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Abstract. This work addresses the challenge of analyzing interlocking
structures composed of discrete elements for applications such as man-
ufacturing tolerances. While traditional computational methods assume
perfect geometry and tight contact, real-world assemblies exhibit small
gaps due to fabrication tolerances, leading to flexibility. Such kinematic
freedom can compromise interlocking integrity not captured in idealized
models. We develop a scalable pairwise formulation for approximating
relative configuration spaces between elements. This formulation is inte-
grated into a non-linear optimization framework to efficiently evaluate
structural flexibility in large-scale interlocking assemblies.
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Fig. 1: Our method analyzes the flexibility of systems of interlocking rigid struc-
tures. In our approach we consider tolerances (gaps) in the joint design (a),
and generate the configuration space to assess possible motion in the assembled
structure (b). Here we show an application of a modular space divider (c), where
our approach can predict flexibility for different arrangements of blocks (b). See
Section for discussion.
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1 Introduction

The design of structures composed of discrete elements, such as blocks or poly-
gons, is highly relevant across various fields, including architecture, mechanical
engineering, robotics, and computational design. A core principle in such de-
signs is interlocking, where the geometric arrangement of components prevents
disassembly and ensures structural integrity.

Most computational methods for analyzing interlocking structures assume
perfect geometry and tight contact [29J32/15]. This idealization often neglects
the unavoidable presence of manufacturing tolerances and necessary clearances
designed to accommodate fabrication errors and facilitate ease of assembly.

In practice, however, tolerances are common and introduce small gaps, al-
lowing local motion through slight translations and rotations. Aggregated, such
small movements can lead to global flexibility. Structures that appear rigid under
idealized assumptions may fall apart when tolerances are considered [2316]. This
is particularly critical in mechanical design, where interlocking ensures bounded
motion and doesn’t rely on strength through attachments like screws or glue.
Verifying robustness under these real-world conditions is essential but computa-
tionally heavy.

The core of our approach is a convex approximation of the configuration space
for interlocking joints that is, connections whose geometry prevents two parts
from being separated under any relative motion, constructed by stacking convex

-slices. This representation allows block interactions to be encoded directly as
constraints in an optimization framework to estimate overall structural displace-
ment, while avoiding the repeated geometric computations required by signed
distance field-based methods [20]. One important application of this work is
to identify critical regions where precision has the greatest impact, helping de-
signers balance fabrication cost and structural robustness. Our method scales
efficiently while maintaining high precision, making it well-suited for analyzing
large-scale assemblies of interlocking structures.

2 Related Work

Self-Locking Assemblies Structures composed of rigid components connected
through joints constrained by geometry and gravity have been studied across
various domains. Prior work has explored fabrication-aware assembly generation,
tolerance analysis, and optimization for manufacturable structures [TTJ534]. In-
terlocking components have a long history of application in architecture, such as
topological interlocking shell structures [29] and jointed timber networks [26]T534].
Previous research has explored the design and generation of interlocking joints
from 3D meshes, particularly for furniture or shapes created through interac-
tive user input [32JI5I3II]. Additionally, some studies have extended the use of
interlocking joints to plate-based structures [30/7122].

Song et al. [25] introduced a more strict structure, where the last few pieces
serve as the key for the whole interlocking assembly and all pieces stay in posi-
tion with no relative movement between their neighbors without the help from
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gravity. This idea was further developed using directed blocking graphs to repre-
sent interlocking puzzles, facilitating both disassembly planning and automated
puzzle generation [30J6]. An infinitesimal motion-based analysis was introduced
for interlock checking by Wang et al. [29].

Undesired gapping between parts can cause flexibility or failure in interlock-
ing. This problem becomes particularly challenging for large-scale assemblies.
The Puzzleflex system by Lensgraf et al. [I6] proposed a half-plane method to
linearize tolerances and formulated the problem as a linear program to handle
large-scale systems. This approach enables flexibility analysis under interlocking
conditions. However, because the method relies on a first-order approximation
of rotation, it has higher approximation errors when global rotations are large.

However, tolerances are not always harmful. Some works [27I21] intentionally
leverage them to create chainmail structures with nonlinear mechanical proper-
ties that are flexible under normal use, but rigid under extreme deformation.

Dynamics and Simulation Prior work has explored rigid-body simulation with
collision handling [2[T2J4T9] and penetration-free dynamics using incremental
potential methods [I7/T0/T4]. However, these approaches do not directly address
interlocking structures, where disassembly paths and separation forces are often
unknown, and simulation can be computationally expensive. Tian et al. [28§]
proposed a physics-based planner that partially addresses this problem.

Configuration Space and Minkowski Sum Free configuration space (c-space) rep-
resents all feasible states of a system. Lozano-Pérez [I8| laid the foundational
work for using c-space in motion planning by representing obstacles in a trans-
formed space. Davis et al. [9] later explored the impact of kinematic tolerances
on the topology of configuration space. Zhang et al. [33] applied machine learn-
ing techniques to identify connections in c-space for solving complex rigid-body
disentanglement puzzles.

To compute free configuration space (c-space), the Minkowski sum is com-
monly used to identify and exclude invalid regions. Minarcik et al. [20] intro-
duced a signed distance field representation based on the Minkowski sum of two
polygons, which was applied to complex shape layout problems. This approach
inspired our use of the Minkowski sum in the present work. Extending to 3D,
Cui et al. [§] used a voxelized convolution-based approximation of the Minkowski
sum for translational packing analysis. However, the method depends on voxel
resolution and degrades for closely spaced parts, whereas our method accurately
captures narrow gaps.

3 Background

3.1 Configuration Space

Free configuration space (c-space) is a core concept in robotics and motion plan-
ning, representing all possible system configurations. Each point in free c-space
corresponds to a valid, collision-free state of the entire system. The dimension
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of the c-space is determined by degrees of freedom, such as the number of inde-
pendently controlled joint angles in a robotic arm.

In our investigation, we are considering a system of interlocked 2D polygonal
rigid bodies. Each part can move freely in the plane except for a fixed base
part, and valid configurations are states where no parts intersect. The c-space
of a minimal two part system in our scenario has three degrees of freedom for
translation and rotation (X;y; ), which can be visualized as a 3D volume (see
Fig.[2)). For larger systems, such as the grid of blocks in Fig. the c-space will
have dimension 3n where n is the number of freely moving blocks.

Fig. 2: Configuration space of block B relative to fixed block A. The 3D volume
represents all valid intersection-free states for translations in (X;y) and rotations

. Three sample configurations shown: i) origin: (X;y; ) = (0;0;0). ii) Boundary
of configuration space: maximum translation in  X; Yy direction before collision
(for =0). iii) Boundary point involving rotation ( & 0).

3.2 Minkowski Sum

The Minkowski sum of two polygons A and B, denoted A B, is the set of all
points @ + b, where @ 2 A and b 2 B. Geometrically, it can be visualized by
sweeping one shape around the boundary of the other (dashed polygons inside
the gray area in Fig. |3).

In motion planning, the Minkowski sum A ( B), where B is the reflection
of B through the origin, defines the configuration space obstacle (C-obstacle)
for B relative to a fixed object A, assuming translational motion only. The
complement of this set is the free c-space of B. If B starts in a valid, non-
overlapping configuration, the origin must lie within this free c-space. This space
may include multiple disconnected regions, as shown in Fig. [3] No path from the
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origin to the outside region means that B cannot be separated from A with pure
translation motion.

E

(A® (=B))°

Fig.3: The Minkowski sum between A and -B (dark grey) forms the space of
invalid configurations for block B, where collision will occur. Note this considers
only translations of B (no rotation). The complement (A ( B))® (light yellow)
gives the free c-space for valid translations of B. The closed region containing
the origin indicates the blocks are interlocked, B cannot escape.

4 Constraints and Optimization

We show that the free c-space of interlocking joints with small tolerances can
be approximated as convex, despite non-convex features in their geometry. We
analyze convexity at fixed rotation angles, referred to as -slices, which are of-
ten individually convex under small tolerances. By stacking these slices, we ap-
proximate the free c-space and derive constraints for block interactions in opti-
mization. A convex approximation of the free c-space allows us to encode block
interactions as constraints, eliminating the need to compute Minkowski sums
and query signed distance fields during each optimization iteration. Compared
to signed distance field methods [20], our approach avoids repeated geometric
computations, resulting in significantly higher efficiency.

4.1 C-space Slice Convexity

We begin with a simple two-block setup as shown in Fig. [4] Block A is fixed and
block B translates in X;y (no rotation). We define the set (A ( B))®, which
contains valid configurations where A and B don’t overlap.

This set covers more space than is needed to analyze the interlock. In (A
( B))°, we are primarily concerned about the region near the origin, which
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(a) (b)

Fig. 4: (a) T-Joint Blocks (b) Minkowski sum of Aand B, A ( B) (grey), full
free c-space (yellow & purple) and the shape that will be used to approximate
the free c-space (purple) at this rotation slice.

reflects the configurations that can be reached from the current configuration of
A and B.

For two polygons in close proximity, we first use a pair of line segments to
establish a local supporting half-plane for the free C-space, then extend it to the
polygonal setting to show that the configuration space of a polygon is convex
under a bounded motion radius *, derived below.

M Ey
_— M & (-N)
N 1o} B,

Fig.5: Left: Two segments M and N, where M is fixed. Right: Configuration
space Q(N) and Minkowski difference between M and N.

Lemma 1 (Local convexity of configuration space for a pair of line seg-
ments). Consider two non-intersecting closed line segments, M and N, which
can translate relative to one another. Without loss of generality, assume M is
fixed in place, and let Q(N) denote the configuration space of N with respect to
M. In Q(N), let E;E;5 be the edge of the Minkowski sum boundary closest to the
origin, with KOE k and kOEk denoting their respective distances to the origin
O. Define
MmN = min(kOEk; kOE2k) :

Then M and N do not intersect for any translation t of N satisfying both:
1. ktk < MmN, and
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2. t lies in the open half-plane de ned by the in nite line through E1E; that
contains the origin.

Proof. The forbidden region in Q(N) is the Minkowski sum M ( N); a trans-
lation t is collision-free if and only if t 2 M (N). The origin lies in the free
region by assumption (since M and N are initially non-intersecting). The in -
nite line through E ;E, de nes two open half-planes; the origin belongs to the
free one. Any translation t remaining in this half-plane cannot cross EE, and
therefore cannot enter the forbidden region through BEE».

It remains to ensure that t does not reach the endpoints i or E, and
thereby enter the forbidden region through an adjacent boundary edge. Since
kOE;k and kOE;k are the distances from the origin to these endpoints, any t
with ktk < yn = min(kOE 1k; KOE,K) cannot reach either endpoint. Together,
the two conditions guarantee that t stays within the free half-plane and never
reaches RE, or its adjacent boundary, so M and N remain non-intersecting.

Next, we extend this result to the case of two polygons. Consider two non-
overlapping polygons A and B and edge pairs (P, Q;) where P, is an edge of
A and Q; is an edge of B. Each such pair (P, Q;) contributes one edge to the
Minkowski sum boundary in the con guration space, and Lemma 1 applies to
each pair independently, yielding a local ;.

The overall safe motion limit for the polygon pair is then  =min iz .
As long as the motion of B stays within an -ball around its initial con guration
and within the intersection of the half-planes contributed by each edge pair, no
edge pair can produce a collision, and the two polygons remain non-intersecting.
Since both the -ball and the half-plane intersection are convex, their intersec-
tion is also convex. We then denote such an approximated space as our -slice,
where is the current xed rotation of B.

Fig. 6: (Left) When the distance between two polygons is small, the con gura-
tion space (the pink area that contains the origin) of the joint remains convex.
(Right) If the distance between polygons is large, the con guration space is not
necessarily convex.

With the -slice de ned, we consider two cases that arise in practice. In the
rst case, the -slice near the origin forms a closed shape (as in Fig. 3 and
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Fig. 4b), and the closed region indicates that A and B are interlocked under
translational motion, and it is su cient to serve as our convex approximation.

In the second case, the region connects to open space (Fig. 7), meaning the two
polygons can be fully separated by translation. In this case, we extend the nearby
edges of the -slice boundary to close the region and form a bounded convex
approximation, as shown in Fig. 7. However, if such an extension includes any
forbidden C-space, the extension is discarded, and the motion of B is instead
bounded by , ensuring the approximation remains collision-free. For example,
Fig. 6(Right), the extension of edges will include invalid space in its convex hull,
so this is not suitable for extension.

4.2 Free C-Space Convex Hull

We now incorporate rotation into the analysis. For blocks A and B with con g-
urations Ca =[T] a]landCg =[Tg &], the motion of block B is modeled as
an incremental con guration change C g =[T 4 g ]. To approximate the
local free c-space, we collect -slices and stack them around the current con g-
uration. With A xed, B is positioned so that its joint edges are approximately
equal distance from the concavity of A, then rotated in place. The rst positive
and negative contact angles are recorded as pc and nc (Fig. 7). We stack the free
c-space at (nc; 0; pc) and take their convex hull as a polyhedral approximation of
the free c-space. Although the true stacking of -slices is nonlinear, this convex
hull provides a good local approximation for small rotations. The faces of the
resulting polyhedron impose linear constraints on feasible motions,

NC g+D O 1)

where each row of N is the normal of a convex hull plane and D is the corre-
sponding o set. These constraints bound the admissible in nitesimal motions
C g of block B while avoiding interpenetration with block A.

4.3 Free C-space Reference Frame

In previous sections, we approximated the free c-space of block B with block A
xed. We now extend this to the general case where both A and B are free to
move by expressing G in the reference frame of A.

Because translations and rotations are coupled, the relative motion cannot
be computed by directly subtracting con gurations. Instead, we rotate the trans-
lational dierence Tg T a by the inverse rotation of A plus its rotation change

a to align it with A's local frame, thereby compensating for A's rotation.

Combining these terms, we de ne the relative con guration change between
Aand B as G a5

Gaa=Csg C a R'(at+t aA)Te Ta)" O ()

This transformation e ectively reduces the original 6D con guration space (c-
space) constraint problem to a simpli ed 3D problem.

N G a5 +D 0 3
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Fig. 7: Stacking -slices to approximate the free c-space. (Left) Blocks at di erent

, where pc, nc are the rst positive/negative where B collides with A. (Middle)
The Minkowski sum of A and B. The origin (dot) represents the con guration

on the left, the purple area around the origin approximates the free c-space at
this -slice. (Right) We use slices to approximate the free c-space (green area).

4.4  Optimization Formulation

We formulate exibility analysis as a constrained optimization problem, where
the goal is to nd a con guration change C that best satis es a task-specic
objective. A common choice is to maximize motion along a preferred direction W,
i.e., max C "W, which measures how freely parts can move in that direction.
Other objectives can be used as needed, such as maximizing translational motion
T T T or minimizing inter-part distances T+ T5) (T;+T)j2to
encourage parts to move closer together.

To adapt to general scenarios, we impose several types of constraints on the
motion of the blocks:

Fixed blocks: Let F be the set of blocks that should be grounded. For each
k 2 F, we constrain the motion to zero.

Collision constraints: Let P be the set of block pairs whose convex hull
overlap. For each overlapping pair (i;j) 2 P, we apply relative free c-space
constraints to prevent interpenetration.

Glue constraints: Let G be the set of block pairs that are assigned to
move together rigidly. For each (i;j) 2 G, we enforce zero relative motion
and rotation.

This gives us the optimization formulation as follows:

max obj( C)

st. C =0; 8k2F
N G +D 0; 8(i;j)2P
G ij =0; 8(i;j)2G

(4)
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