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Abstract. Assistance games formalize human-robot collaboration un-
der asymmetric information: the human knows the goal, while the robot
must infer it from observation and interaction in order to assist ef-
fectively. In general, computing optimal assistance game strategies on-
line is intractable, since exact solutions require planning in a POMDP.
We identify a nontrivial class of assistance games in which pragmatic—
pedagogic reasoning resolves goal uncertainty in a single time step, reach-
ing the fixed-point, infinite-horizon equilibrium of the full assistance
game through a tractable best-response procedure. Within this class, we
show that mainstream inverse optimal control exhibits an inference ceil-
ing that hinders alignment, while pragmatic—pedagogic reasoning breaks
the ceiling by turning actions otherwise equivalent under task execu-
tion into unambiguous goal-identifying signals. Finally, we validate our
theoretical results and proposed method on a simple collaborative block-
building example.

Keywords: Human—Robot Interaction - Value Alignment - Mathemat-
ical Modeling and Analysis

1 Introduction

As robots become more capable and are deployed in increasingly varied contexts,
they must infer and adapt to their users’ needs online rather than execute pre-
specified routines. In artificial intelligence (AI), conventional alignment pipelines
like Reinforcement Learning from Human Feedback (RLHF) optimize for human
approval of generated outputs, such as through thumbs-up or A /B preference
feedback [1]. However, this signal is known to be an imperfect, often problematic
proxy, since it tends to neglect the downstream effects of individual decisions [2—
|. In human-robot interaction, the coupling between robot operation and hu-
man behavior over time makes it all the more necessary to approach alignment
with respect to long-term outcomes instead of isolated robot actions [5—8].

To capture the temporal dimension of alignment, assistance games [9, 10]
pose the problem as a dynamic two-player collaboration between a human user
and a robot assistant, who aims to help realize the human’s objective but is
uncertain about what it is. The resulting equilibrium solutions have been shown
to present desirable properties, which extend the notion of optimal informa-
tion seeking to the two-player setting. In particular, the human’s actions often
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carry out a pedagogic function, strategically conveying information about the
goal, while the robot’s responses are pragmatic, interpreting human cues as pur-
posefully (rather than circumstantially) communicative [11, 12|, consistent with
modern cognitive science accounts of human teaching and learning [13]. Unfortu-
nately, despite their theoretical strengths, assistance game solutions are largely
considered computationally intractable, due to the need to plan in the robot’s
information space [14].

In this work, we identify a special—but nontrivial—class of assistance games
in which pragmatic—pedagogic solutions are simultaneously highly effective and
easily computable, fully disambiguating the human’s goal in a single time step.
As a result, for this class of problems, an efficient short-horizon approximation
(analogous to single-player QMDP [15]) yields an optimal strategy pair for the
full-horizon game. We further show that this equilibrium can be readily ob-
tained in a single round of player best responses starting from a mainstream in-
verse optimal control (IOC)—or inverse reinforcement learning (TIRL)—solution.
Crucially, however, while IOC often exhibits an inference ceiling that impedes
one-step alignment, the pragmatic—pedagogic solution fully overcomes this lim-
itation, turning actions that are ambiguous from the standpoint of task execu-
tion alone into unambiguous goal-identifying signals. As a result, the pragmatic
robot strategy is mazimally empowering, affording the human the option to con-
vey and achieve any goal regardless of the robot’s initial belief, and rendering
the robot’s operation corrigible, a key requirement for robust alignment and
long-term safety [16].

Our contributions in this work can be summarized as follows:

1. One-round convergence to a pragmatic—pedagogic equilibrium. We
quantify the IOC inference ceiling in terms of a posterior belief bound,
show that positive pedagogic leverage breaks it, and characterize the class
of action-separable assistance games—those in which leverage emerges for
every goal. For this class, we prove that one round of best responses reaches
the fixed-point, infinite-horizon equilibrium of the assistance game.

2. A practical methodology for tractable pragmatic assistance. We
propose Pragmatic-Pedagogic Best Response (PPBR), an algorithm that
directly computes the pragmatic—pedagogic equilibrium of action-separable
assistance games, yielding a human-empowering robot strategy.

3. Empirical validation. We validate our theoretical results empirically in a
collaborative block-building domain, comparing IOC against PPBR under a
comprehensive range of initial conditions.

2 Related Work

Traditional IOC/IRL aims to recover the objective pursued by a human “expert”
by observing demonstrations of their behavior, assumed to take place in isola-
tion [17-19]. In interactive settings, however, the robot is not a passive observer
but an active player whose own actions may affect the human’s outcome. The
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human may therefore choose actions not only to directly generate utility but
also to indirectly improve expected outcomes by influencing the robot.

Assistance games, initially introduced under the name cooperative inverse
reinforcement learning (CIRL), formalize this idea as a cooperative game with
asymmetric information [9, 10]. In particular, the human knows the true goal,
while the robot must infer it from observation and interaction. Solving a CIRL
game can be reduced to solving a partially observable Markov decision process
(POMDP), in which the robot’s belief over goals serves as a sufficient statistic for
optimal decision-making [10]. However, this reduction inherits the computational
burden of POMDP planning, barring its use in practical problems.

Subsequent research in assistance games showed that optimal human-robot
strategy pairs must satisfy a specific dynamic programming relation expressed
as a fixed point in a pragmatic—pedagogic Bellman recursion, whereby the hu-
man chooses actions pedagogically to convey strategically relevant information
to a suitably attuned robot partner, and the robot in turn interprets human
actions pragmatically, treating them as cues purposefully chosen to convey in-
formation [11]. Despite an exponential complexity improvement over the naive
POMDP reduction, the resulting belief-space planning is still intractable for
runtime computation of assistance strategies.

Here, we build on the theoretical insights established by prior assistance game
efforts to investigate runtime-computable robot strategies that preserve coop-
erative structure while enabling online assistance. We combine classical short-
horizon approximation ideas from decision theory [15] and truncated iterated-
best-response approximations from behavioral game theory [20-22], and show
that they allow us to exactly solve the full-horizon assistance game for a class of
problems in which the robot’s uncertainty can be resolved in a single time step.

Finally, some work in the AI alignment literature has brought into question
the usefulness of pragmatic robot behavior, due to potentially higher sensitivity
to modeling assumptions (in particular, whether or not the human user intends
to behave pedagogically) [23]. Our results shed new light on the matter, suggest-
ing an alternative perspective: regardless of modeling accuracy, robot strategies
derived from pragmatic—pedagogic solutions make the robot comparatively more
responsive to human action cues, increasing the human’s effective controllability
over outcomes and mitigating known overconfidence issues with non-pragmatic
(sometimes called “literal”) goal-inferring robots (typically IOC) [7, 24, 25].

3 Problem Formulation: Assistance Games

We study assistance games G in which a human and a robot take turns acting in
a shared environment to achieve the human’s objective. Critically, this objective
is known to the human but, a priori, unknown to the robot. Let

g = <87 {AH; AR}aTsa {Qa R}»P01’7>7

where S denotes the space of world states; Af, AF are the human and robot

action spaces; @ is a set of possible goal parameters encoding the human’s objec-

tive; Ty(s¢11 | st,alf,al) is the transition probability measure; R(s;, all, al*; )
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is the shared reward function, parameterized by 6 € © (whose value is only ob-
served by the human); Py(so, ) is the initial joint distribution over states and
goals; and v € [0, 1] is a discount factor. At each time step ¢, the human selects
all € A first, after which the robot observes aff and selects al* € Af; the joint
action (af?,al?) then induces a successor state through T}.

The robot maintains a Bayesian belief b; € A(O) over candidate goal hy-
potheses, which is updated after each observed afl. Following the assistance
game literature, Py is known to both players, which means that b; can be com-
puted by either player as a sufficient statistic of the robot’s information state
after observing (so,ad!,al, ..., st,al’) under any particular human policy. Since
the robot’s belief may inform its behavior, it is also strategically relevant to the
human. Therefore, the human’s optimal assistance game strategy will in general
be a stochastic policy 7 (aff | s;,bs;60), whereas the robot—mnot privy to the
true 6, but observing af! before selecting its own action—must choose a pol-
icy mf(al | s¢,bs,all). Solving the assistance game amounts to finding a team
strategy 7 = (7, ) that maximizes the expected time-discounted return

J(af o® .= R nytR(st,aiH,af;H) )
(507?)NTF)’0 =0

where 7 := (5o, alf, al?, s1,all, al?,...) denotes a trajectory, and the distribution
over trajectories is sequentially induced by policies 7 = (7, 7%) and (s¢, b;)
transitions T' = (Ts, Tp).

Running example: We consider a collaborative block-building task in which the
human’s latent goal 0* € {4, &} specifies a target Tetris shape. The human is
indifferent to where the structure is built and what direction it faces, as long as it
is upright. To avoid known action-multiplicity artifacts in Boltzmann likelihood
models [26], we represent states and actions in the quotient spaces induced by the
problem’s underlying symmetries: states that differ only by an SE(2) transform
(translation and rotation on the ground plane) are treated as equivalent, as
are actions that induce equivalent state changes. In our two-goal example, the
quotient action space A(s) in most intermediate states of interest (s = o, =, 8, ...)
contains two placements (SIDE/« and UP/1) and possibly the destruction of an
existing block with nothing on top (+ or %).

Suboptimal play: While other actions are possible in principle (e.g., placing a
new block far away from the existing ones), we exclude them from our analysis
because they are exponentially less likely under all hypotheses. A robot observing
such actions would typically lose situational confidence and choose not to act [7].

4 Approach: One Time Step, One Best-Response Round

4.1 Alignment in One Time Step

Extending the QMDP approximation in single-agent POMDPs to the two-player
setting, we decompose the assistance game’s horizon into a present uncertain
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phase and a hypothesized later phase in which the robot has gained full certainty
about the human’s goal. Although optimistic in general, this approximation is
in fact exact whenever both players can independently arrive at an unambigu-
ous correspondence between goals and actions, so the robot will become fully
confident after a single time step—as we show in the next section.

Perfect-Information Subgame. To support the QMDP decomposition, we in-
troduce two oracle value functions that characterize the fully observed phase
of planning. First, the solipsistic value V0 (s;;0) represents the maximum ex-
pected reward-to-go from state s; when the human works alone, taking one action
per time step with no robot assistance. This single-player MDP over A¥ yields
the solipsistic state—action value

QHO(shatH; 0) :=r(sy, af; 0) + v IE[VHO(stH; 9)],

with St41 T( ‘ st,atH).

Second, the team value V'™ (s, 0) represents the maximum expected reward-
to-go from state s; when both players are privy to the human’s true goal and
coordinate optimally. This is computed by solving a fully observed MDP with
joint action space A x AR, yielding the team state-action value

Q'™ (54, al’, al*; 0) ;= r(s;,al’, al; 0) + v E[Vteam(5t+1; 9)],

with sip1 ~ T(- | 8¢, 0, al?).

4.2 Equilibrium in One Round

We operationalize pragmatic—pedagogic inference from the perspective of a robot
helper that reasons about human behavior using a truncated hierarchy of hy-
pothesized player models. Specifically, the level-3 robot, denoted R3, simulates
HO, R1, and H2 as follows.

HO: Solipsistic Human FEzxpert. Under a given hypothesis 6, HO acts solely
to optimize for that objective without considering how their actions influence
the robot’s belief or behavior. Hence, HO serves as the “expert demonstrator” in
classical IOC/IRL methods. Define

710aH | 5,,0) o exp(ﬁH QHO(st,af;H)),

where Bf > 0 is an inverse temperature or “rationality” parameter control-
ling how strongly HO favors high-value actions under #: as 37 — 0, the policy
approaches a uniform distribution over all actions; as 37 — oo, the policy con-
centrates on optimal actions, converging to a uniform distribution over only the
arg max set.

R1: Naive Robot Learner. R1 assumes the human behaves as HO and updates
its belief b; by Bayes’ rule under likelihood 7%%(af’ | s;,0), yielding bet (- | al).
Define Q®!(sy,alt;byy) == Eoin, [7(st,aft;0) + v VHO(s444;6)], and

8 (af | se,af’ bey) o exp(B% QM (51, affibit)),
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where A% > 0 is the robot’s inverse-temperature parameter. The use of V0
rather than V2™ as the continuation value is a deliberate modeling choice:
it reflects the IOC/IRL worldview that the human acts in isolation, without
anticipating robot assistance. Under this assumption, R1’s help is one-shot; it
may assist at the current time step, but its model of the future is one in which
the human continues to act alone.

H2: Pedagogic Human User. H2 anticipates R1’s belief update and subse-
quent behavior. For each candidate human action aff, H2 simulates its down-
stream consequences: R1 updates its belief assuming HO behavior and then se-
lects a response, which H2 evaluates under each goal. Define Q% (s;, al?;0,b;) :=

B t H _R.
B oponmi (fsp.afl b (Jatiy) (@ (51,07, af'; 0)] and

WHQ(afl | s¢,b¢,0) o exp(ﬂH QHz(StaafIQQabt))~

R3: Pragmatic Robot Helper. After observing a, R3 updates its belief b; by
Bayes’ rule using the H2 likelihood model 72 (a! | s4, by, 6), yielding by, . It then
selects its response—which is executed in the real environment—by maximizing
expected value under the posterior:

R3% team H R
a (= arg max E (;) Se,a;,a;0)].
t gafe AR 0~bt+[ ( B% T )]

We will later show that, for the problem class we consider, truncating the hi-
erarchy at R3 already reaches the pragmatic—pedagogic fixed-point equilibrium.
Thus, there is no need to iterate further levels (H4, R5, and so on).

5 Analysis: Pragmatic-Pedagogic One-Step Alignment

In this section, we establish important properties of the R3—H2 solution and the
conditions under which it allows us to exactly recover the pragmatic-pedagogic
equilibrium of the full assistance game.

5.1 IOC Inference Ceiling and Incorrigibility

We begin by examining the fundamental alignment limitations of IOC/IRL in
the assistance context. Let

*AHO*(sta 0) ‘= arg max QHO(Stv a{{; 9)

afeAH

denote the set of HO-optimal actions under goal € in state s;. In general, an IOC
posterior ceiling appears whenever one goal’s HO-optimal action set is a subset of
the HO-optimal action set for another goal. As such, every HO-optimal action in
the smaller-set goal is also optimal for the larger-set goal, so the human cannot
unambiguously communicate the smaller-set goal in one step.
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Two Candidate Goals We first formalize this pathology in the simplest pos-
sible setting with only two candidate goal hypotheses.

Lemma 1 (Two-goal IOC inference ceiling). Suppose o' € Af is HO-

optimal for only two goals 6*,0', with af € A" (s;,0%) C AH%(s;,,0"). Let

|AHO (s, 0%)| = k and |AT%*(s;,0")] = m, where 1 < k < m. Then, R1’s

posterior belief in goal 0* after observing a' is bounded above by the limit
mb~(6%)

mb=(6*)+ kb= (0")’

(1)

Ri(0%) = Jim by (0" | a) =

which bounds b}, (0* | aT) strictly below 1.

Proof. As B — oo, #%(a® | 54,0%) — + and 7H%(a' | 5,,6’) — L. Substituting
these likelihoods into the R1 Bayes update and normalizing yields (1). O

Remark 1. If the two goals assign equal HO likelihood to af, R1 learns no new

information to disambiguate between #* and #’. In particular, when the optimal

action sets are identical, (1) leaves the prior unaltered, yielding limgu o, b5, (6* |
) =0b7(6")

a .

Running example: The human’s first action—placing the anchor block—is neces-
sarily uninformative to the robot. Since by assumption the human is indifferent
to position and north—south—east—west orientation, all feasible initial block place-
ments belong to the same equivalence class, and placing a block is the unique
optimal action for any 6 € {d, &} (cf. Remark 1).

Since both goals require one block above and one block adjacent to the an-
chor, either robot follow-up af* € {<,1} has the same expected value. Without
loss of generality, we assume the robot places above the anchor, af* =1; the al-
ternate case is symmetric. We then fix the resulting partial state s, = g as the
reference state for the remainder of the paper.

From Lemma 1, with & = 1 (since + is the unique HO-optimum under )
and m = 2 (since {«+, 1} are HO-optimal under &), the IOC ceiling is

. 25 (o)
00 _ + _ H _ —
Rl(i)_ﬁ}}gloole(e_i |a’t _<_)_ 1+b,(‘)

When b~ (&) < %, this ceiling lies below the robot’s one-step decision boundary
1

b = 3. Importantly, no amount of assumed human rationality (8 > 1) can
push the one-step IOC posterior beyond % This means that, if the human’s true
goal is 6* = & and the robot starts off placing more than % belief on &, there
is no course of action available to the human to prevent the robot from building
the wrong structure.

Specifically, if the human places a block on top of the partial structure
(af =7), the IOC robot’s optimal response will place a block on the side
(aF =<); and if the human places a block on the side (afl =<), the IOC robot
will confidently follow up with a final block on top (af =1); either scenario re-
sults in completing the & structure. In other words, even in simple assistance
games, the IOC robot strategy is short-term incorrigible from seemingly benign

initial conditions.
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Multi-Goal Assistance Games We now express the inference ceiling in com-
plete generality.

Lemma 2 (General IOC inference ceiling). Let at € A¥ be an observed
human action at state s;. For each goal § € ©, R1’s posterior after observing a'
1s bounded above by

Oyt ¢ aton (s, 6)]
M@ lal) = lim by (6]a") = 'AHO;(SE’@?” . ©
— 00 ot Hox 5 ~
Z |.AHO*(S,5,9~)| I]'[ €A ( ’9)]

beo
In particular, b3, (0 | a') < 1 whenever a' is HO-optimal under 6 and at least

one other goal with positive prior probability.

Proof. As B — oo, the HO softmax policy converges to the uniform distribution
over the optimal action set:

1
| AR (s, 6))

Substituting into the R1 Bayes update and normalizing yields (2). O

0%l | s,,0) — 1a’ € A7 (s,,0)].

5.2 Pedagogic Leverage

We next show that pragmatic—pedagogic reasoning can break the belief ceiling
experienced by the IOC robot R1. Since H2 evaluates actions by anticipating
R1’s response, actions that are HO-equivalent for a competing hypothesis need
not remain equivalent under H2’s reasoning.

Definition 1 (Pedagogic advantage). For any two human actions a,a €
AH | the pedagogic advantage of a' against @ under 0 from conditions (s¢,b;) is
the difference in their expected value in the presence of an 10C robot:

Ag(st,bt;aT,&) = QHQ(st,aT;G,bt) - QHQ(st,d;G,bt). (3)

The pedagogic advantage measures how strongly H2 prefers a' relative to @
under §. We emphasize that, in the Boltzmann-rational setting, Q2 is a function
of both players’ rationality parameters: 37 influences R1’s belief update after
observing af, and B determines its subsequent response probabilities. This is
in contrast with Q¥°, which depends on neither 5 nor g.

We now establish a quantitative measure of how strongly an action relates
to a single goal.

Definition 2 (Pedagogic leverage). The pedagogic leverage of an action a'
toward a goal 6 is equal to the product of its smallest pedagogic advantage under
0 and its greatest disadvantage under the strongest competing hypothesis 0:

L(aT,H; St,bt) := | min Ag(st,bt,aT,d)] . {— max min Aé(st,bt,aT,d) , (4)
a#at + 6£6 a#af n

where [z]4+ := max{0, z}.
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We now show that whenever an observed human action has positive peda-
gogic leverage toward a particular goal (Definition 2), R3’s posterior concentrates
on that goal in the limit 7 — oo.

Proposition 1 (Pedagogic leverage enables full one-step alignment).
Fiz any 8% > 0, and suppose that L(al,0%;s:,b;) > 0. Then,

R(0) = m b (0* |aff) = 1

Proof. Positive pedagogic leverage implies that aff strictly dominates every al-
ternative action under 6%, so w2(al | sy, b;,0%) — 1 as B — oo. It also implies
that, for every 0 # 0*, there exists some @ # all with Ag(se, by al @) < 0,s0all
is not H2-optimal under 6. Hence, 772 (all | s4,b;,0) — 0 as 7 — co. Substi-
tuting these limiting likelihoods into R3’s Bayes update yields limgn _, o bEB(Q* |
all) =1. O

Remark 2. Leverage is defined in terms of a single action af that strictly dom-
inates every alternative under 6*. If instead a set of actions AL* forms an H2-

equivalent optimal action class, Proposition 1 holds for every aff € Ag*, provided
that each action is H2-suboptimal under every competing goal. In that case, as
BH - oo, mH2(all | s,,by,0%) — 1/|AL.| > 0, while #2(af! | s;,b;,0) — 0 for
all f # 0%, so R3’s posterior again concentrates on 6*.

Corollary 1 (Pedagogic leverage breaks the I0OC ceiling). If Lemma 1
holds for 0*,6" and action a' has strictly positive pedagogic leverage toward 6*
from (s, bt), then

mb=(6*)
b= (0%) + kb~ (')

Bgigoo bh, (0 | a') = — while ﬂgigoo bha (0% | at) = 1.

5.3 Action-Separable Assistance Games and Corrigibility

We have shown that positive pedagogic leverage yields full one-step alignment
(Proposition 1). We now analyze the specific structural conditions under which
leverage will emerge, and we prove that in all such conditions, it in fact en-
ables the computation of the full assistance game equilibrium through a simple
procedure (Theorem 1). We first build intuition with the two-goal case.

Two Candidate Goals In assistance games, the human’s ability to achieve
desired outcomes is mediated at least in part by the robot’s follow-up to their
actions. We say that the human is empowered by the robot to the extent that the
robot’s response to the human’s actions increases their causal influence on the
state’s evolution [27, 28]. It is precisely the notion of empowerment that allows
for ceiling-breaking.
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Consider the two-goal setting in which |A#%*(s;, 6%)| = k and |A7%%(s;,0')| =
m, where 1 < k < m, leading to the IOC inference ceiling (Lemma 1). Further-
more, the oracle robot policy (with perfect knowledge of the human’s goal) is

75 (a® | s¢,a") o< 1]a® € arg max, Q™™™ (s, a’,d’;0)| .
a’e
The pragmatic (R3) robot will break the IOC ceiling if there exists a cue
at € AH%(s;,6*) such that

E Qteam(st,aT,aR;Q*)> E Qteam(st,aT,aR;O*). (5)

alfirom i aR~mhx

This inequality captures human empowerment toward goal 8* in the sense
that the robot is able to better empower the human when the robot believes
0* over ¢': the team strictly benefits from the robot’s #*-aligned response over
its #’-aligned response after observing a', so the human’s action meaningfully
shapes the state’s evolution. Note that (5) concerns team Q-values, not actions.
Even if 7t (- | s¢,al) # 7l (- | s¢,a'), the two responses could yield the same
value under 6*, in which case equality holds in (5) and observing af carries no
information for one-step goal resolution.

Running example: Return to the two-goal Tetris example with 6 € {4, &} and
afl al € {«<,1}. We once again analyze the robot’s inference from reference
state s; = 8, after the first two blocks have been placed. We use an additive
team reward: each correct placement gives +1, and each incorrect placement
gives —1, so the joint reward lies in {—2,0,42}. In the one-step setting (v = 0),

Q(s¢,all al’;0) = R%(all, al?), with

where rows denote all € {<—,1} and columns denote af € {+,1}.

Let the observed human action be a =<. In this example, (5) holds for
a’ =« and 6* = &: if the robot responds optimally for &, the team receives
value 2, whereas if it responds optimally for &, the team receives value 0. This
strict value gap makes the cue pedagogically salient. Direct evaluation of Q2
using R*, R* and the R1 softmax response indeed gives

Ai(stabt;%aj\) >0 and AL(St,bﬁ(-,T) <0 vﬁHvﬁRv
so < acquires leverage for & (Definition 2). Hence, by Corollary 1,
bho(d | aff =) =1 as fH — oo
from any prior b~ (&) € (0,1).

In particular, even in the prior regime b~ (&) < %, the pragmatic (R3) robot’s
optimal response will place a block on the side (aff =) as 8 — 0o, completing
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R1 vs. R3 Belief Update
1000 T
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Fig. 1: Posterior belief in & after observing aff =< as a function of human ratio-
nality B for representative priors b~ () € (0,1). The IOC update (R1, orange)
saturates at the posterior ceiling of Lemma 1, while the pragmatic update (R3,
green; 3% = 1) can cross the decision boundary b = % (black dashed line) and
approach certainty in & as B increases. This illustrates one-step corrigibility
under pragmatic-pedagogic reasoning.

#&. Therefore, R3 is one-step corrigible from any initial conditions. The emergent
convention of af! =« signaling & (and, by symmetry, alf =1 signaling &) can
be seen as a Schelling focal point.! See Figure 1.

Multi-Goal Assistance Games The two-goal condition (5) generalizes to any
|©| > 2: for cue ag to acquire leverage toward 6, the team must strictly benefit
from the #-aligned response over every competitor-aligned response at ag. That

is, for every 6 # 6 with ag € AH*(s4.0),

E Qteam(st’ a; CLR; 9) > E Qteam(st, GL aR; 9) (6>

altrom fix aRNTrg*

Mirroring the two-goal case, inequality (6) is the structural condition un-
der which pedagogic leverage emerges for a given goal 8*. We can collect the
leveraging actions for the different goals into a leverage map.

! Coordination problems with multiple equilibria often admit Schelling focal points [29,
30], or prominent solutions that players gravitate toward based on shared intuition
or salience—for example, choosing “12:00 PM” as a default meeting time. Here, the
convention emerges from pragmatic-pedagogic reasoning.
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Definition 3 (Leverage map). Given an assistance game G, the leverage map
at (s¢, by) is a set-valued map L : © = A (s;) that assigns to each goal 0 the set
of human actions a’ with positive pedagogic leverage toward 6.

By Definition 2, the sets {£(0)}gco are mutually exclusive: an action (or
set of actions—cf. Remark 2) with positive leverage toward 6 is H2-suboptimal
under every other goal.

Definition 4 (Action-separable assistance game). An assistance game G
is action-separable at (s¢,by) if L(0) £ O for every 6 € O.

In an action-separable assistance game, a single observed human action uniquely
indicates a particular goal. Algorithm 1 constructs an injective assignment by
choosing one leveraging action from £(#) for each goal 6. Furthermore, we prove
that for this class, the full equilibrium of the assistance game can be reached in
a single iteration of pragmatic—pedagogic reasoning (Theorem 1).

5.4 Vanishing Pedagogic Leverage and Scaling Behavior

We are primarily interested in the limiting behavior of rational agents, which we
note is obtained by having the agents reason with noisily rational models of each
other. In particular, pedagogic leverage is fundamentally a finite-temperature
phenomenon: it emerges precisely because R1 is modeled as mnoisily rational
(finite B%), affording H2 a Q2 gradient that the high-3¥ softmax can amplify.
As long as B7 — oo, even a vanishing amount of leverage is exploited with
probability one by H2. Nonetheless, it is relevant to show why leverage vanishes
and characterize the resulting 87, A% scaling laws in our running example.

Recall that pedagogic leverage is built from advantages Ay (Definition 2); we
thus study their scaling behavior. The H2 softmax policy and the definition of
pedagogic advantage together yield the log-odds identity

7TH2(GT | St,bt79)
7TH2(€l ‘ St,bt,e)

log =pH Ag(st,bt;aT,d)

for any two actions af,a € A" and goal 6.

Importantly, Ag depends on 37 through R1’s softmax response model, which
is used to define Q2. If Ay vanishes in some regime of 87, then driving 72
close to 1 (for Ag > 0) or 0 (for Ay < 0) requires 37| Ag| — oo, i.e., B must
scale at the reciprocal rate.

Running example: We now derive scaling laws in the two-goal Tetris example.
Exponential regime (b~ (&) < %, B — o0). In the ceiling-saturation

regime, b}, ~ b3, = 2b~ (&)/(1+b" (a)) (5.1), keeping 2 —4b%, bounded below

by k(b~ (&)) :=2(1 —3b~ (&))/(1 + b (&)) > 0. Hence, R1’s softmax response

to afl =« decays as T (| 54,4, b)) ~ e BT (&) a9 B — oo, while
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7BY(1] 54,1,-) = (1 +€2#™)~1 is belief-independent. All other R1 responses give
zero reward under & and drop out of Q¥2. Substituting 7! yields

A (50,b13 4, 1) = O(e PO @Y Ay (5,54, 1) = O8O (D),

Since A = {<- 1}, obtaining a sharp sign-flip cue requires 37 A, — oo and
BH(—Ag) — o0o. Because both vanish like e=#"* a sufficient scaling condition is

ﬂLH = o(e_BR“(bf("))) , (B — o005 b7 (m) < 1),
i.e., BH must grow faster than PR (@) ag BT increases.

Benign regime (b~ (&) > %, BE — o0). The I0OC ceiling lies at or above
the decision boundary b = %7 so increasing 3% amplifies the helpful response
and no exponential scaling of ¥ is required.

Hyperbolic regime (5% — 0). At 8® = 0, Rl’s policy is uniform. A
first-order expansion of R1’s softmax yields Ag (s¢,bs; 4, 1) = 2 4+ O(B%) and
—Ag (54, b3 ¢-,1) = O(BF). Thus, as BT — 0, 772(<—| &) can be driven close to
1 without any blow-up, but suppressing 772 («+| &) requires 7 (—Ag) — oco. It

suffices that )

57
or, equivalently, 4 must grow faster than 1/3% as % decreases to 0.

Together, these regimes explain the exponential and hyperbolic 8 scaling
observed empirically in Figure 2.

ZO(ﬂR)7 (BR%O)a

5.5 One-Round Pragmatic-Pedagogic Equilibrium

We now prove that one round of pragmatic—pedagogic reasoning suffices to reach
the fixed-point, infinite-horizon equilibrium of an action-separable assistance
game (Definition 4).

Theorem 1 (Pragmatic—pedagogic equilibrium in one best response).

Fix a state s; and prior by over ©. Suppose the assistance game is action-
separable at (s¢,by) (Definition /). Then, the limiting rational (B, 5% — o)
R3-H2 policies (w53 wH2% ) constitute a pragmatic—pedagogic equilibrium of the
assistance game at (s¢,bt).

Proof. Tt suffices to show that further pragmatic-pedagogic iterations will re-
turn the same strategies already found by H2 and R3. We begin with H4, who
evaluates each a’’ by the expected team value under the R3 response:

Q" (s¢,a™;0,b,) = aRNﬂ'R3(I%st,aH,bt) (@™ (s¢,a™, a;0)].

Let 6% be H4’s true goal. By action-separability (Definition 4), £(6") # 0; let
al € L(#") be a leveraging action for 7. By Proposition 1, a' concentrates R3’s
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R3 Posterior Belief | Prior on miflm = 0.01
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Fig.2: One-step pragmatic posterior b;s(.l- | s¢ = 8,all =«) as a function of
BE, BH with prior b~ (&) = 0.01. The phase boundary from low to near-certain
belief is consistent with the derived scaling regimes: hyperbolic growth as 3% — 0
and exponential growth as 8% — oo.

posterior belief around @' (with arbitrary certainty for sufficiently large 8%7).
Since a' has leverage for 87, there must be at least one robot response (produced
by R1 with nonzero probability) that yields optimal expected value under 67 and
strictly suboptimal under all alternative é; given that R3 is arbitrarily confident
in 07, it chooses such an optimal response a®™*(al) with probability 1 (or, as
modeled by H4, with an arbitrarily high probability). Since this is true for each
possible “true” goal, the R3-response-induced outcomes yield strict pedagogic
advantages for H4:

QH4(5t7aT;0T>bt) > QH4($taEL;0T7bt)a QH4(St7aT;9~> bt) < QH4(StaEL;év bt)

This is equivalent to af providing pedagogic leverage for 87 under H4 as it did
under H2 (typically stronger, due to R3’s higher concentration around af*3*).
Analogously to the H2-R3 case, the strict leverage implies that the likelihood
ratio 7H4(a® | OT) /74 (al | ) grows without bound (for § # 07) as B — oo,
driving bE5 (0" | a) — 1, mirroring Proposition 1 for R5-H4. Hence:

7TH4*(' ‘ st,bt;ﬂ) = 7TH2*(' ‘ st,bt;ﬁ) = ]].[L(',Q;Shbt)],

B (| 54,0, at) = 73 (- | sy, by, a7 = Uniform[argm%XQteam(st7aT,aR;OT)]. O
a
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Algorithm 1: One-Round PPBR

Input: state s;, prior b;
Output: action-separable (Boolean), injective selection £’ : ©@ — A" (s;) from
the leverage map £ (Definition 3)
1 Compute the limiting solipsistic human policy 722° at (s, bs);

2 foreach candidate human action o do
3 Compute the limiting literal posterior bZ (- | a™);
4 | Compute the corresponding robot response policy 7rm(- | a'l);

Compute the induced pedagogic human values Q2;
foreach goal 0 in any chosen traversal order over @ do
Select a candidate leveraging action ag < argmaX,e 4H (s,) Q™2 (s¢,a;0,b);

if ag has already been assigned to a prior goal then
L return (False, 0);

10 else
11 L L'(0) < a};

© o N O O«

12 return (True, £');

6 Algorithm

Given a finite 8% > 0, Pragmatic-Pedagogic Best Response (PPBR, Algo-
rithm 1) computes the full equilibrium of an action-separable assistance game
(Definition 4) by returning an injective selection £’ : @ — A (s;) from the
leverage map £ (Definition 3), i.e., £'(0) € L£(0) for every 0 € ©. Define the
leveraged action set At := {L£'(0) : 0 € O}. Since the sets {L£(0)}gco are mutu-
ally exclusive, £’ is injective and admits a well-defined inverse (£/)~!: AT — ©.
The limiting H2 policy, R3 belief, and R3 response are then readily obtained as

T2 (a™ | sy, b450) = 1[a” = L£/(0)],
b’ (0| o) = 1[0 = (L)~ (a™)],
T2 (af | sy, by, a) = 70 | s¢, a5 (L) (a')).

Together, these limiting strategies achieve the full optimal value of the as-
sistance game, V9(s;, by;#). While Algorithm 1 directly computes the limiting
behavior as B, 3% — oo, setting 7 = 1 and plugging in finite values of g#
yields the curves depicted in Figure 3.

7 Limitations and Future Work

A natural extension is split leverage, in which a single action is H2-optimal for a
strict subset of goals (ruling out the rest without uniquely identifying one). Char-
acterizing the corresponding class of assistance games and lifting Algorithm 1
to a multi-step procedure is left to future work. In addition, PPBR evaluates
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One-Step Posterior vs. Prior: I0C vs. PPBR

PPBR

Decision Boundary

Posterior Belief
|

Prior Belief

Fig. 3: One-step posterior b (s | aff =<«-) vs. prior b~ (&) at s; = 8 with 8% = 1.
IOC (R1, orange) saturates at the ceiling 26~ /(1 + b~) as B increases. PPBR
(R3, green) instead breaks the ceiling and approaches b2 = 1.

nested softmax likelihoods and belief updates, which becomes increasingly ex-
pensive as the goal and action spaces grow. Leveraging problem structure (e.g.,
action abstraction) or learned amortization may preserve online tractability.

8 Conclusion

In this paper, we identified a nontrivial class of action-separable assistance games
in which pragmatic—pedagogic reasoning resolves goal uncertainty in one time
step. We formalized the IOC inference ceiling that leads to short-term incorri-
gibility from certain priors, and showed that positive pedagogic leverage breaks
this ceiling, enabling one-step corrigibility and empowerment. We then proved
that a single round of pragmatic-pedagogic reasoning reaches the fixed-point,
infinite-horizon equilibrium of action-separable assistance games. We proposed
Pragmatic-Pedagogic Best Response (PPBR), a practical algorithm that tests
for action-separability and returns the corresponding pedagogic action assign-
ment. Finally, in a collaborative Tetris building task, we empirically validated
our results, demonstrating that PPBR outperforms IOC in the assistance setting.
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