+ = (R≥0,+, 0,≤) denote the standard
additive cost monoid and Rmax =(R≥0,max,0,≤) denote the
max-based cost monoid. Then, the product R+×Rmax forms a
cost monoid but Rmax×R+ does not. As a result, if a rule ri
aggregates edge weights via the max operation and a subsequent
rule ri+1 uses addition, then the resulting edge weights may
not satisfy the axioms of a cost monoid, leading to the failure
of traditional graph search algorithms to return an optimal path.

To address this issue, we adopt the iterative algorithm
proposed in [83], which is specifically designed to handle
graphs whose edge weights are elements of a regular multicost.
Algorithm 1 presents an adaptation of this algorithm for
our setting. In each iteration i ∈ {1, ... , N}, the algorithm
extracts the optimal subgraph Gi of the previous graph
Gi−1, considering only the single rule ri and its associated
aggregation operation ∗i. This is done using the procedure
OptimalSubgraph(Gi−1,xI ,XG,ri,∗i), which returns the
subgraph of Gi−1 that contains only those directed edges that lie
on some optimal path (with respect to ri) from the initial vertex
xI to a goal vertex in XG. Formally, let Ei−1 be the set of edges
of Gi−1. An edge e=(x,u,x′)∈Ei−1 belongs to the optimal
subgraph of Gi−1 if and only if x.come ∗ ri(e) ∗ x′.go≤ c,
where c is the minimum cost from xI to XG in Gi−1 under scalar
edge weights defined by ri and aggregator ∗i. Here, x.come
denotes the optimal cost-to-come from xI to x and x′.go denotes
the optimal cost-to-go from x′ to XG, both computed using scalar
edge weights defined by ri and aggregator ∗i. These costs can
be computed efficiently using Dijkstra’s algorithm, one forward
search from xI to compute x.come and one backward search on
the reverse graph from XG to compute x′.go, each using only
ri and ∗i. Note that this computation ignores all rules except ri,
focusing only on optimizing with respect to a single rule at a time.

After N iterations, the algorithm produces the subgraph
GN . Assumption (A1.4) ensures that every path in the optimal
subgraph is itself optimal (cf. Fig. 4). Therefore, any path from
xI to a goal state in XG within this subgraph is guaranteed to
be optimal with respect to RT . An optimal path u∗ can then be
extracted using any graph traversal method such as breadth-first
search as in BFS(GN ,xI ,XG) or depth-first search.
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Algorithm 1: Single-strategy control synthesis for discrete-time,
discrete-state systems

Require: Graph Gf = (Vf ,Ef ) representing system in (2),
rules r1, ... , rN with ri >T ri+1,∀i and their associated
binary operators ∗1,...,∗N

Ensure: Optimal strategy u∗∈U of (2) with respect to RT

1: G0 =Gf

2: for i∈{1,...,N} do
3: Gi =OptimalSubgraph(Gi−1,xI ,XG,ri,∗i)
4: end for
5: u∗=BFS(GN ,xI ,XG)
6: return u∗

B. Analysis

Complexity: Algorithm 1 computes an optimal path in time
polynomial in the size of the vertex set Vf and the number of
objectives N . Specifically, each iteration i consists of two calls
to Dijkstra’s algorithm using scalar edge weights corresponding
to the rule ri, followed by a linear pass over the edges to
extract the optimal subgraph. The algorithm performs up to N
such iterations, one for each rule in the rulebook. As a result,
its overall asymptotic time complexity is O(NTD), where TD
is the time complexity of running Dijkstra’s algorithm on Gf

using standard scalar-valued edge weights (without incorporating
rulebook-based prioritization). For example, when using a
Fibonacci heap, TD ∈ O(|Ef | + |Vf | log |Vf |) We refer the
reader to [83] for the full details of the OptimalSubgraph
procedure and time complexity analysis of Algorithm 1.

To simplify the presentation, we describe Algorithm 1 as
performing N iterations, one for each rule in the rulebook. In
practice, the number of iterations can be reduced by grouping
together consecutive rules, provided that the product of their
associated cost monoids remains a cost monoid. Such grouped
rules can be processed together in a single iteration. As a result,
the number of iterations needed is the number of these rule
groups. For example, both the products R+ × ··· ×R+ and
R+×···×R+×Rmax form a valid cost monoid regardless of
the number of R+ terms. Thus, if the rulebook contains a mix
of addition and max aggregators, the number of iterations is
at most the number of rules using the max operation.
Correctness: Assumption 1 is introduced to ensure that the
edge weights on Gf with respect to each rule ri form a regular
cost monoid. This, in turn, ensures that the edge weights under
a rulebook, represented as an N -dimensional vector r(e) =
[r1(〈x,x′〉,〈u〉),...,rN (〈x,x′〉,〈u〉)] for each edge e=(x,u,x′)∈
Ef , form a regular multicost. This property allows us to apply
the result from [83], which establishes that Algorithm 1 returns
an optimal strategy when edge weights form a regular multicost.

Proposition 5. Suppose a rulebook R satisfies Assumption
1. Then, Algorithm 1 returns an optimal control strategy as
defined in Problem 1.

C. Extensions

Handling temporal logic specifications: Many variants of
temporal logic formulas can be algorithmically translated into
equivalent automata representations [5]. For example, a formula
in LTL or LTLX can be translated into a Büchi automaton that

accepts precisely the infinite words that satisfy the formula. A
formula in FLTL, FLTLX or syntactically co-safe LTL can be
translated into a finite automaton. Following minimum-violation
planning approaches, e.g., in [67], [78], we translate a formula ϕ
into an automaton Aϕ and augment it into a weighted automaton
Aϕ. This weighted automaton is constructed such that it accepts
all input words, with the weight of the shortest accepting run
on a word ω represeting the degree of violation of ϕ. Given
Aϕ and a finite transition system T representing the robot
model in (2), we construct the product automaton P=T ⊗Aϕ.
A shortest run in P from an initial state to an accepting state
corresponds to a robot trajectory that minimizes the violation
of ϕ. As a result, to handle rulebooks that include temporal
logic specifications, we can apply Algorithm 1 on the graph
induced by P instead of Gf , treating the states and transitions
of the product automaton as the underlying graph structure. We
demonstrate this approach through a case study in Section V-D.
Handling continuous-state systems: Handling continuous-
state systems is generally challenging and existing approaches
often rely on restrictive assumptions on the robot model
or relatively simple objectives. Among the most promising
approaches for handling complex objectives and robot models
are sampling-based motion planning algorithms [9], [10], [32],
[66]–[68]. In summary, these algorithms incrementally build
a graph Gf (a tree in the case of RRT* or a general graph in
RRG or PRM*) to approximate the reachable state space or its
product with a finite automaton representing a temporal logic
specification. Gf is initialized with a single vertex corresponding
to xI . At each iteration, a new state is randomly sampled from the
continuous state space X and connections are attempted between
the sampled state and a set of nearby vertices in Gf , using a
steering function that respects the robot model. It has been shown
that under certain conditions, the algorithm is asymptotically
optimal, meaning that it converges to the true optimal solution
with probability 1 as the number of samples approaches infinity.
To ensure this convergence in our setting, additional assumptions
on the rules are required beyond Assumption 1 as stated below.
Assumption 2. For each rule ri∈RT , there exists a constant ki
such that ri(xu,u)≤kiTV(xu) for all u∈U , where TV(xu)
denotes the total variation (i.e., length) of xu. Intuitively, this
means that the total rule violation along a trajectory grows at
most linearly with its length, which is a standard assumption
used to guarantee asymptotic optimality of sampling-based
algorithms when connection and rewiring decisions are made
using a distance metric [66].

With Assumptions 1 and 2, standard sampling-based methods
such as RRG or RRT* [66] can be applied to incrementally
construct a graph Gf that serves as a finite approximation of
the robot model. An optimal policy can then be extracted using
Algorithm 1. Following the proof in [67], [68], the resulting
trajectory converges almost surely to the true optimal trajectory
xu∗ , where u∗ is the optimal strategy defined in Problem 1,
as the number of vertices in Gf approaches infinity. This is
formalized in the following proposition.

Proposition 6. Let u∗ be a solution of Problem 1 and x∗ be
the corresponding trajectory. Let un be an optimal solution
obtained from graph Gf after n iterations and let xn be the
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Fig. 3: [Left] A 5×5 grid world showing the robot’s initial
state xI , goal region XG, obstacle region obs (red), and regions
satisfying propositions p1 (blue) and p2 (green). [Right] A
finite-state automaton Aϕ for the FLTL formula ϕ=¬p1 U p2.

corresponding trajectory. Then, under Assumptions 1 and 2,
the sequence xn converges almost surely to x∗ in the bounded
variation norm: P

(
limn→∞‖xn−x∗‖BV =0

)
=1.

D. Case Studies: Discrete-State System

To illustrate the expressive power of our formulation and
facilitate a step-by-step walkthrough of the algorithm, we
consider a simple example that emphasizes the diversity of
objectives rather than the complexity of the robot model.
Specifically, the example combines temporal logic specifications,
min-max formulations, and standard additive cost functions, a
mix that, to the best of our knowledge, has not been addressed
in prior work. We show how these heterogeneous objectives
can be handled efficiently within a unified framework, and how
traditional planning approaches may fail in this setting.
Setup: We consider a robot navigating a 5 x 5 grid world
shown in Fig. 3. The set of states and control actions are X=
{(i,j) | i,j ∈{1,...5}} and U = {(0,1),(0,−1),(1,0),(−1,0)},
corresponding to up, down, right, and left movements,
respectively. The initial state and goal regions are xI = (1,2)
and XG ={xG}, where xG =(4,5). For each state x∈X , the
set of available control actions is U(x)={u∈U | f(x,u)∈X},
where the state transition function f is given by f(x,u) =
(xx+ux,xy+uy), ∀x=(xx,xy)∈X , u=(ux,uy)∈U .

The red region labeled obs denotes cells occupied by an
obstacle. Additionally, the grid includes labeled regions where
atomic propositions p1 and p2 hold. We define a rulebook with
R={r1,r2,r3} that captures a mix of objective types:
• r1 encodes the FLTL formula ϕ= ¬p1 U p2, requiring

the robot to visit p2 while avoiding p1 until then. The
rule r1(x,u) quantifies the violation of ϕ, measured as
the minimum number of time steps that must be removed
from x to satisfy ϕ, based on the definition in [67], [78].

• r2 enforces a clearance of at least 2 grid steps
from obstacles, using a min-max formulation:
r2(x, u) = maxx∈x max(0, 2 − d(x, Xobs)), where
d(x,Xobs) is the minimum number of moves (in the grid
graph) required to reach the obstacle region Xobs from state
x. In other words, the rule penalizes the worst-case violation
of a 2-cell clearance requirement along the trajectory.

• r3 encodes a path efficiency as a standard additive cost:
r3(x, u) = ‖u‖, which counts the number of control
actions taken, or equivalently, the length of the trajectory.

Results: Let AP ={p1,p2} be the set of atomic propositions.
To handle the FLTL formula ϕ in r1, we translate ϕ into a finite

p1 p1 p1

(a) Optimal subgraph G1 with respect to r1.

p1

obs

p1

obs

p1

obs

(b) Optimal subgraph G2 with respect to r2.

xI
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p1

p2obs

xI

xG

p1
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xI

xG

p1
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(c) Optimal subgraph G3 with respect to r3.

Fig. 4: The optimal subgraphs over iterations, split into 3
components based on the type of transition in the product
automaton: [Left] Transitions of the form (x,q0)→ (x′,q0);
[Middle] Transitions of the form (x,q0) → (x′, q1); [Right]
Transitions of the form (x,q1)→(x′,q1), for all x,x′∈X . The
arrow originating from outside of the grid denotes the initial
state qinit,P=(init,q0).

automaton Aϕ with the set of states Q={q0,q1}, initial state
q0, input alphabet 2AP , set of accepting states F ={q1}, and
the non-deterministic transition relation shown in Fig. 3. The
finite transition system representing the robot model is defined
as T = (X,xI ,R,AP,L), where R= {(x,f(x,u)) | x∈X,u∈
U(x)}⊆X×X is the transition relation, and L :X→2AP is a
labeling function such that p1∈L(x) if and only if x lies in the
region labeled p1 and similarly for p2. The product automaton is
given by P=T ⊗Aϕ =(QP ,qinit,P ,δP ,FP), where QP=(X∪
{init})×Q, qinit,P = (init,q0), FP =XG×F = {(xG,q1)},
and the transition relation δP includes (1) ((x,q),(x′,q)) for
all (x,x′)∈R, q∈Q; (2) ((x,q0),(x′,q1)) for all (x,x′)∈R if
p2∈L(x′); and (3) ((init,q),(xI ,q)) for all q∈Q.

The product automaton P induces a directed graph GP ,
where vertices are QP , the initial vertex is qinit,P , the goal
region is FP = {(xG,q1)}, and the edges are defined by δP .
The rule r1 assigns weights to the edges in GP as follows

r1(〈(x,q0),(x′,q0)〉) =

{
0 if p1 6∈L(x′)
1 otherwise

r1(〈(x,q1),(x′,q1)〉) = 0

r1(〈(x,q0),(x′,q1)〉) = 0 if p2∈L(x′)

r1(〈(init,q),(xI ,q))〉 = 0,∀q∈Q,
for all (x, x′) ∈ R. We then apply Algorithm 1 to GP .
Fig. 4 shows the optimal subgraph in each iteration. To aid
visualization, we partition each subgraph into 3 components
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based on the structure of δP : (x,q0)→(x′,q0), (x,q0)→(x′,q1),
and (x, q1) → (x′, q1) for all x, x′ ∈ X ∪ {init}. The first
component ((x, q0) → (x′, q0), left figure) corresponds to
transitions before the automaton recognizes that p2 has been
satisfied. To avoid violating ϕ, the robot must satisfy ¬p1. Thus,
G1 excludes any transitions that would enter the p1 region while
in automaton state q0. The second component ((x,q0)→(x′,q1),
middle figure) captures transitions that enter the p2 region.
The third component ((x,q1)→ (x′,q1), right figure) captures
transitions after p2 has already been satisfied. At this stage, the
robot is free to visit any region without incurring additional
cost under r1 and G1 includes all such transitions. In summary,
the subgraph, G1 includes only edges with zero cost under the
highest priority rule r1, ensuring that the robot satisfies ϕ.

The optimal subgraph G2 incurs a penalty of 1 with respect
to r2. This is because there is no path from the initial state
qinit,P = (init,q0) to the goal state (xG,q1) that maintains a
clearance of at least 2 grid steps from the obs region. To reach
the goal state, the automaton must transition from q0 to q1,
which requires the robot to visit the p2 region. However, this
region lies only one move away from the obstacle, making it
impossible to satisfy the clearance requirement. As a result G2

consists of all edges from G1 whose source and target states
are at least 1 grid step away from obs, representing the minimal
violation of r2 necessary to satisfy r1.

Finally, G3 is the subgraph of G2 containing only the
edges that lie along a shortest path, i.e., the path with the
fewest number of moves from (init,q0) to (xG,q1). In this
example, the optimal control strategy consists of 6 moves:
u∗ = 〈(0,1), (1,0), (1,0), (1,0), (0,1), (0,1)〉, with trajectory
xu∗=〈(1,2),(1,3),(2,3),(3,3),(4,3),(4,4),(4,5)〉.
Comparison with Dijkstra’s algorithm: We compare our
approach with Dijkstra’s algorithm because it serves as the
core search routine in most state-of-the-art minimum-violation
planning approaches, which differ primarily in how the product
automaton P is constructed, but ultimately rely on Dijkstra’s
algorithm to extract optimal paths in P . Since our method also
constructs P , this comparison isolates the main difference in how
optimal paths are computed. The paths returned by Algorithm 1
and Dijkstra’s algorithm are shown in Fig. 5. Both paths satisfy
ϕ, incurring 0 cost with respect to r1 but incur a penalty of
1 with respect to r2. However, the path returned by Dijkstra’s
algorithm has a higher cost under r3. This occurs because the
edge weight structure here does not form a cost monoid. As
a result, the Bellman optimality principle does not hold and
greedy algorithms like Dijkstra’s can fail to produce an optimal
solution under this rulebook. For example, consider the subpath
from the initial state to the cell immediately below the p2 region.
Along this subpath, Dijkstra’s path incurs 0 cost under both
r1 and r2, while the corresponding subpath of the optimal path
incurs a penalty of 1 under r2. However, to ultimately reach the
goal, the robot must pass through the p2 region, which is 1 cell
away from the obs region. Therefore, the final portion of the
path will necessarily incur a penalty of 1 under r2, regardless of
the earlier subpath. Since Dijkstra’s algorithm greedily optimizes
the cost at each step, it fails to anticipate this unavoidable
penalty and ends up selecting a longer path that appears better
locally but performs worse globally with respect to the rulebook.

xI

xG

p1

p2obs

xI

xG

p1

p2obs

Fig. 5: Failure of Dijkstra’s algorithm to find an optimal path.
[Left] Optimal path computed by Algorithm 1 [Right] Optimal
path computed by Dijkstra’s algorithm. In both cases, the paths
are projected onto the X-component of the state.

Fig. 6: Computation time for Algorithm 1 vs. Dijkstra’s.

Fig. 6 shows how the computation time for both Algorithm 1
and Dijkstra’s algorithm increases almost linearly with the num-
ber of vertices in the graph. However, Algorithm 1 consistently
runs faster. This is because, when applying Dijkstra’s algorithm
with edge weights derived from the rulebook, each edge weight
is an N -dimensional vector that must be compared lexicographi-
cally to manage the priority queue. In addition, combining edge
weights along a path requires vector operations. In contrast,
Algorithm 1 runs up to N iterations of the same Dijkstra’s
algorithm, but each iteration only handles scalar edge weights cor-
responding to a single rule. This simplifies both the comparison
and accumulation operations, resulting in lower computational
overhead per iteration and improved overall performance.

E. Case Studies: Continuous-State System

Setup: We consider a warehouse robot navigating a 2D
workspace subject to multiple prioritized rules. The robot must
avoid obstacles (r1), stay out of a busy region to prevent interfer-
ence with human operators (r2), maintain a specified clearance
from obstacles (r3), and follow a right-hand rule (r4), a common
strategy in multi-robot systems to mitigate deadlocks by requiring
the robots to pass obstacles and each other on the right [87], [88].
Specifically, the right-hand rule requires that the ray extending
orthogonally to the robot’s right does not intersect any obstacle.

The violation of each rule is measured as the
total path length over which the rule is violated, i.e.,
ri(x, u) =

∫ T

0
φi(x(t))‖ẋ(t)‖dt, where φi is the violation

indicator for rule ri, i.e., φi(x)=1 if state x violates rule ri and
φi(x) = 0 otherwise. We define these indicators as φ1(x) = 1
iff x ∈ O and φ2(x) = 1 iff x ∈ B, where O,B ⊆ R2 denote
the obstacle and busy regions, respectively. φ3(x) = 1 iff the
Euclidean distance from x to O is below the required clearance.
φ4(x)=1 iff the ray {x+λnr | λ≥0} intersects O, where nr
is the unit vector obtained by rotating the path tangent clockwise
90◦. Because violation measure grows proportionally with the
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Fig. 7: RRT* planning results with 1,000 iterations. Grey lines
show the explored tree. The blue line indicates the final path from
start (green) to goal (blue). Circular (red) and rectangular (yellow)
regions denote obstacles and busy region. Dashed (red) circles
represent clearance constraints. The shaded (blue) regions on
the right-hand side of the path indicate areas that should remain
free of obstacles according to the right-hand rule. [Left] Our
rulebook-based RRT* produces a path satisfying all requirements
(r1 =r2 =r3 =r4 =0) with length r5 =18.13. [Right] Classical
RRT* treats obstacles, busy regions, and clearance as collisions,
yielding a shorter path (r5 =15.19) but violates the right-hand
rule, as the shaded zone intersects obstacles.

trajectory length, the definition of ri(x,u) satisfies Assumption
2. Finally, the robot should minimize the path length (r5). The re-
lationship between the rules is defined as r1>r2>r3>r4>r5.
Results: Fig. 7 compares the paths generated by our rulebook-
based RRT* and the classical RRT*, both using 1,000 samples.
Our approach generates a path that satisfies all requirements,
while the classical RRT* violates the right-hand rule despite
yielding a shorter path. Note the more intricate structure in the
early portion of the rulebook-based path, where the algorithm
deliberately bends the trajectory to keep the right-hand ray clear
of the obstacle. On the other hand, RRT* selects a more direct
path but violates the right-hand constraint.

The average computation time for our approach is 444.75 ms,
compared to 295 ms for the classical RRT*. Fig. 8 illustrates
the convergence of path cost for both methods. While the
computation time of the rulebook-based RRT* follows a similar
growth trend to that of the classical RRT*, it is roughly twice
as large for the same number of samples due to additional cost
evaluations and the need to compare multi-dimensional cost
vectors (five elements for the rulebook-based approach versus
a single scalar for the classical RRT*).

Fig. 9 presents a modified scenario where the busy region
overlaps with the clearance zone around an obstacle, making
it impossible to satisfy both r2 and r3 simultaneously. In this
case, the rulebook-based RRT* still finds a feasible path that
does not violate r1 and r4, while incurring small violations of
r2 =0.24 and r3 =1.36. We also execute a plan generated by
our rulebook-based RRT* in a high-fidelity Gazebo simulation
using TurtleBot 3 and a pure-pursuit controller, demonstrating
that the robot can successfully navigate the scenario.

VI. COMPLETE CONTROL SYNTHESIS

This section focuses on computing the (maximum) complete
set of all optimal control strategies for discrete-time, discrete-state
systems as defined in Problem 2. Such a set is particularly useful
for verification purposes, e.g., to check whether a given control

Fig. 8: Path cost and computation time vs. the number of
iterations. [Left] Our approach. [Right] Classical RRT*.

Fig. 9: [Left] When requirements conflict, our rulebook-based
RRT* finds a path with small violations, while the classical
RRT* fails to find a valid solution. [Right] Turtlebot 3
navigating this scenario in Gazebo using a plan generated by
the rulebook-based RRT*. Note that the path differs from the
left due to the inherent randomness of RRT*.

strategy u is optimal with respect to a specified rulebook R. As a
concrete example, a regulatory authority may want to determine
whether an observed behavior of an autonomous vehicle
complies with the applicable rulebook. Since this type of analysis
is typically performed offline, the computational constraints are
less strict than those for the single-strategy synthesis problem.

A. Approach

We represent the system by a directed graph Gf = (Vf ,Ef )
as in Section V-A and impose Assumption 1 with the additional
restriction that the operation ∗ associated with each rule is the
addition operation.
Assumption 3. For each rule ri ∈ RT , the total cost of a
trajectory under policy u is the sum of the stage-wise costs:
ri(x,u)=

∑T
t=0ri(xt:t+1,ut:t).

Furthermore, to avoid degenerate cases where the robot can
loop indefinitely without incurring any penalty, we assume the
absence of zero-cost loops in Gf . In particular, we require
that for any nontrivial cycle in Gf , at least one rule (typically
low-priority, efficiency-related rules such as path length, traversal
time, or energy consumption) assigns a nonzero cost.

Assumption 4. Given any state x∈X , suppose there exists a
control strategy u=〈u0,u1,...,uT 〉 with T ≥0 that produces a
trajectory xu =〈x0,...,xT+1〉 with x0 =xT+1 =x. Then, there
must exist a rule ri such that ri(xu,u)>0.
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Algorithm 2 extends the label-setting algorithm for solving
MOSP [51], [52] to compute the set of optimal strategies U∗G
. It can also be seen as a generalization of Dijkstra’s algorithm
to handle multiple optimal paths. The main idea is to build
a search tree T = (VT ,ET ) that represents the set of optimal
strategies identified so far from xI to each visited state. Each
vertex v∈VT corresponds to some state x∈X . The root of the
tree, denoted by v1, corresponds to the initial state xI . Given a
state x∈X , there may be multiple optimal strategies to reach x;
thus, there may be multiple vertices in VT corresponding to the
same state x. To track the association between vertices in VT
and states in X , we use a function x :VT→X , i.e., x(v)∈X
is the state associated with vertex v∈VT . Note that Dijkstra’s
algorithm also constructs such T by keeping track of the best
parent for each state. However, since Dijkstra’s algorithm tracks
at most one optimal path to each state, x(v) is one-to-one, i.e.,
each vertex in T corresponds to a unique state in X .

An edge in T is labeled by an action u∈U and (v,u,v′)∈ET

only if u ∈ U(x(v)) and f(x(v), u) = x(v′), i.e., applying
action u at the state associated with v transitions the robot
to the state associated with v′. For each v ∈ VT , let path(v)
denote the path from v0 (the root of T ) to v, represented by
a sequence of labels of the corresponding edges. Thus, path(v)
represents a valid strategy for xI to reach the state x(v).

The priority queue Q holds the leaf vertices of T that may have
successors. We use <R on path(v) as the priority function to
order Q. Specifically, path(v)<R path(v′) implies that vertex
v has higher priority than vertex v′ in Q. For each state x∈X ,
we use the variable Ux to maintain the set of optimal strategies
known so far from xI to x. Each strategy u∈Ux corresponds to
a unique vertex v∈VT with x(v)=x. To track this association
for each x∈X , we use a function vx :Ux→VT . Specifically,
vx(u) is the vertex v∈VT associated with the strategy u.

Lines 1-5 of Algorithm 2 initialize T with a single vertex
v0, which serves as the root of T and corresponds to the initial
state xI . At this point, the only optimal path from v0 to itself
is the empty path 〈〉. Initially, Q contains only the root vertex
v0. The algorithm then enters a while loop that continues until
Q is empty. Assumption 4 ensures that vertices popped from
Q correspond to paths that do not pass through the same state
more than once; hence the algorithm does terminate eventually.

In each iteration of the while loop, the algorithm removes the
vertex v with the highest priority from Q. Based on the priority
function to sort Q, v corresponds to a strategy u such that no
other strategy u′ associated with vertices in Q satisfies u′<Ru.
The algorithm then considers each possible action u∈U(x(v)),
which leads to the next state x′ = f(x,u), and constructs a
candidate strategy u = path(v)⊕ 〈u〉, which is obtained by
appending u to path(v). The function Ux′ .insert(u), defined
in Algorithm 3, evaluates whether the candidate strategy u is
an optimal strategy known so far to reach x′ and updates Ux′
accordingly. Specifically, if u is optimal, it inserts u into Ux′
and removes and returns the set Usub⊆Ux′ of strategies that are
no longer optimal due to the discovery of u, i.e., those strategies
u′∈Ux′ for which u<Ru′ holds. Line 13 of Algorithm 2 then
removes the vertices in Q corresponding to these suboptimal
strategies. To keep T small, we can optionally remove vx′(u

′)
from T but this does not affect the correctness of the algorithm.

Algorithm 2: Compute the set U∗G of optimal plans

Require: The set X of states, the initial state xI ∈ X , the
set XG⊆X of goal states, the set U(x)⊆U of available
actions of the robot at each state x ∈ X , and the state
transition function f :X×U→X

Ensure: The set U∗G of optimal plans

1: Initialize Ux =

{
{〈〉}, if x=xI
∅ otherwise for each x∈X

2: n=0
3: T =({vn},∅)
4: x(vn)=xI ; vxI

(〈〉)=vn; Q.insert(vn)
5: while Q not empty do
6: v=Q.pop(); x=x(v)
7: for each u∈U(x) do
8: x′=f(x,u); u=path(v)⊕〈u〉
9: Usub =Ux′ .insert(u)

10: Remove vx′(u
′) from Q for each u′∈Usub

11: if u∈Ux′ then
12: n=n+1
13: Add vertex vn and edge v u−→vn to T
14: x(vn)=x′; vx′(u)=vn
15: Q.insert(vn)
16: end if
17: end for
18: end while
19: return

⋃
x∈XG

Ux

Algorithm 3: Ux′ .insert(u)

Require: The set Ux′ of optimal plans identified so far and
a candidate plan u that ends in x′

Ensure: Ux′ that includes u if and only if u is optimal and
the set Usub of plans in Ux′ that are no longer optimal due
to the discovery of u

1: Usub =∅
2: for each u′∈Ux′ do
3: if u<Ru′ then
4: Add u′ to Usub
5: Remove u′ from Ux′
6: else if u′<Ru then
7: return ∅
8: end if
9: end for

10: Add u to Ux′
11: return Usub

Finally, if the candidate strategy u is indeed optimal (as indicated
by the condition u∈Ux′ ), a new vertex vn corresponding to
u is added to T with v as its parent. The functions x and vx′

are updated accordingly, and vn is inserted into Q.
Sorting Q in Algorithm 2 and Ux′ .insert(u) shown in Algo-

rithm 3 require comparing strategies u,u′∈U using .R. Algo-
rithm 4 performs this comparison. Since a rulebook R is a partial
order on R/∼, we can represent R by a Hasse diagram, i.e.,
a graph GR=(VR,ER) as discussed in Section II-B. From the
transitivity property of a preorder, it follows that GR is a directed
acyclic graph. Thus, there exists a topological sorting [86], which
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Algorithm 4: Determine whether u.Ru′ for any plans u,u′

Require: Plans u,u′∈U and a topological sort 〈vR1 vR2 ...vRM 〉
of VR

Ensure: Whether u.Ru′

1: QR=〈vR1 ,vR2 ,...,vRM 〉
2: while QR not empty do
3: v=QR.pop()
4: if ∃r∈ [v] such that r(u)>r(u′) then
5: return False
6: else if ∃r∈ [v] such that r(u)<r(u′) then
7: Remove all successors of v from QR

8: end if
9: end while

10: return True

is a linear ordering of vertices in VR such that for every directed
edge vRi →vRj , vertex vRi comes before vRj in the ordering. This
topological sorting can be computed using depth-first search with
a time complexity of O(|VR|+|ER|) and it can be performed
offline. Let 〈vR1 ,vR2 ,...,vRM 〉 denote a topological sort of VR,
where M≤N is the number of equivalent classes in R.

Algorithm 4 evaluates two strategies, u and u′, with respect
to the rules in the order vR1 ,v

R
2 ,...,v

R
M to determine if u.Ru′.

To check whether u<Ru′, we can first run Algorithm 4 to see
if u.Ru′. If not, we can conclude that u 6<Ru′. If u.Ru′,
we then check whether u′.Ru using the same algorithm. If
u′.Ru, then u 6<Ru′. Otherwise, u<Ru′.

B. Analysis

Complexity: For each x∈X , let U∗x denote the set of optimal
strategies from xI to x. In other words, U∗x is Ux once the
while loop in Algorithm 2 terminates. Let ω = maxx∈X |U∗x |
represent the size of the largest set of such optimal strategies
among all the states x∈X .

As in Dijkstra’s algorithm, once a vertex v is removed from
Q, we know that path(v) is necessarily optimal, i.e., path(v)∈
U∗x(v). As a result, the while loop runs at most ω|X| times, with
each iteration adding up to |U | states to Q. Thus, the size of
Q is upper-bounded by ω|X||U |. Note that the while loop may
run fewer times than the largest size Q may attain, because line
13 of Algorithm 2 may remove some elements from Q. On the
other hand, |Ux′ | is upper-bounded by ω|U | because x′ has at
most |U | immediate predecessors. For any element in Ux′ , the
sub-strategy to the immediate predecessor of x′, call it x, is
optimal, and hence, an element of U∗x , which has size at most ω.

Assuming that Q is a Fibonacci Heap, removing and adding
an element from Q requires O(log|Q|) and O(1) comparisons,
respectively. Using Algorithm 4, comparing any two elements
take O(N) time. As a result, the total complexity of adding
and removing an element to Q is O(N) and O(N log |Q|),
respectively. With this, line 7 takes time O(N log|Q|). With
appropriate data structures (e.g., using a dictionary to store
x), lines 8, 10, 14, 15, 16 and 17 take O(1) time, and as we
will see later, they will be dominated by other operations in
the complexity analysis, so we can neglect them.

For each iteration of the while loop, lines 10-18 run at most
|U | times. Suppose the cost of path(v) is stored for all v∈VT

and the cost of u is computed and stored when u is constructed
on line 11. Then, line 11 takes O(N) time. Ux′ .insert(u)
on line 12 takes O(N |Ux′ |), which is O(ωN |U |) time as
|Ux′ |≤ω|U |. Line 13 requires removing at most |Ux′ | out of
Q, each removal taking O(N log|Q|) time. Thus, line 13 takes
O(ωN |U |log|Q|) time. Finally, line 18 takes O(N) time.

Combining these together, the computational complexity of
Algorithm 2 is O

(
ω2N |X||U |2 log(ω|X||U |)

)
. Note that the

complexity depends on the output size ω, which is common in
problems that require computing the complete set of all optimal
solutions [51], [56].
Correctness: The correctness of Algorithm 2 is based on the
principle of optimality [89]. The following lemma extends
this principle to our setup, which involves multiple objectives
and a preorder relation among them. For notational simplicity,
we focus on initial segments of strategies as this is all that is
needed for the proof of Proposition 7, though the result can
be extended to arbitrary segments.

Lemma 1. Let u∗=〈u∗0,u∗1,...,u∗T 〉∈U∗G be an optimal strategy
and 〈x∗0,x∗1,...,x∗T+1〉 be the sequence of states obtained from
applying u∗, starting from x∗0 =xI . Consider an arbitrary t such
that 0≤ t≤ T +1. Let ũ∗ = 〈u∗0,u∗1,...,u∗t−1〉 denote the sub-
strategy of u∗ to reach x∗t and Ut ={〈u0,u1,...,uT ′〉∈U | T ′∈
N,xT ′+1 =x∗t } denote the set of all valid strategies for xI that
end at x∗t . Then, there does not exist ũ∈Ut such that ũ<R ũ∗.

Proof. Suppose there exists ũ=〈ũ0,...,ũT ′〉∈Ut with ũ<R ũ∗.
Let u= 〈ũ0,...,ũT ′ ,u∗t ,u∗t+1,...,u

∗
T 〉 be the strategy formed by

replacing ũ∗ in u∗ with ũ.
Since ũ .R ũ∗, by definition, for any rule r such that

r(ũ)>r(ũ∗), there exists r′>r such that r′(ũ)<r′(ũ∗). Since
each rule is additive, it must be the case that for any r such
that r(u)>r(u∗), there exists r′>r such that r′(u)<r′(u∗).
As a result, we can conclude that u.Ru∗.

Furthermore, since ũ∗ 6.R ũ, by definition, there exists a
rule r such that r(ũ)<r(ũ∗) and for all r′>r, r′(ũ)≤r′(ũ∗).
Since each rule is additive, it must be the case that r(u)<r(u∗)
and for all r′>r, r′(u)≤r′(u∗). As a result u∗ 6.Ru. Since
u.Ru∗ but u∗ 6.Ru, we can conclude that u<Ru∗, which
contradicts the assumption that u∗∈U∗G.

Since the principle of optimality holds, we can prove the
correctness of Algorithm 2. The proof is similar to the proof
of correctness of the label-setting algorithm for solving MOSP
[51], [52] and is omitted for brevity.

Proposition 7. Suppose that a rulebook R satisfies Assumptions
1, 3, and 4. Then, Algorithm 2 correctly returns the maximum
complete set U∗G of optimal control strategies as defined in
Problem 2.

C. Case Studies

Obstacle avoidance with different rulebooks: Consider a sce-
nario in which an autonomous vehicle encounters an obstacle, as
illustrated in Example 11 of [59] and shown in Fig. 10. Let xI de-
note the state at the lower left corner and XG include the state at
the lower right corner. The rulebook consists of four rules: r1 (no
collision), r2 (lane keeping), r3 (obstacle clearance), and r4 (path
length). Let R={r1,r2,r3,r4}. Each rule ri is defined based on
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Fig. 10: An autonomous vehicle traveling from left to right
encounters an obstacle (red region). Points are states and arrows
are transitions. [Top, left] Transition cost for r1 (no collision);
[Top, right] r2 (lane keeping); [Bottom, left] r3 (obstacle
clearance); and [Bottom, right] r4 (path length).

the transition cost ri(〈x,x′〉,u) from a state x=(xx,xy)∈X to
the next state x′=(x′x,x

′
y)=f(x,u), under an action u∈U(x).

The cost functions are defined as follows: r1(〈x,x′〉,u)=1(x∈
Obs) +1(x′ ∈ Obs); r2(〈x,x′〉,u) = 1(x2 > L) +1(x′2 > L);
r3(〈x,x′〉,u) = 1(d(x,Obs) < C) + 1(d(x′,Obs) < C); and
r4(〈x, x′〉, u) =

√
(x′2−x2)2+(x′1−x1)2. Here, 1(·) is the

indicator function, which returns 1 if the condition holds and
0 otherwise, Obs⊂R2 is the obstacle region, d(x,Obs) is the
Euclidean distance from state x to Obs, and C∈R is the required
clearance. The constant L∈R represents the threshold for the
y-coordinate beyond which the vehicle is no longer considered to
be fully within the lane, Fig. 10 illustrates these transition costs.

Consider the base rulebook R1 = 〈R, .1〉, where the
relationships between the rules are defined as follows: r1>1 r2,
r1>1 r3, r2>1 r4, and r3>1 r4. This means the no collision
rule (r1) has the highest priority. The lane keeping rule (r2)
and the obstacle clearance rule (r3) have the second highest
priority but are not comparable to each other. Finally, the path
length rule (r4) has the lowest priority.

By applying Algorithm 2 with rulebook R1, we obtain a
set U∗G of 13 optimal strategies, as shown in Fig. 11. The
average time to compute this set is 3.4 milliseconds. For each
optimal strategy u∗∈U∗G, the resulting states of the vehicle do
not collide with the obstacle, i.e., r1(u∗)=0. This is because
r1 (no collision) is the highest-priority rule, and as a result,
its violation must be avoided at all costs, even if this leads to
infinite violations of other rules. Additionally, the strategies in U∗G
represent different trade-offs between the violations of r2 (lane
keeping) and r3 (obstacle clearance), since these two rules are in-
comparable. Finally, no optimal strategy in U∗G causes the vehicle
to unnecessarily enter the opposite lane since doing so will incur
more path length without reducing the violation of the other rules.
Impact of priority refinement: We now explore two different
refinements of the base rulebook R1 by adjusting the priority
between r2 and r3. First, consider a rulebook, R2 =〈R,.2〉,
which is a refinement of R1 in that .2 includes all the
relationships from .1 and also adds the priority relation r2>2 r3.
In other words, the lane keeping rule (r2) is given higher priority
than the obstacle clearance rule (r3) in R2. Applying Algorithm
2 to R2 yields a set of 4 optimal strategies, as shown in Fig. 11.
The average time to compute this set is 0.9 milliseconds. Note that

Fig. 11: The set U∗G of optimal strategies for [Top, left] R1,
[Top, right] R2, [Bottom, left] R3, [Bottom, right] R4. Multiple
optimal strategies may share edges. These strategies either have
identical rule-violation costs (e.g., in [top, right] and [bottom,
right]) or represent distinct trade-offs among rules (e.g., in [Top,
left]) under the rulebook.

Fig. 12: Exponential growth of computation time under two
settings. [Left] Varying state space size with 5 rules and
random priorities. [Right] Varying number of rules with random
priorities on a 100-state grid.

the set of optimal strategies for R2 is a subset of those for R1,
as expected since R2 is a refinement of R1, and includes only
strategies that do not lead to a violation of the lane keeping rule.

Next, consider the opposite refinement R3 =〈R,.3〉 of R1,
where .3 includes all the relationships from .1 and also adds
r3>3 r2. This means that in R3, obstacle clearance (r3) has
higher priority than lane keeping (r2). In this case, Algorithm 2 re-
turns a set of 1 optimal strategy, as shown in Fig. 11. The average
time to compute this set is 0.6 milliseconds. The set of optimal
strategies is a subset of those for R1 and includes only strategies
that do not lead to a violation of the obstacle clearance rule.
Comparison with the weighted sum approach: The
weighted sum approach can be viewed as a special case of our
formulation by defining a rulebook R4 with a single rule r,
given by the weighted sum of r1,r2,r3,r4, i.e., r=

∑4
i=1ciri,

where ci∈R is the weight for rule ri. Applying Algorithm 2
to R4 yields a set of 2 optimal strategies when ci = 1,∀i, as
shown in Fig. 11. The average time to compute this set is 1.7
milliseconds. However, the complete set of optimal strategies
should include 4 solutions, similar to those obtained for R2.
The missing optimal strategies result from numerical precision
issues, where costs that are theoretically identical may be treated
as different due to computational limitations. These issues are
more pronounced in the weighted sum approach, as it involves
summing weighted values, which can introduce small numerical
discrepancies. As a result, strategies with theoretically identical
costs may be incorrectly treated as different. In contrast, R1,
R2, R3 evaluate violations with respect to individual rules,
making them less susceptible to such precision errors.
Computation time analysis for varying state spaces and
rulebooks: First, we analyze grid-based problems by varying



18

the number of states. For this analysis, we use a rulebook R
containing 5 rules with randomly assigned priority relations .. As
shown in Fig. 12, the computation time grows exponentially with
the size of the state space. This exponential growth is due to the
exponential increase in the total number of optimal strategies (de-
noted with ω in Section V-B) as the size of the state space grows.

Building on this, we next investigate how the computation
time changes as we vary the number of rules in a fixed state
space. Specifically, we use a grid-based state space with 100
states and consider rulebooks with a varying number of rules,
where the priority relations among the rules are also assigned
randomly. Fig. 12 illustrates that the computation time also
increases exponentially as the number of rules grows.
Practical considerations: While the example assumes a
discrete state space with a coarse discretization, this abstraction
is often sufficient for verification and regulatory purposes. In
these settings, the interest typically lies in assessing whether
a given robot’s strategy u is approximately optimal rather than
exactly optimal. There are two primary ways to assess this.
The first is to use Algorithm 4 to check that for each u∗∈U∗G,
u∗ 6<R u. The second is to verify that that the resulting
trajectory xu of the robot remains within an acceptable distance
from an optimal trajectory xu∗ for some u∗∈U∗G. For either
approach, a coarse discretization of the state space is sufficient
to draw meaningful conclusions. More importantly, it is crucial
that U∗G is complete to avoid incorrectly labeling a u as
suboptimal simply because some optimal strategies were missed,
which is a common limitation of weighted-sum approaches.

VII. CONCLUSION AND FUTURE WORK

We employed the rulebook formalism as a specification
language for planning and control of autonomous robots. Based
on this formalism, we formulated both single-strategy and
complete control synthesis problems, showing that they generalize
existing temporal logic-based and optimization-based planning
and control. For single-strategy synthesis, we identified structural
assumptions on rules that enable polynomial-time synthesis. This
allows our algorithm to handle combinations of objectives that
have not been considered in prior work, as illustrated in a case
study with temporal logic constraints, min-max safety require-
ments, and standard efficiency criteria, even when these objectives
differ in structure and interpretation. For complete synthesis, we
proposed an algorithm to compute all optimal strategies, which
provide insights into the different trade-offs among competing
objectives. Simulation results demonstrated the practical utility
of our approach compared to existing approaches. Overall, the
rulebook formalism provides a principled and unifying foundation
for specification, control, and verification in autonomous robots.

Future work will focus on extending the framework to adversar-
ial or probabilistic systems to support planning and control under
uncertainty and in dynamic or unpredictable environments. For
single-strategy synthesis, we aim to identify additional tractable
subclasses of rulebooks, especially for continuous-state systems.
This includes discovering rule structures or system dynamics
that allow efficient synthesis while preserving the expressiveness
of the specification. We also plan to investigate receding-horizon
planning under rulebooks, where a control strategy is computed

over a finite horizon and updated online, enabling real-time oper-
ation in dynamic environments while respecting prioritized rules.

For complete synthesis, we will explore approximate
and scalable algorithms to handle more complex systems.
In particular, we will extend the concept of ε-approximate
domination from [58], which is currently defined only for
incomparable objectives, to rulebooks with hierarchical structure.
This extension requires defining ε-approximate domination in
a way that respects the underlying preorder. We also plan to
investigate heuristic strategies to guide the search efficiently.
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[26] A. Donzé and O. Maler, “Robust satisfaction of temporal logic over
real-valued signals,” in Formal Modeling and Analysis of Timed Systems
(K. Chatterjee and T. A. Henzinger, eds.), (Berlin, Heidelberg), pp. 92–106,
Springer Berlin Heidelberg, 2010.
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