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Abstract. Cave networks, pipe systems, and similar maze-like environ-
ments pose significant challenges for multi-agent navigation in unknown
settings with limited communication. We propose a distributed algo-
rithm that enables agents to collectively traverse an unknown, possibly
cyclic graph. Agents enter sequentially at a designated start node and
are tasked to localize and reach an undisclosed goal while avoiding col-
lisions. They coordinate via local communication using leader—follower
relationships and leader switching. At any moment in time, exploration
is performed by only one of the agents, which runs a single-agent maze
solver. We prove that the algorithm is complete, that its makespan is
asymptotically equivalent (in the number of agents) to that of an opti-
mal full-knowledge strategy, and derive its time and space complexity.
Simulations with up to 625 agents show a decreasing average sum-of-fuels
as the number of agents increases and demonstrate that the proposed ap-
proach outperforms a naive baseline in which all agents independently
execute the single-agent solver.

Keywords: Multi-Agent Maze Traversal - Multi-Agent Systems and
Distributed Robotics - Algorithmic Completeness and Complexity

1 Introduction

Many real-world scenarios require multiple agents to navigate efficiently through
complex, maze-like environments such as networks of pipes [18,27] or caves [15,
13,19]. Coordinating such agents poses unique challenges, including the uncer-
tainty of environments, communication restrictions, and inter-agent collisions.
Environments are often modeled as graphs. If the graph is unknown a priori,
its nodes and edges are locally revealed as agents traverse it. For single-agent
systems, classical methods such as breadth-first search (BFS) and Trémaux’s
algorithm can be employed to search the graph [3, 5, 8]. For multi-agent system,
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inter-agent collisions and communication have to be considered. Some studies
consider agents that explore (tree or) graph environments while coordinating
through beacons they place at nodes [2,4,9, 16] or through local or global com-
munication [7,12]. Except for [12], these studies provide theoretical guarantees
such as completeness and exploration-time bounds but do not all consider inter-
agent collisions [2, 7, 9]. Moreover, their focus is on exhaustive exploration rather
than reaching specific goal nodes. The search algorithm proposed in [6] aborts
in the event undisclosed goal nodes are discovered. However, it is centralized.

A related problem is Multi-Agent Path Finding (MAPF), which involves iden-
tifying collision-free paths of multiple agents to designated goal nodes in a known
graph environment [22,24-26]. In classical MAPF settings, agents are assumed
to have full knowledge of the graph, their own start and goal nodes, and those of
other agents. Planning is typically conducted in a centralized manner [22, 24, 26].
Some MAPF variants relax these assumptions by requiring agents to discover
parts of their environment or plan their paths in a distributed manner [10,17,
20, 23], but do not permit fully unknown environments.

Multi-Agent Maze Traversal (MAMT) [11,1] is a problem that combines
multiple of the aforementioned challenges. Specifically, it concerns collective,
collision-free navigation of arbitrary large group of agents (i) through a un-
known graph environment that is only gradually revealed through local sensing
as the agents move, and (ii) towards a common, undisclosed goal node. In [11],
a distributed approach for MAMT is presented but assumes global communi-
cation among agents. In [1], we proposed a distributed approach requiring only
local communication. It employs a leader-switching strategy by which one agent
(the head) executes a single-agent maze solver to search for the goal, while all
other agents choose neighboring agents to follow, thereby directly or indirectly
following the head. If movement were to result in a collision, the head instead
passes its role to the respective agent. Both approaches are limited to acyclic
graph environments (i.e., trees) and offer no theoretical guarantees [11, 1], leaving
decentralized, locally coordinated MAMT for general graphs an open problem.

The contributions of this work are as follows: (i) We propose a new MAMT
algorithm, based on the one presented in [1], to address the MAMT problem
for general (i.e. possibly cyclic) graphs. The algorithm manages competition
between agents and maintains connected communication within the swarm. It
employs multiple messaging rounds per time step and diverse message types.
(ii) We formally prove completeness and that the makespan is asymptotically
equivalent (with respect to the number of agents) to the one achieved by an
optimal strategy assuming full knowledge. (iii) We derive the algorithm’s time
and space complexity. (iv) We validate the algorithm in simulation with up to
625 agents, showing a decrease in average sum of fuel with growing numbers of
agents, and that the algorithm outperforms a naive baseline (where all agents
run the single-agent maze solver) and approaches the performance of the full-
knowledge strategy.

Sections 2 and 3 define the MAMT problem and propose and analyze an
algorithmic solution. Sections 4 and 5 present simulation results and conclusions.
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(b) (c)

Fig. 1. (a) The maze is represented as a graph with start node s, goal node g (blue).
Agents (green) are tasked with moving from s to g without prior knowledge of the
environment. (b) Agents can only communicate with other agents that are either in an
adjacent node or two nodes away with an empty node in between. (c) All agents but
one choose a leader to follow, resulting in a leader-follower relation.

2 Problem Formulation

The maze is represented as a connected, undirected graph G = (V, £), where V is
the set of nodes and £ is the set of edges. An example graph is shown in Fig. 1a.
Two nodes in this graph, s,g € V, s # g, represent the start and the goal (blue),
respectively. Node s is assumed to be a leaf in G*.

A set of n agents, A = {1,...,n}, is considered, where v;[k] € V denotes the
node that agent ¢ € A resides on at time k € Ny. We define time step k£ + 1 as
the interval [k, k4 1). For simplicity, we omit k when it is clear from the context.
At time k = 0, all agents are at the start (i.e., Vi : v;[0] = s) and one agent
is considered active whereas all others are inactive. Active agents remain active
indefinitely. At the precise time an active agent leaves the start node, an inactive
agent present at the same node (if any) becomes active. Activation repeats until
the last agent becomes active and occurs in a fixed, predetermined total order
<4 on A. Let A2tve[k] C A denote the set of active agents at time k.

Let N;[k] = {u € V | {vi,u} € E} be the set of adjacent nodes of agent i. In
time step k + 1, agent 7 can either move to a node in N;[k| or remain in its
current node v;[k]. A node v € V' \ {g} is occupied at time k, if Ji € A3tve[k]
vi[k] = v. A wvertex conflict [25] occurs at time k if two active agents occupy
the same non-goal node, that is, 3i,j € A*Welk],i # j : v;[k] = v;[k] # g.
A following conflict [25] occurs if an active agent moves to a non-goal node in
the same time step that another active agent left it, formally, Ji,j € A°*Ve[k],
i # j : vi[k] = vj[k 4+ 1] # g. Both vertex and following conflicts are prohibited.
Note that an agent 4 that activates in timestep k + 1 is not yet active at k (i.e.,
i ¢ A*°%ve[k]) and therefore does not induce a following conflict with the active
agent j € A*°%ve[k] that left the start node in time step k + 1.

At time k, agent i knows® (adapted from [1]):

4 As graphs representing real-world environments are artificially created, we assume
they can be constructed accordingly.

® For ease of notation, we write N; as if agent ¢ had access to the global labels of
neighboring nodes, V. However, agent ¢ can only distinguish these nodes, requiring
labels that are consistent from agent i’s local perspective.
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its unique 1D 1

— whether the node v;[k] it currently resides on is the goal node, v;[k] = ¢

if g is an adjacent node, that is, if g € N;[k], and if so, which edge leads to g
the subset of adjacent nodes that are currently occupied, NPk =
{ue Ni[k]\ {g} | 3a € A*"™e[k]: vy[k] = u}. The subset of unoccupied ad-

jacent nodes can be obtained by ./\/iunOCCllpiEd = N; \./Vfccupied.

Messages among agents are limited to a two-hop distance and can only pass
unoccupied nodes® (example shown in Fig. 1b), resulting in the undirected com-
munication graph Geo™ = (Yeom geom) where VoM = A3ctive apd [1]7

geom :{{Z,j} C _jactive ‘ i# A
= ey e (et s 1)}

Consequently, agent ¢ can communicate with agents in its communication range
Ci={jevem\{i}|{i,j} €&} [1]. Agents can send a message via directed
cast, that is, via a specified edge. Formally, when agent i sends a message via
directed cast along edge {v;,u} € £, u € NV;, this message reaches all agents that
currently reside in any node of the set

Ui[u] = {w eEViw=uV (u e Npmoceupled \ £ w) e 5)} .

Agents can also send a message via (local) broadcast, that is, along all outgoing
edges of their current node [1]. A broadcast message sent by agent i reaches
all agents currently residing in any node of set B; = (J,cn Ui[u]. A message
contains the information whether it was sent via directed cast or broadcast.
Agents can send and receive messages at any time.

Communication is situated, allowing agent i to determine the node(s) from
which a message reached the agent. An agent ¢ that receives a directed cast
message from an agent j # i via a shared, unoccupied, adjacent node u can
determine that this directed cast came from wu. If j is adjacent to ¢ and sends
a directed cast message via the edge {v;,v;} € € or v; = v;, i knows that this
message came from v;. An agent ¢ that receives a broadcast message that was
sent by an agent j # i, gathers the nodes from which the broadcast reached i in
the set NodesTowards;(j) (adapted from [1]). Formally,

{’Uj} 5 if Vj =4
NodesTowards;(j) = { {v;} U (N moccupied ﬂ./\/;moccupmd), if {v;,v;} €€

'/\/iunoccupied m/\/;.moccupied’ otherwise.

All agents are tasked to reach the goal g. The following two evaluation criteria
are used to measure the performance [25,1]: (i) Makespan: The overall time it
took for all agents to reach the goal, formally min {k € Ny | Va € A : v,[k] = g};
(ii) Average sum-of-fuels: The mean number of edges traversed to reach the goal,
formally 1/n """, m;, where 7; is the number of edges traversed by agent .

5 This models constrained local communication, such as line-of-sight communication.
" The expression v; = v; in £°°™ covers the case where two active agents reside in g.
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Algorithm 1: Multi-Agent Maze Traversal Algorithm

1 v 8, 0P < s, L+ nil
// Synchronized sensing and messaging step
2 Sense adjacent nodes
3 Broadcast and receive status messages from neighbor agents, Update C
4 if status message received from agent | then

5 | L1
6 while v # g do
7 D < v, competing < false

// Decision making step
8 if L = nil then

// Head decision step

9 if g € NV then

10 | D+yg
11 else

12 D®°Vr « SingleAgentMazeSolver()

13 if Dsolver c Noccupied then

14 ‘ L < Selector({a € C | D" € NodesTowards(a)})
15 else if D*°"" £ D then

16 L Directed cast along {v, D*'V*"}

17 D ¢ Dolver
18 Broadcast head message
19 else
20 L D, L <+ ResolveConflict()

// Synchronized movement step
21 move to D
22 P v, v D
// Synchronized sensing and messaging step

23 Sense adjacent nodes
24 if vP"¢Y #£ v then
25 | Directed cast along {v,v""*"}
26 Broadcast status messages
27 Receive directed casts (optional) and status messages

prev

28 Update v7 ", C

3 Algorithm Design

We extend the approach in [1] to cyclic graphs while preserving its core algo-
rithmic idea. In each time step (until reaching a node adjacent to the goal),
one active agent (referred to as the head) employs a single-agent maze solver to
explore the maze. All other active agents choose an active agent, their leader,
to follow such that the resulting leader-follower-graph is a tree; hence, they di-
rectly or indirectly follow the head (Fig. 1c). All agents are assumed to possess
any capabilities that are needed for the underlying single-agent maze solver in
addition to the requirements discussed in Section 3.2.
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Algorithm 2: ResolveConflict (as performed by agent )
Output: The node to move to D and the updated leader L

1 if {h € C| Lr =nil Avp # g} # 0 then

2 h < Selector({h € C | Ly, = nil A, # g})

// Wait for head decision step to finish

3 Wait until directed cast (optional) and head message from h received
4 if head message contains Ly =i then
5 Broadcast competing message
6 ‘ return v,nil
7 else if Directed cast from h receivedV (NodesTowards(h) N A °ccuPied oL ()
then
8 Broadcast competing message
9 return v, h
10 if g € N then
11 Broadcast competing message
12 return g, L
13 if NodesTowards(L) N N°°“Pe? £ () then
14 Broadcast competing message
15 return v, L
16 competing < true // Compete for v}

17 Broadcast competing message
18 Wait until competing messages from all agents a € C received
prev

19 R+ {a € C|va # g A competings A Lo € C A v = vpmevy
20 if Selector(RU{i}) =+ then

21 | return o}, L // Keep leader
22 else
23 L return v, Selector(R U {i}) // Update leader

When generalizing this approach to cyclic mazes, additional considerations
are required as multiple paths may exist between a pair of nodes. The proposed
algorithm lets agents send a directed cast along a single, chosen edge, modeling
directional communication along individual corridors. After an agent 7 moves
from any node v to new node wu, it sends a directed cast along edge {u,v}.
This informs its followers (i.e., active agents j that have agent i as their leader)
about agent i’s previous node v. Additionally, the head can send a directed cast
to inform any agents in its communication range of its next move.

Similarly to [1], the agents can employ broadcast messages. In the present
work, three types of broadcast messages are used:

1. The status message is sent once per time step by each agent i € A42%ve and
contains its ID, whether 4 is at the goal, (i.e., v; = ¢g) and ¢’s leader pointer
L; € (A2tve ) fi}) U {nil}.

2. The competing message is sent once per time step by all active non-head
agents and contains only their ID and the flag competing, which indicates
if they intend to move and should therefore be considered competing in
potential conflicts for nodes in this time step.
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3. The head message is sent once per time step by the current head agent, h,
containing its ID, the flag competing, the state of the single-agent maze solver
and information on the head agent at the next time step L, (either nil if
the current head keeps the role, and the ID of another agent otherwise).

The proposed algorithm is shown in Algorithm 1, seen from the point of
view of the executing agent i. It is executed by all agents in a synchronous,
discrete-time manner. Subscripts ¢ are omitted for better readability.

Initialization: (Line 1) When 14 first becomes active, it is at node s and has
no leader. (Line 2) Agent i then senses the adjacent node (as s is a leaf) to
identify the neighborhood as well as if the adjacent node is the goal or if it is
occupied. (Line 3) If agent 4 is the first agent activated, it will not receive any
messages, resulting in C = . If other agents have been activated before 7, then
there exists another active agent [ that just left the start node and moved to the
single adjacent node. In this case, agent i will receive a status message from [,
and C =[. (Lines 4-5) If C = [, agent ¢ will make [ its leader, L; = [. Otherwise,
it keeps the leader pointer L; = nil and assumes the head role.

While Loop: The agent executes the while loop (lines 6-28) until it reaches
the goal g. Each iteration of the loop takes one time step. (Line 7) At the
beginning of each time step, ¢ resets its target node D to its current node v and
competing to false. While Loop Head Decisions: (Line 8) If L; = nil, then
agent ¢ is the head agent. (Lines 9-10) If the goal is adjacent, ¢ sets its target
node D = g. (Line 12) Else, agent ¢ runs one step of the single-agent maze solver
to determine an adjacent potential target node D*°V*r. (Lines 13-14) If Dsclver
is currently occupied by an agent j, j is chosen as the new head and leader of i.
(Messages cannot pass through occupied nodes, hence D*°!V*" € NodeTowards(a)
will only be fulfilled for agent j, and the Selector® operator returns j.) Else,
Dot ig either unoccupied or i’s current node, and i retains the head role. (Line
17) If D*°v*" is unoccupied, agent i sends a directed cast along edge v, D°!Ver
and updates its target node D accordingly. (Line 18) Then, ¢ broadcasts a head
message informing all other agents within its communication range whether one
of them has been elected as the new head. While Loop Follower Decisions: (Line
20) If at time k agent ¢ has a leader L;, it executes routine ResolveConflict
(discussed below), which is shown in Algorithm 2. ResolveConflict returns a
target node D and the potentially updated leader L;.

Movement: (Lines 21-22) After completing its decision step, agent i moves
synchronously with all other agents to its target node. It updates vP"¢¥ and v.

Post-Movement Sensing and Messaging: (Lines 23-26) Agent 4 senses ad-
jacent nodes. If ¢ moved to a new node, it broadcasts a directed cast along
{v,vP"®?}, and always broadcasts a status message. (Lines 27-28) Agent i re-
ceives directed casts and status messages from nearby agents and updates v} "
and C accordingly. Agents who terminated after reaching the goal in the previ-
ous time step will not send a message, and are removed from C. Lines 23-28 are
synchronized with lines 2-5 of a newly activated agent.

8 The Selector operator is any deterministic operator that, given a set of agents
A C A, returns the agent a € A with a <4 b for all b € A\ {a}.
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ResolveConflict: (Line 1) Agent i checks whether the head h is in communica-
tion range and not yet at the goal. (Lines 2-3) If the head h is in communication
range, agent 7 waits for the head message. (Lines 4-6) Agent ¢ checks if it has
been chosen to be the new head. If so, it broadcasts that it is not competing, sets
its leader L; = nil, and sets its target to its current node. (Lines 7-9) If agent
¢ was not, chosen as the new head, it checks if the agent h is currently adjacent
or will be adjacent in the next step. In this case, it sets the head as its leader,
does not compete to move, and sets its target to its current node. If agent 7 was
not chosen as the new head, it checks if it received the directed cast from h or
if h is currently in an adjacent node. If either is true, i broadcasts that it is not
competing, sets its leader L; = h, and sets its target to its current node. (Lines
10-12) If the current head is not in communication range or neither of the above
cases apply, agent i checks if the goal is adjacent and if so, does not compete for
other nodes, maintains its current leader L, and sets its target to the goal. (Lines
13-15) Else, if its (non-head) leader is residing in an adjacent node, ¢ keeps this
leader and does not move. (Lines 16-18) If none of the above cases apply, agent
1 competes to move to the node previously occupied by its leader. It broadcasts
competing = true and waits until it receives information on which agents in
communication range are competing. (Line 19) Agent ¢ determines which other
agents are competing. An agent a is considered competing if it is not yet at the
goal node, has signaled that competing = true, and wants to move to the same
node as agent i. (Lines 20-23) The Selector function is called on the set of
all competing agents and returns a winner. If agent ¢ is the winner, it keeps its
previous leader and selects as target the previous node of that leader. Else, 4
chooses the winner as its new leader and remains at its current node.

Fig. 2 provides an example that highlights particular moments of a group of
agents executing the aforementioned algorithms.

3.1 Mathematical Analysis
We now prove the correctness of the algorithm and several properties.

Lemma 1. At all discrete times k € Ny, there is exactly one agent assuming
the head role. Let k,, € Ng U {oo} be the time at which a single agent running
a single-agent maze solver resides in a node adjacent to the goal for the first
time. At all time steps k < k,,, using the same single-agent maze solver, the
head agent occupies the same node as the single agent would occupy at time k.
At all times k > ky,, the head agent resides at the goal node.

Proof. Proof by induction: k = 0: At the beginning of the first time step, there
is only one active agent h. h resides in the start node s # g as would an agent
executing the single-agent maze solver and is the only head by default.

k — k+ 1: An agent a that activates in time step k& + 1 will activate only
because another agent b just left the start node and moved to an adjacent node.
Consequently, a is in communication range of b and will receive a status message
from b, choosing b as its leader. At time k + 1, a is not the head.
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(h) k = 12

Fig. 2. An example of our algorithm (employing Trémaux’s algorithm). Gray nodes
have been visited. k = 0: All agents are at start node s; agent 1 is active, claiming the
head role (light green). k = 1: Agent 1 leaves s (now its previous node, purple arrow)
following Trémaux’s algorithm (orange arrow). Agent 2 becomes active (dark green)
and chooses agent 1 as leader (black arrow). k = 2-4: Agents 1 and 2 gradually navigate
the maze, agent 3 becomes active. k = 5: Agent 2 receives the head’s directed cast and
remains in its current node. Agent 1 chooses agent 2 to become the new head at k = 6.
k = 7-10: Agent 2 transfers the head back to agent 1 which performs backtracking.
k = 11: Agent 2 is again the head and moves to a node adjacent to the goal. k = 12:
Agent 2 reaches the goal. Agents 1 and 3 compete for agent 2’s previous node; Agent
1 wins and moves to the node. Agent 3 chooses agent 1 as its new leader.

Per the induction assumption, there is exactly one head h at time k that is
at the same node as a single agent executing the single-agent maze solver would
be. We distinguish between three cases.

Case 1: If k < ky,, h will use the single-agent maze solver to determine where
to move to. If the determined adjacent node D*°V*" is not occupied, h will keep
Ly, = nil, set D = D*°'V*" and inform agents in communication range (lines 15—
18). Any agent that has h in communication range will receive the head message
(line 3 of Algorithm 2). As h sent Lj, = nil, no agent ¢ will become the head
(lines 4-6). Moreover, there is no other moment in time where an agent can set
its leader to nil. As h will move to D%°IV*" in time step k+ 1, at time k+ 1, there
is exactly one head, agent h, which resides in the same node as a single agent
executing the single-agent maze solver would. If D%V is occupied at time k,
agent h chooses the occupying agent L as its new leader and sends Ly, = L to
all agents in communication range via the head message. As L is occupying an
adjacent node, it is in communication range of A and will wait for and receive
the head message. As L, = L, L sets its leader to nil and assumes the head role.
As every agent has a unique ID, no other agent j € Cp, \ {L} will fulfill L;, = j
and assume the head role. Consequently, at time k+ 1, there is exactly one head,
agent L, which resides in the same node as the single-agent maze solver would.

Case 2: If k = k,,, then h is currently in a node adjacent to the goal. Conse-
quently, it will move to the goal in time step k + 1. In doing so, it will remain
the head and no other agent will receive a request to assume the head role.
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Case 3: If k > k,,, then h is at the goal node and no longer sending messages,
and will never transfer the head. Hence, no other agent will set its leader to nil
as {h € C | L, = nil Avy # g} = (. In both latter cases, at k + 1, there is
exactly one head which resides at the goal.

Lemma 2. The first visit to any node v € V \ {s} is done by the current head
agent. Any agent that reaches the goal will do so via the same node adjacent to
the goal that was traversed by the head.

Proof. In the case where s and g are adjacent, at k = 0, there is only one active
agent. This agent assumes the head role, moves to g (where it will eventually
terminate). As all other agents activates afterwards, they also sense the goal
being adjacent, move there and terminate. Consequently, the only node # s that
is visited is ¢g and it is first visited by the head. All agents move to g via s.

Assume that s and g are not adjacent. Assume that there exists a node
w € V\ {s, g} that has not been visited before and is now visited by a non-head
agent a. a has only two possible options to move to another node (lines 12 and
21 of Algorithm 2). Since w # ¢, @ must have moved according to line 21, that
is, to a node that was previously visited by its leader L, which is a contradiction
to the fact that a is the first agent to visit w. Let u € V\ {ss, g} be the first node
adjacent to the goal that the head agent visited. As the goal is adjacent, the head
moves there from u and terminates. As shown above, no other node adjacent to
the goal will be visited by any agent, as the head has already terminated at the
goal. Thus, no other agent reaches a node adjacent to the goal before the head
agent, and the goal node g is first visited by the head agent. Moreover, as u is
the only adjacent node to the goal that is visited by any agent, it directly follows
that every agent that reaches the goal will do so by traversing via w.

Lemma 3. For any node v € V\{g}, at all discrete times k, v is occupied by at
most one active agent. If an agent leaves node v in time step k, no other agent
that was already active at k — 1 will move to v in the same time step. In time
step k, all agents competing for the same node v have the same leader.

Proof. Proof by strong induction: At time k = 0, all agents are at s, all but one
are inactive and the lemma holds for any v € V' \ {g}. Let ky € N be the first
time step where the head leaves the start node and hence occupies an adjacent
node. As soon as the head leaves the start node, one agent a that is not the head
becomes active at the start node. Again, the lemma is true.

1,2,...,k = k+1: Let v € V \ {g}. Per induction assumption at k, there
is no more than one active agent at v. There are only two options how agents
can move to v: either as the (only) head (Lemma 1) moving to D%°V¢' = v or
following their leader to v"“” = v. In the first case, if v is currently occupied,
the head h chooses the occupying (active) agent (which is only one due to the
induction assumption) as new head and does not move (lines 13-14). Hence, h
will not move to a node in time step k£ + 1 that is occupied at time k. If v is
not occupied, h sends out a directed cast along D%°'V®" = y which all agents in
Up(v) will receive (i.e., all other agents adjacent to v). They choose h as their
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leader and remain in their current node. Hence, h can safely move to v without
collision, that is, there is only one active agent at v at time k + 1.

In the second case, an agent a aims to move to the previous node v; = = v
of its leader L,. It can only do so if it received the directed cast from 1ts leader
L, in the previous time step, that is, a € Uy, (v) and L, € C,, if it is selected
by the Selector-operator, and if the head does not aim to move there in this
time step. If vL "¢Y is occupied, L, must be residing there and a does not move
(lines 13-15) as else, a would not have received the directed cast from L. If v
is unoccupied, a receives all competing messages from agents in communication
range. Every non-head agent b that could move to v} " fulfills the following:
(i) b € Cq, as b must be adjacent to v7 “" to be able to move there, so a and b
are two hops away with an empty node in between, (ii) v, # g as else, b would
not move, (iii) competing, = true, as this is only sent if b not already decided
to remain in its current node nor move to g, (iv) Ly € Co and o]’ " = v,
as else, b would not aim to move to vL . Per induction assumptlon at k — 1,
there was at most one agent residing at vp 7", which means that in time step
k41, ]’ can only be the previous node of L, and no other agent. Hence,
every non-head agent that aims to move to and therefore competes for vy
in time step k + 1 does so because L, is its leader. Consequently, a has every
competing agent in R, (line 19). It directly follows that b € R, <= a € Ry
and R, U {a} = Ry U {b}. All agents competing for v choose the same agent
as winner by applying the (deterministic) Selector-operator on the same set,
resulting in only one agent that is allowed to move to v.

Hence, at time k + 1, there is at most one active agent at v. As agents only
move simultaneously and to currently unoccupied nodes, no other agent that is
active at k will aim to move to v in time step k 4 1 if v is occupied at k.

prev __

Corollary 1. Under the algorithm, vertex and following conflicts cannot occur.

Lemma 4. At all discrete times k, if an active agent a is not the head, it has
its current leader L, in communication range and one or more of the following
three cases are true:

1. the previous node of its leader v§ “"[k] is unoccupied and adjacent to vy K]
and vy, [k]

2. the current node of a’s leader vr, [k] is adjacent to a’s current node vy[k]

3. valk] = v, [kK] =g.

Proof. See the supplementary material for the complete proof. Non-head agents
move to follow their leader. Agents only compete to move when their leader has
moved to a non-adjacent node. An activated agent starts with their leader in an
adjacent node by default, so this occurs only when a leader moves two nodes
away, leaving an unoccupied node. The leader is still in communication range
at this point, but may move again. Agents following this leader now compete
for the unoccupied space. If an agent wins this competition, it moves to follow
its leader. Otherwise, another agent moves to this space and is chosen as new
leader, maintaining proximity and communication network cohesiveness. Leaders
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may also stop communicating when they reach a goal. In this case, agents still
compete for the previously occupied node, which brings them into proximity of
the goal and maintains the network connectivity for remaining agents.

Lemma 5. At all discrete times k, an active agent follows the head directly
or indirectly. Formally, at discrete time k, let the directed leadership graph be
TLlk] = (Asctve[k] EL[k]), a,b € A%"e[k] : b is leader of a <= (a,b) € EL[K].
Then, Tr[k] is an in-tree [14] with the current head agent h as its root, that is,
for all a € A®t™e[k]\ {h}, there exists exactly one path to h in T [k].

Proof. See the supplementary material for the complete proof. For an agent to
not be following the head (either directly or indirectly), it would have to be
following another agent for which no path exists leading to the head. This would
require either a cycle within the tree created by following agents, or for two agents
to be acting as the head. Lemma 1 shows that only one head exists at a time. A
cycle in leadership can only arise when the head passes the head role to a new
agent who is choosing to follow the current head. However, once an agent receives
a head message informing it of its role as new head, it removes the following edge
to the former head. Additionally, when agents win competitions for moving to
unoccupied nodes, they maintain their leader and losing agents select the winner
as their new leader, maintaining the in-tree behavior of leadership.

Theorem 1. If a single agent executing a single-agent maze solver reaches a
node adjacent to the goal for the first time in time step kg — 1, then n agents
executing Algorithm 1 (using the same single-agent maze solver) reach the goal
in at most kg + 2(n — 1) time steps.

Proof. If the goal node is adjacent to the start node, the single agent is already
in an adjacent node at time k = 0, that is, k; = 1. Executing Algorithm 1,
the first agent moves to g in the first time step (lines 9-10), that is, it will be
there at K = 1. The newly activated agent moves to the goal in the next time
step (Algorithm 2, lines 10-12), and this repeats for all other agents, that is, all
agents will reach the goal at time n < k; +2(n —1).

Now, let s and g be not adjacent. Let w # s be the first node adjacent to the
goal visited by the single agent in time step k4 — 1. Per Lemma 1, the current
head agent h is in node w at time k, — 1, moves to the goal node in the next time
step, vp[kq] = g, and send out a final directed cast along w and status message
(including that it is now at the goal node) before it terminates. This means that
no other agent receives the head role after k.

Let k, be the time step in which an agent a moves to the goal node. Let
ng — 1 be the number of agents that are not yet at the goal node at time k,.
We prove the following statement via induction: If an agent a reaches the goal
at kg, then all n, < n agents reach the goal in at most kq +2(n, — 1) time steps.

ng = 1: If a reaches the goal at k,, there are n, — 1 = 0 agents left on
nodes other than the goal. All agents reached the goal at k, = k, + 2(n, — 1).
Nng — Mg + 1: If @ moved to the goal at k,, there are (ng +1) —1 =n, > 0
agents not at g. None of these agents can assume the head role (Lemmas 1 and
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2). Assume that there is an agent b of these n, agents that is not a direct or
indirect follower of a. As b is a direct or indirect follower of the head (Lemma 5),
there exists exactly one path in the directed leadership graph T [k,] from b to
the head h. Let the set B include all agents that are between b and h on this
path (especially, a ¢ B). If B = 0, b is a direct follower of h. Let ¢ € BU {b}
be the agent on this path that is the direct follower of h. h has already been
at the goal node for at least two time steps (i.e., Vpreys, = g), as it must have
moved there before agent a moved to w at time k, — 1. Hence, ¢ must also be
at the goal node (Lemma 4), as it cannot be adjacent to g, as w was occupied
by a at k, — 1 (Lemmas 2 and 3). With the same argument, ¢ must have been
at the goal node since at least k, — 2, and if ¢ # b, we can follow that the direct
follower of ¢ in B is already at the goal. Continuing this down the path to b, b
must already be at the goal node at time k,. Consequently, all n, agents that
are not yet at the goal node are direct or indirect followers of a.

This means that at time k,, there exists at least one direct follower b that
is in a node adjacent to w. In the next time step k, + 1, b aims to move to
Uprev, = W. Let b be the agent that wins against all competing agents for w,
keeps a as leader (Lemma 3) and moves there at k, + 1. Then, in the next
time step k, + 2, as the goal is adjacent, b will move to g and consequently be
there at time k, + 2 while n, — 1 agents are not at the goal at k, + 2. Using
the induction assumption, it follows that all agents reach the goal in at most
(ko +2)+2(ng — 1) = ko +2((ng + 1) — 1) time steps.

Hence, as the head agent reaches g at time kg, it follows that all n agents
reaches the goal in at most k, + 2(n — 1) time steps.

Theorem 2. Let the full-knowledge (FK) strategy be the strategy where agents
have full prior knowledge of the environment. If the used single-agent maze solver
is complete, the ratio R(n) = Maigo(n)/Mrxk(n) of the makespan of the proposed
algorithm, M aigo(n), relative to the one of the FK strategy, Mpx(n), is either
R(n) =1 or strictly decreasing with asymptotic equivalence, lim, ., R(n) = 1.

Proof. If the used single-agent maze solver is complete, it finds a node adjacent
to the goal at time k5 — 1. Per Theorem 1, n agents executing Algorithm 1 reach
the goal at time Majg0(n) = kg + 2(n — 1) at the latest.

If start and goal are adjacent, using Algorithm 1, at every time step, one
agent reaches the goal, and all agents will have reached it at time Ma;40(n) = n.
Having full knowledge of the environment, agents executing the full-knowledge
strategy also move one-by-one to the goal, such that all agents will have reached
the goal at time Mgk (n) = n. Hence, R(n) = Ma40(n)/Mpk(n) = 1.

Now assume that s and g are not adjacent. As s is a leaf and the full-
knowledge strategy needs to have no vertex or following conflicts at nodes # g,
an agent can leave the start node only every two time steps. This means that,
even when following shortest paths, an agent can move to g only every two time
steps. Consequently, Mrx (n) = krpx +2(n—1), where kpy describes the length
of the shortest path from s to g, as the first agent that left s reaches g at kpg
and every two time steps later, the next agent can reach the goal. If k; = krp,
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. kg —k
R(n) =1.1f k, > kpg, it follows (0, R) (n) = —QW < 0 and

L Ret2n-1) | K fn-D42
nh—%oR(n) - nh—>rr<i<> krpk +2(n—1) o nh—{r;o krpr/(n—1)4+2 =1

Hence, the makespan of Algorithm 1 is either equal or asymptotically equivalent
to the one of the full-knowledge strategy with respect to n.

3.2 Time and Space Complexity Analysis

Let d := deg G be the maximum degree of the graph.

Space Complezity. In the worst case, an agent a is at a node with degree d,
and all adjacent nodes are unoccupied, have degree d and have active agents oc-
cupying adjacent nodes. This results in at most min(n,d(d — 1)) active agents in
communication range of a, and requires O(min(n, d?)) space to store C and infor-
mation sent by nearby agents. Agents must also maintain the NodesTowards list
for each agent within communication range. In the worst case, an agent in a non-
adjacent node sends a broadcast that reaches a via all d adjacent nodes, resulting
in a worst-case size of O(d) for any NodesTowards. Agents also require O(d) space
for Areccupied “and (1) for any other variables. Our proposed algorithm there-
fore requires O(d min(n, d?)) space. Additional spatial requirements depend on
the single-agent maze solver selected (e.g., BFS has a requirement of O(|V|) [8],
resulting in O(‘V’ +dmin(n, d?)), whereas Trémaux’s algorithm without marking
the environment requires O(|€|) [8], giving a total of O(|€| + d min(n, d?))).

Time Complexity. Each iteration of the algorithm has a constant number of
function calls that have at maximum a runtime of O(min(n, d?)). Per Theorem 1,
the overall number of iterations depends on the single-agent maze solver and
number of agents. Trémaux’s algorithm takes (’)({8 |) as all edges are traversed
at most twice [8], BFS needs O((|V| + |€])?) [8] as a physical agent needs to
backtrack at every visited node, and a uniform random walk is expected to run
in (’)(’Vﬁ) [3]. In total, the algorithm with Trémaux’s algorithm needs O((|&| +
n) min(n, d?)), with BFS O(((|V| + |€])? + n) min(n,d?)) and with a uniform
random walk an expected O((’V|3 + n) min(n, d?)).

4 Results

Our algorithm (hereafter, MAMT) requires a single-agent maze solver to de-
termine head movement. We evaluated MAMT with three such solvers: Tré-
maux’s algorithm, which explores the graph in a DFS-manner, ensuring no edge
is visited more than twice; BFS, which explores the graph with increasing dis-
tance from the start node; and a uniform random walk. Simulations were con-
ducted in square grid mazes (see Fig. 3). For every combination of maze size
Ix1,1€{5,15,25,35} and number of agents n € {1,5,25,125,625}, a same set
of 20 random mazes were simulated, with a 10* steps timeout. Fig. 4 shows the
makespan and sum-of-fuels performance. All trials were collision-free, and, for
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R
| ||
k=20 BFS

k=20 Trémaux k =100 k =100

Fig. 3. Simulations in grid mazes using Trémaux’s algorithm and BF'S at times k = 20
and k£ = 100. Walls are dark gray, and nodes that were already visited are light gray.
In this example, Trémaux’s algorithm explores a larger portion of the graph, though
BFS is the first to reach the goal.

Maze Dimensions:  mms= 5 x5 15x 15 25x25  mmmm 35x 35

100 MAMT Trémaux MAMT BFS ? g MAMT Reandom%l! °i
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Fig. 4. Makespan and average sum-of-fuel for the proposed algorithm using Trémaux’s
algorithm, BFS, and uniform random walk across various mazes and number of agents.
Dashed lines indicate the mean values for agents following the shortest path.

MAMT with Trémaux’s algorithm or BFS, all agents reached the goal. In ten
trials (two for I = 25 and eight for I = 35), MAMT with random walk timed
out. Although in contrast to BFS, Trémaux’s algorithm does not necessarily
find a shortest path, its performance was superior to that of BFS. This result
arises because Trémaux’s algorithm backtracks less extensively than BFS. As
the group size increases, both makespan and average sum-of-fuels showed a ten-
dency of approaching the mean performance of a full-knowledge strategy (i.e.,
omniscient agents, following a shortest path). Once the goal is found by the first
agent, further agents follow at a steady rate, reducing average sum-of-fuel and
the increase in makespan as the number of agents grows .

We evaluate MAMT against the full-knowledge strategy and a naive baseline.
For the latter, every agent a independently runs the single agent maze solver to
determine its next node x,. The naive baseline uses the following rules: (i) If z,
is currently unoccupied and no other agents want to move there, a moves to this
node; (ii) if z, is currently unoccupied and at least one other agent wants to move
there, the agent of minimum 7D moves there while other competing agents wait;
(ili) A target-cycle occurs if it exists a subset of agents B C A and a permutation
7 B B with 2, = vy Vb € B. If such a target-cycle occurs and a is part of
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? MAMT Trémaux MAMT BFS — Na'l'vemTré%§ux == Naive BFS = Full Knowledge
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Fig. 5. Comparison of makespan and average sum-of-fuel for MAMT and naive strate-
gies (each using the Trémaux’s algorithm and BFS) against the full-knowledge strategy.
Trials were conducted for up to 625 agents in 20 mazes of size 25 x 25. Trials that trig-
gered the timeout of 10? time steps were excluded.

it, it forwards its single-agent maze solver instance to the agent that occupies its
target node (and receives an instance of another agent); (iv) if z, is currently
occupied and a is not part of a target-cycle, it waits. Trials were performed
in magzes of size 25 x 25 with the remaining setup unchanged. The results are
shown in Fig. 5. The MAMT variants succeeded in all trials. For 125 agents,
the naive strategy using BFS timed out in 9 trials. For 625 agents, the naive
strategy with Trémaux’s algorithm timed out in 2 trials, whereas the BFS-based
variant timed out in all 20 trials . As before, the superior performance between
Trémaux’s algorithm compared to BFS is highly visible. The results show that
with growing agent group size and the same underlying single-agent maze-solver,
MAMT outperforms the naive strategy in both makespan and average sum-of-
fuels. They suggest that MAMT approaches in makespan the full-knowledge
strategy as number of agents increases. The source code is available at [21].

5 Conclusion

We presented an algorithm for multi-agent maze traversal, extending [1] to gen-
eral graphs. We prove that if the underlying single-agent maze solver is complete,
the algorithm enables all agents to reach the undisclosed goal in finite time.
We prove that the achieved makespan is asymptotically equivalent to the one
achieved by optimal, omniscient agents. Simulations show that Trémaux’s algo-
rithm outperforms a BFS and random solver and that the algorithm outperforms
a naive baseline where all agents use the single-agent maze solver. Future work
includes real-world experiments [1] and robustness to communication failures.
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Proofs of Lemmas 4-5

In the following, the full proofs of Lemmas 4-5 are presented.

5.1 Proof of Lemma 4

Proof. Proof by induction. At k = 0, there is only one active agent. It assumes
the head role and the lemma, is true. Let kg be the first discrete time where the
head is not in the start node anymore, meaning it left the start node in time
step ko and is consequently in an adjacent node. As soon as the head left the
start node, a new agent a that is not the head became active. As this agent then
received a status message from the head, a chose the head as its leader. As the
head is adjacent, a has its leader in communication range.

k — k+ 1: If a was just activated at the start node in time step k + 1, it has
L, in communication range (same argument as above) and vy, [k+1] is adjacent.
Let h be the head agent at time k. If it remains the head in time step k+1, it has
no leader at k+ 1. Otherwise, there was another active agent L that occupied an
adjacent node of h at k. L was then chosen to be the new head and h’s leader.
As h did not leave its current node, vp[k] = vi[k + 1]. In the same time step,
L received the head message stating that L should assume the head role, and
consequently did, remaining in its current node, vy [k] = vi[k + 1]. Hence, L is
adjacent to h and in A’s communication range at time k + 1.

Let a be an active agent that does not assume the head role in time step
k+1 and was activated in an earlier time step. Per induction assumption, a had
its leader L, in communication range and at least one of the three cases is true
at k. If v, = vy, = g, neither a nor L will move in time step k+ 1 and the lemma
is true for k + 1.

Let v, # g at k. As a is not the head, it will execute Algorithm 2. If the
head h is not yet at the goal and in communication range of a, a will wait for
the head message from h. As a will not assume the head role, it will check if it
received the head’s directed cast or if the head is already in an adjacent node
and not a’s current leader. If so, a chooses h as its new leader and remains in
its current node. If the directed cast was received by a, D%V is an adjacent
node of v, where the head will move to in this time step. If the head is already
in an adjacent node vy [k], it can only move to a node that is at most two edges
away from a. In this case, no other agent will move to v, [k] in time step k + 1
(Lemma 3). Hence, a’s new leader h is adjacent to a or two nodes away with
the unoccupied node vprev, [k + 1] = vp[k] adjacent to v,[k + 1] and vy [k + 1],
meaning that h € C, at time k + 1. If the head is not in communication range
or already at the goal, or no directed cast was received and (i) the head is not
adjacent or (ii) already a’s leader, a checks if the goal is adjacent. If so, the head
has been at the goal for multiple time steps (Lemmas 2 and 3) and a moves
there in timestep k + 1. As a must have moved to this adjacent node of the goal
in the time step k (else it would have already moved to the goal in a previous
time step), a followed its leader L, there, meaning that L, already resides at the
goal, i.e., vq[k + 1] = vy [k + 1] = g. If the goal is not adjacent to a, a checks if
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L, resides in an adjacent node at time k. If so, a will keep L, as leader and not
move. Either L, also remains at its current node (i.e., at time k+ 1 a is adjacent
to its leader L,) or it moves to an adjacent node and no other agent moves to
vr, [k] (Lemma 3) meaning that L, is in communication range and its previous
node v7"“"[k 4 1] = vy [k] is unoccupied and adjacent to a and L, at time k + 1.

If none of the above applies (i.e., at time k the leader is two nodes away from
a and the leader’s previous node vy “’[k] is unoccupied and adjacent to v, [k] and

vr, [k]), a calculates all competing agents for v7"““[k] (Lemma 3). If a is chosen

as the winner, it keeps its leader and moves to v} “’[k]. As the leader remains
in its current node or moves to an adjacent node, at time k + 1, either L, is
adjacent to a or two nodes away with v7"“’[k + 1] = vr, [k] which is adjacent
to a (as vg[k 4 1] = v} “’[k]) and no other agent moves to v, [k] (Lemma 3),
i.e., L is in communication range. If a is not selected as winner, it remains in
its current node and choses the winning agent b (which moves to v} “"[k]) as
new leader. hence, at time k£ + 1, a is adjacent to its new leader b and b is in a’s

communication range.

5.2 Proof of Lemma 5

Proof. Per Lemma 1, at all discrete times k only one agent has no leader. Every
other agent has one leader, meaning that |£ [k]| = |.42°""[k]| - 1. Hence, if Ty k]
is connected, the underlying undirected graph must be a tree [14], i.e. there is
never more than one path from any other node to the root node.

Proof by induction. At k = 0, only one agent is active and assumes the head
role, the lemma is true. Let kg be as in Lemma 4; after the head leaves s, the
newly activated agent chooses the head as its leader. As the head moved to an
adjacent node of s in time step kg, it will not choose the newly activated agent
as leader (Lemma 1) and the lemma is true.

k — k+ 1: Assume that at time k, T1[k] is an in-tree. There are four cases
where an agent can change its leader in time step k + 1. We interpret every case
as operation on 7 [k] and show that none change the in-tree property: (i) The
head chooses another agent b to be the new head and its leader (Algorithm 1
line 14). (ii) A non-head agent a chooses the current head as its new leader
(Algorithm 2 line 7). (iii) A non-head agent a competes with other non-head
agents for the previous node of its leader and chooses the winner b as new leader
(Algorithm 2 line 23). (iv) An inactive agent a activates at the start node s and
chooses the agent b that just left s as its leader.

Cases (i) and (ii) can happen simultaneously at some time k + ¢, € € (0,1).
In case (i), the edge (h,b) was added to &y, before h sent out the head-message.
b will set its leader to nil at k + € after receiving the head-message, removing
the edge (b, Ly) from b to its old leader L. Hence, b has no outgoing edges
anymore and becomes the new root. For an agent a € A'Ve[k] \ {b,h} that
was a direct or indirect follower from b at time k, i.e., the unique path to h was
P(a, h)[k] = P(a,b)[k]U{(b, Ly) } UP(Ly, h)[k], P(a,b)[k] = P(a,b)[k+e€] was not
changed and is now the unique path to the new head b. For h, the unique path
to the new head b is defined by P(h,b)[k + €] = {(h,b)}. For an agent a # b, h
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that was a descendant [14] from h but not b at time k, i.e., (b, Ly) ¢ P(a, h)[k],
the unique path to the new head b results from P(a,b)[k] = P(a,h) U {(h,b)}.
In case (ii), the edge from a to its old leader is removed and the edge (a,h)
is added. If h keeps the head role, the unique path from a to h evaluates to
P(a,h)[k + €] = {(a,h)}. If b is chosen as new head, the path to b results to
P(a,b)[k + €] = {(a,h), (h,b)} (see (i)). Hence, TL[k + €] is an in-tree.

At a later time k+0, 6 € (e, 1) case (iii) may occur. In case (iii), as b will keep
its current leader in time step k+ 1 (Algorithm 2 line 21, Lemma 3), the unique
path to the current head h results from P(a, h)[k+ 0] = {(a,b)} U P(b, h)[k + ).
Even if the same update occurs along the leader chain of b, with the same
argumentation there will be a unique path P(b, h)[k+4] from b to h, i.e., T1[k+0)]
is an in-tree.

After moving, at time k-4, v € (4, 1) case (iv) may occur and A*UVe[k 4] =
Activelk 4+ 51 U {a}. As agent a chooses b as its leader, i.e., adding edge (a,b),
the unique path to the current head h is defined by P(a,h)[k + ] = {(a,b)} U
P(b,h)[k + 7]. As no other leadership changes happen, at k + 1, Tp[k + 1] =
Tk + ] is an in-tree.



