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Abstract. Multi-robot coordination often exhibits hierarchical struc-
ture, with some robots’ decisions depending on the planned behaviors
of others. While game theory provides a principled framework for such
interactions, existing solvers struggle to handle mixed information struc-
tures that combine simultaneous (Nash) and hierarchical (Stackelberg)
decision-making. We study N-robot forest-structured mixed-hierarchy
games, in which each robot acts as a Stackelberg leader over its subtree
while robots in different branches interact via Nash equilibria. We de-
rive the Karush-Kuhn-Tucker (KKT) first-order optimality conditions
for this class of games and show that they involve increasingly high-order
derivatives of robots’ best-response policies as the hierarchy depth grows,
rendering a direct solution intractable. To overcome this challenge, we
introduce a quasi-policy approximation that removes higher-order policy
derivatives and develop an inexact Newton method for efficiently solv-
ing the resulting approximated KKT systems. We prove local exponen-
tial convergence of the proposed algorithm for games with nonquadratic
objectives and nonlinear constraints. The approach is implemented in a
highly optimized Julia library (MixedHierarchyGames.j1) and evaluated
in hardware and simulated multi-agent experiments, demonstrating real-
time convergence for complex mixed-hierarchy information structures.

Keywords: game theory, information structure, planning, optimization

1 Introduction

Strategic multi-robot decision-making often involves hierarchical information
structures that define leader and follower roles among different robots, each

Code available: https://github.com/CLeARoboticsLab/MixedHierarchyGames. j1.
This work was sponsored by the Army Research Laboratory under Cooperative
Agreement Number W911NF-25-2-0021, and by the National Science Foundation
under Grants 2211548 and 2336840.
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Fig.1: We experiment on four hierarchy structures on a merging scenario and
report positions over time. In Fig.[Ta] vehicles play a pure Nash game. In Fig. [Ib]
vehicle 1 leads vehicles 2 and 4, and vehicle 2 leads vehicle 4. In Fig. vehicle
1 leads every other agent and vehicle 2 leads vehicle 4. Vehicles 3 and (2,4) are
negotiating the merge simultaneously. In Fig. vehicles play a Stackelberg
chain with hierarchy 1 — 3 — 2 — 4. In the absence of leadership from vehicle
1 to vehicle 3, vehicle 3 merges first (Figs. and . When that leadership
exists, vehicle 3 merges into the convoy after vehicle 1 (Figs. |[1d and .

of which makes a constrained decision to optimize a distinct objective with ac-
cess to different information. Mathematical games, particularly the Nash and
Stackelberg equilibrium concepts, provide a powerful framework to model such
strategic interactions. For example, consider a convoy of three vehicles driving
in a single lane. In such a scenario, we may model each vehicle as a leader of
each subsequent vehicle in the lane, resulting in a leadership “chain” that prior
works model within the formalism of Stackelberg games [4I37I27].

However, many scenarios require modeling a mix of Nash and Stackelberg
relationships between groups of robots [2832]. Beyond convoy merging, mixed-
hierarchy structures arise in multi-robot patrolling, social navigation, and human-
robot teams, where designated leaders influence subgroups whose members in-
teract as peers. Consider a fourth car seeking to merge into the convoy’s lane
between the first and second convoy vehicles, as in Fig. [T Merging into this posi-
tion in the convoy requires the fourth car to coordinate with both other vehicles.
First, the merging vehicle must respond to signaled behavior from the first car,
such as slowing down for other vehicles or speeding up to make space. The same
type of signaling does not necessarily exist between the merging robot and the
second car in the convoy, making the Nash equilibrium model of simultaneous
play a natural model for their interaction.

While some approaches model this type of mixed Nash-Stackelberg informa-
tion structure [252832], they typically solve problems with linear constraints
and quadratic costs, limiting their applicability to real-world robotic systems
that feature nonlinear constraints (often arising from nonlinear motion dynam-
ics) and nonquadratic objectives (i.e., not restricted to quadratic polynomials
in the decision variables) that encode complex tasks. To address this gap, we
develop a more general solver that efficiently handles nonquadratic objectives
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and nonlinear equality constraints for a subclass of mixed-hierarchy games with
leadership structures that are forests. This subclass of games includes Nash and
Stackelberg games as special cases.

A key difficulty arises, however, in expressing the first-order optimality condi-
tions for these mixed-hierarchy games: these conditions depend upon high-order
derivatives of robots’ best-response maps, or policies. To maintain tractabil-
ity, we develop a “quasi-policy” approximation which extends recent work in
the feedback Nash [26] and Stackelberg [27] settings, wherein each robot’s first-
order optimality conditions are derived by ignoring higher-order derivatives of
downstream followers’ policies. This approximation enables us to solve mixed-
hierarchy games efficiently, with real-time computation demonstrating the value
of the quasi-policy approximation in enabling real-world motion planning and
robot coordination applications. Ultimately, we claim three contributions.

1. We propose a principled approach for constructing approximate optimal-
ity conditions for a class of nonlinear, equality-constrained mixed-hierarchy
games with forest-structured information patterns, including a novel method
for embedding followers’ best responses within leaders’ optimality conditions
as locally first-order policy approximations (which we refer to as a quasi-
policy approximation, following [2627]).

2. We introduce an efficient, flexible, and scalable algorithm for settings in
which robots have arbitrary nonlinear, differentiable costs and (equality)
constraints, that uses these optimality conditions to approximate local equi-
libria for arbitrary forest-structured mixed-hierarchy games. We provide a
theoretical proof and an empirical study for the local exponential conver-
gence of our algorithm to an approximate mixed-hierarchy equilibrium.

3. We provide an open-source, optimized Julia library for solving these prob-
lems, which supports simulations of the merging scenario in Fig. |1 as well
as in hardware with robots playing a target-guarding game in Fig. [ We
demonstrate real-time motion planning under complex hierarchical leader-
ship structures.

2 Related Work

Nash and Stackelberg Games. Classical Nash and Stackelberg equilibria
capture mutual best responses [33] and leader-follower interactions via sequen-
tial choices [41], respectively. Although closed-form expressions for the solutions
to these problems are available in highly-structured cases—e.g., when agents’
objectives are quadratic and only linear equality constraints are present [3]—
more general settings typically have no clear analytic solution and must be
approached computationally, from the perspective of mathematical program-
ming and complementarity-based formulations [I7J3T]. These formulations en-
able local equilibrium computation for Nash and Stackelberg games with com-
plex objectives and constraints [I8J26/27]. However, they inherently assume sim-
ple information structures such as simultaneous interaction (Nash) or a di-
rect leader-follower hierarchy (Stackelberg). Extensions exist for multi-leader
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or multi-follower settings [39124I32], but do not address nonlinear games under
mixed Nash-Stackelberg leadership structures. Our work targets this gap.

Computing Equilibria under Hierarchical Information Structures. Op-
timization problems which encode a follower’s decision problem as a constraint
upon the leader’s decision are naturally bilevel in nature [7J40]. Moreover, as
longer leader-follower chains arise, these hierarchical, multilevel problems’ [4]9]
computational complexity grows rapidly [2006]. Recent work explores mono-
tone operator formulations [37], gradient-based methods [36], and parametric
techniques [I4] for these problems, but these approaches largely focus on low-
dimensional settings. More expressive frameworks include quadratic constrained
games under bilevel tree-structured hierarchies [I0] and the mathematical pro-
gramming network (MPN) framework [25], which encodes arbitrary mixtures of
Nash and Stackelberg relations via symbolic graphs. While the MPN framework
fundamentally describes the same type of mixed Nash-Stackelberg hierarchies we
consider in this work, existing MPN solvers are restricted to quadratic objectives
and linear inequality constraints, and face scalability challenges due to polytope-
based feasible-set representations and iterative active-set updates that must be
repeatedly refined during a recursive graph traversal. In contrast, our work solves
the nonquadratic MPN problem in the nonlinear equality-constrained setting and
supports tree-structured hierarchies of arbitrary depth.

Stochastic Game Perspectives on Information Structure. A large body
of work models information asymmetry and partial observability in sequen-
tial decision-making using stochastic and Markov games [38J29/16]. Within this
framework, mixed Nash-Stackelberg and incomplete-information settings have
been studied via regret-based and value-based learning [42|T2IT5I22IT], as well
as belief-state dynamic programming for partially observable stochastic games
[I3UT9)30l5]. Another line of work studies correlated equilibria under various
information structures [2/8/TT]. These approaches primarily focus on stochastic
dynamics and discrete state-action spaces. In contrast, we consider deterministic
dynamic games with continuous actions under mixed Nash and Stackelberg infor-
mation structures, and efficiently compute equilibria using differentiable math-
ematical programming rather than belief-space planning or model-free learning.

3 Problem Formulation

Set Notation. For a positive integer d, let [d] = {1,2,...,d}. Let S be an
arbitrary finite set with cardinality denoted |S|. For a set of indices E C [|S]],
we define set-based element lookup S¥ = {¢’ | i € E,e’ € S} and exclusion by

S F=8\8F
Decision Variables. We consider N interacting robots. Each robot ¢ € [N] has
trajectory z' € R":. We denote the joint trajectories by z = (z',--- ,zV)7 €

N .
n — 3
R"-, where n, = "." nl.
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3.1 Mixed Hierarchy Games

In an N-robot mized hierarchy game, each robot ¢ € [N] minimizes an objective
function of the strategies z of all robots,

J:R™ - R, (1)

subject to a set of equality constraints which restrict its strategy, e.g. by enforcing
dynamic feasibility: .
0= g'(z") € R". (2)

Assumption 1. We require and to satisfy higher-order differentiability,
ie J' gt € C™.

Finally, we model the information structure (i.e., the set of hierarchical
leader-follower relationships between robots) as a directed acyclic graph G =
([N],E), i.e., without any directed cycles. In G, each robot i € [N] corresponds to
anode and (4, j) € € defines a direct leader-follower relationship between leader
i and follower j; if (7, ) are connected by a longer path, we say that they have
an indirect leader-follower relationship. Thus, a mixed-hierarchy game consists
of graph G and the set of all robots’ objectives and equality constraints.

3.2 Notation for Defining Mixed-Hierarchy Equilibria

We will restrict our attention to graphs in which each node has at most one
parent, i.e., each robot has at most one direct leader. To this end, we introduce
additional notation and an assumption on the topology of graph G. First, we
define the sets of direct leaders of a robot j and direct followers of a robot i as

L) ={i| (,5) € G} and F(i)={j|(i,j) € G}. (3)

Next, we define the direct leaders of a set of robot indices S as the union of the
direct leaders of each robot, L(S) = |J.csL(e). We define the direct followers
of § similarly, F(S) = (J.cs F(e). Finally, we recursively define their transitive
closures, i.e., the sets of all leaders and followers (whether direct or indirect) of
robot ¢ to be

L(i) = L()) UL(L(i)) U --- and F(i) = F(i) UF(F(i)) U--- . (@)

Since G is finite and acyclic, then these sets are finite too. Finally, we define a
set corresponding to the indices of robots with no other relationship to robot i,

N(i) = [NJ\L(&) \ F(i) \ {i}. (5)

These correspond to robots that have Nash relationships with robot i, as we
discuss in further detail below.

To make the problem tractable and ensure a clear leadership hierarchy, we
restrict the topology of the information structure to one made of a union of



6 H. I. Khan et al.

Rl:zl zrguzr%{j(z) st. 22 =¢°(z'),
3 301
i |1 23 4 Lo,
L - 11 2 = =4,
_ a1
L) - 1112 [(2)F--oo- @ o 0=s')
F(i)| 23 4 — - Nash R2: ZmlzriJ(z) st. z°=¢"(z,2),
F(Z) 2344 - -~ 0 =g*(z%)
N(@)| - 324 3 @ R3: m%nJ‘d(z) st 0=g%@z")

R4: mi411J4(z) st 0=g"(z")

Fig.2: We introduce three representations of a mixed-hierarchy game which
models the information structure of the example from the introduction and sat-
isfies Assumption [2} We include a set-based representation which lists elements
of each robot’s leader/follower /Nash sets (left), a graphical representation of
G (middle), and a coupled optimization problem (right). In this game, robot 1
leads all other robots (though robot 4 is led indirectly), robot 2 leads robot 4,
and robot 2’s subtree (including robot 4) is in a Nash relationship with robot 3.

a finite number of disconnected trees, i.e., a forest. Such a topology remains
versatile and is able to model a wide variety of hierarchical structures of interest,
including pure Nash (for which & = {}) and Stackelberg chains (for which & =
{(i,i+1) | i€ [N —=1]}).

Assumption 2 (The Hierarchical Information Structure Graph G is a Forest).
We assume that every robot i € [N] has either zero or one direct leader, i.e.
|L(2)] € {0,1} (though it can have multiple indirect leaders). This condition
ensures that every connected component of G is a tree (i.e. G is a forest) and
that every node i € [N] is the root of a subtree, and therefore a leader to every
robot in that subtree T, = ({i} UF(i),{(j, k) € € | j,k € {i}UF(4)}). We provide
examples of (in)valid hierarchy structures in Figs. and@ .

0RO
®/

(a) Hierarchy structure graph can not (b) Hierarchy structure is sound but vi-

contain a directed cycle. olates Assumption El

Fig. 3: Examples of invalid hierarchical information structure graphs.

3.3 Equilibrium Conditions for Mixed-Hierarchy Games

Next, we define the equilibrium conditions associated with the mixed-hierarchy
information structure under Assumption [2}
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In the two-robot setting, if a robot is a Stackelberg leader, then the leader
communicates its strategy to the follower, who uses that knowledge when making
its own decision. The leader anticipates the followers’ best response and makes
a decision to steer the follower’s decision to a desired outcome. Mathematically,
this type of relationship is enforced by defining an optimal follower response map
that can be embedded within the leader’s problem, cf. [3, Ch. 3, 7].

In an N-robot mixed hierarchy game, when robot 7 is an equality-constrained
Stackelberg follower of (direct and indirect) leaders L(7), the set of all optimal
follower responses R (zL(i)) given its leaders’ communicated strategies z() is

R (2% = argmin J° (zL(i), 7', 2%, zN(i)> (6a)
21 ZF ()
st. g'(z") =0, (6b)
(zj7 zF(j)) e RI(z,240), V) eF(). (6¢)
——
2L0)

Eq. describes the minimization of robot i’s objective function with respect
to its own strategy and its followers’ strategies (which it can influence). Since
each robot i is the leader of the robots in its own subtree 7;, the optimal follower
response includes robot i’s strategy z** and those of all of its followers, zF(")*,
This best response optimization is subject to two constraints: first, the equality
constraint corresponds to . Second, accounts for followers’ reactions
to robot i’s choice of strategy, because the best responses affect robot i’s objec-
tive. Thus, ([6c|) recursively collects the optimal responses of robots within 7; that
make up z¥(V*. We highlight that relies on Nash-related robots’ trajecto-
ries zN() which robot 7 cannot directly influence. Thus, each robot’s equilibrium
conditions must incorporate both Stackelberg leader conditions that embed @
and Nash conditions on the relationship between z**, zF ()* and zN()*,

Generally, a best response set R (ZL(i)) can contain multiple optimal com-
binations of values for z* and zF()*, even in the simple two-robot quadratic
case [3, Ch. 7]. Nevertheless, for ease of analysis, it is common to assume
|RE (z%(*)| = 1 [BI21], i.e., that equilibrium leader strategies result in a unique
optimal response for all followers of robot i. We call a function that generates
an element (z*,zF %) € R (z%()) a policy &*(z“(")), where

(zi*7ZF(i)*) - q)i(zL(i)) and, at zM(0* R%*(ZL@)*) _ {(I)i(ZL(i)*)}. (7)

We equivalently define ® with component sub-policies z/* = ¢’ (ZLU)) for each
follower’s individual best-responses,

@'(2"0) = {27 = (@0, 2B e ((JUFG) . ®)

Only leader strategies z™(*) are provided to ®*, so the remaining leader strategies,
zLONL@)* are computed from other subpolicies in .
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Definition 1 (Mixed-Hierarchy Equilibrium). At a mized-hierarchy equi-
librium, each robot i must satisfy both Stackelberg leadership conditions to (direct
and indirect) followers F(i) and Nash conditions with N(i). Given equilibrium
leader strategies z%(0* and equilibrium Nash-related robot strategies zNV* | we
introduce the following mized-hierarchy equilibrium condition for each robot i:

(Zi*7 ZF(i)*) c argmin Jz (ZL(i)*’ Zi, Z]?(i)7 ZN(i)*) <9a>
2zt zF (1)
2 = ¢ (2" 70\ VR (). (90)

Condition @D incorporates both Stackelberg leadership and Nash conditions.
It requires each robot i to choose its optimal leader strategy to guide its followers
F(i) to benefit the leading robot, as enforced by and (9¢). Simultaneously,
the optimal strategies of robot i and its followers, z{HYF(@D)*  must be unilat-
erally optimal with respect to the equilibrium strategies of Nash-related robots,
zN(* as enforced by . When condition @b holds for all robots i € [N] within
some neighborhood of a point in the joint strategy space for all robots, z*, then
we say that z* is a local (equality-constrained) mixed-hierarchy equilibrium.

Assumption 3 (Linear-Independence Constraint Qualification). To ensure that
necessary KKT conditions hold, we require the linear independence constraint
qualification (LICQ is a standard regularity condition for these problems), cf.
[34), Def. 12.4], to hold in @, for each robot 1.

We note that conditions @, when aggregated across all robots, define an
equality-constrained variant of the mathematical programming network problem
introduced by [25], under Assumption

3.4 Running Example: N-Robot Convoy Merging Game

To make the problem formulation more concrete, consider the following example
of a game in which N robots each select trajectories in a convoy merging scenario,
taking place over finite horizon T' € N\ {0}, and with time discretization At > 0.
At each time step t € [T, each robot i € [N] has state vector xi € R" and
control vector ul € R™. Concretely, each vehicle i’s state contains planar hori-
zontal and vertical position p! = (pi,t, pfm)T € R?, heading 9! € R, and scalar
velocity v; € R, and vehicle #’s controls contain longitudinal acceleration a} € R
and rotational velocity wj € R, i.e. xj = (pi ;. pl, ,, ¥}, v}) ", ui = (af,wj)". Each
robot i’s strategy takes the form

z' = (Xl{l—’ uil—rv B X%Tﬂ u%’T)T' (10)

Robot i’s trajectory z' is constrained to start at an initial state x!;, and for its
state to evolve in time according to robot dynamics f*, defined such that

X = flxpwy), e[ -1]. (11)
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Concretely, for this example, we take these to encode unicycle dynamics, i.e.

p;t_H pfm + Atvz cos 1/);
; i v !+ Atvl sin !
xi = fi(xiul) = Pyts1 | _ | Pyt T ¢ S Yy 12
t+1 ( t t) wg+1 w; + Atw; ( )
Vi vy + Atay

Ultimately, we can then transcribe each robot’s initial state and dynamics con-
straints as ) )
; Xilniti - ZXll ;
x5 — (x4, u
gi(zi) _ 2 f ( 1 1) —0. (13)
xp = [ (Xp_y, )
Additional equality constraints—e.g., encoding a desired terminal state—can be
appended to as needed.

Lastly, we construct convoy merging scenarios in which N. vehicles have
formed a convoy on the road, and N,, = N — N, vehicles wish to merge. All
vehicles wish to track the center of the merged lane (with their vertical positions
and headings), maintain a consistent speed v, minimize their control effort, and
avoid collision. The objective, given below, is parameterized by positive weights
w' = (wh, wh? w3 wh whHB), collision safe distance ds > 0 beyond which the
collision cost is 0, and collision sensitivity c¢s > 0:

Jiz) =Y <wi’1||ui||§ Fw?(ph )+ w0+ wh (vl — o)) (14)

t=1

j=1 k=j+1

ilog (1 + exp (cs (d2 — Hpi —Pf||§)))r>

S

The merging vehicles start off the merging lane and are incentivized to track the
center of the round entry ramp and merge safely onto the highway, as shown
in Fig. |ll We enforce curve-following by altering for vehicle 3 to include
a component term, (||pi||3 — R?)2, and we alter vehicle 1’s cost to include a
component term (pglm —pz;;’t—dlg)z7 which incentivizes vehicle 1 to stay d;3 meters
ahead of vehicle 3. In Section we experiment with different hierarchical
structures (e.g., Nash, two mixed hierarchies, and Stackelberg chain) and report
their impact on vehicles’ decisions.

4 Solving Mixed-Hierarchy Games

In order to build an algorithm to solve mixed-hierarchy games (i.e., find a set of
robot strategies that satisfy Definition , we must first develop a procedure for
constructing appropriate Karush-Kuhn-Tucker (KKT) conditions for first-order
optimality. As we will show, these conditions involve high-order derivatives of
follower robots’ policies; to circumvent the associated computational challenges,
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we describe a quasi-policy approximation, which embeds local first-order approx-
imations of followers’ policies within each leader’s optimization problem in order
to reduce the recursive complexity of evaluating high-order derivatives. Finally,
we propose an inexact Newton’s method to iteratively solve the approximate
KKT system and prove local exponential convergence.

4.1 Backward Induction for Deriving KKT Conditions

We begin by constructing KKT conditions for robots without followers (leaves
in the graph G) and then proceed in reverse topological order.

Constructing KKT Conditions for Leaves. Equilibrium conditions for
robots without followers do not include the follower constraints . Thus, a
leaf robot i’s optimization problem becomes
J"(z*) = min J* (ZL(i)*,zi,zN(i)*) s.t. ¢'(z") = 0. (15)
7
We associate the equality constraint g'(z') = 0 with a Lagrange multiplier \* €
R™s, and introduce the corresponding Lagrangian:

Li(z, V) = Ji(z) — X' gi(2"). (16)

We then compactly formulate robot i’s KKT conditions 7* by concatenating its
Lagrangian stationarity condition with the original equality constraint,

i i Vziﬁl(z,)\l) _

7' (z,\") = [ g (2) } =0. (17)
From Leaf Robots’ KKT Conditions to Their Policies. Consider a robot
j with (direct or indirect) leader robot ¢ € L(j), but no followers. Robot j’s
KKT conditions 7/ implicitly specify its policy ¢7, which maps leaders’ strategies
z"0) to robot j’s best response z’, i.e. so that z/ = ¢j(zL(j)). For notational
convenience, we denote the primal and dual variables making up the leaf robot’s
decision variables by w/ = (27, A\ ")T, and compactly represent all variables
relevant to leaf robot j’s optimization problem by s/ = (M) T wiT)T.

Before constructing the leader i’'s KKT conditions ¢, we must first under-
stand how follower j’s best response strategy z’ locally changes in response to
small changes in the leader’s decision. To this end, we express the first-order
Taylor approximation of robot j’s KKT conditions as follows:

0=7(87) 4+ Vi (s7) - AW + V7 (87) - Azl (18)

where Az is a small perturbation in the leaders’ strategies and Aw? is the
corresponding change in j’s best response (including both primal and dual vari-
ables). We note that V,;7/(s?) is a square matrix; if it has full rank, we can
apply the implicit function theorem [23] and obtain that, locally:

AwI = &I (A7) = (Vs (7)) 7 (17 (87) + Vuonm (s7) - AZE0)). (19)
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From (19), we extract the policy z/ = ¢/ (z%)) for robot j’s strategy by select-
ing the corresponding rows of ®/(Az%()). This explicit construction can then
replace the implicit constraint in the optimization problem of each leader
i € L(j), which will shortly allow us to build an explicit expression for the
leader’s approximate KKT conditions and ultimately an efficient solver.

Constructing KKT Conditions for Non-Leaf Robots. Proceeding in re-
verse topological order on graph G from a leaf robot, we consider a robot ¢ whose
followers F(i) are all leaves. Let robot j € F(i) and denote its local policy by
@7, per the construction in (17). As discussed above, we replace the implicit
constraints on followers’ best responses in robot i’s problem @D with an
explicit approximation constructed from .

To this end, we introduce dual variable A € R™ associated with the equality
constraint and pi € R™: corresponding to the best-response constraint
, for each j € F(i). We compactly represent all policy duals associated with
robot i as pu' = (u7 | j € F(i)) ", and collect all decision variables for robot i
as w'=(z'T,zFOT X7 #T)T We also collect all variables relevant to robot 4’s
optimization problem as s*= (2" T, w'T)T We then write robot i’s Lagrangian

Li(s') =T (z) = NTg'(z") = > w1 (@ — ¢/ (")), (20)
JEF(4)
Finally, we define robot ¢’s KKT conditions by concatenating Lagrangian sta-

tionarity conditions for robot ¢ and its followers, its followers’ best-response
constraints, and its own equality constraints,

Vi Ul(si)
o Vi L(s")
T'(s") = Lg‘ — i (220))
g'(z")
Evaluating a direct follower j’s stationarity condition in requires computing
Vi L*(s"), which depends on the policy gradient V,;¢7:

} =0. (21)
JEF ()

Vo L£(s") = VT (2) = Y (I = Vg (20) Tt (22)

JEF(3)

By the same mechanism, a depth-3 chain (robot i leading j leading k) introduces
the second-order policy derivative Vikq’)k into robot i’'s KKT system via differ-
entiation of ¢/ (which itself depends on V,;#’). The order of policy gradients
increases with hierarchy depth, introducing tractability challenges. To make such
computation tractable, we take inspiration from [26]27] and propose to replace
leaders’ exact optimality conditions with an approximate set of KKT conditions
where we locally keep the first-order policy gradient (for leader-follower relation-
ships) and zero out higher-order policy gradients wherever they appear in robot
1’s KKT conditions. This quasi-policy approximation makes it straightforward to
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recursively continue the aforementioned procedure in reverse topological order.
Once each of robot ¢’s followers’ quasi-policy approximations is computed, it can
be embedded in robot i’s problem, even if the followers are not leaves.

Encoding Nash Relationships Every robot’s optimal choice of strategy de-
pends on its leaders’, followers’, and Nash relatives’ strategies. While the KKT
construction process described above encodes leader-follower relationships, Nash
relationships are captured by solving KKT conditions jointly across sets of multi-
ple robots, i.e. by concatenating KKT conditions of robots with the same leaders.

Constructing Joint KKT Conditions. Ultimately, the full set of KKT con-
ditions for an equality-constrained mixed-hierarchy equilibrium has size n (the
number of variables match the number of nonlinear equations) and is given by

-
m(s) = [r(sH)T, 72T, 7NN =0 (23)
4.2 Inexact Newton’s Method for Solving Mixed Hierarchy Games

We propose to solve the joint KKT system via an inexact Newton’s method
(Alg. . At iteration k, we first construct the KKT system 7 (s,,) under the quasi-
policy approximation. Then, for computational tractability, we compute an in-
exact Newton step for 7(s,) using an approximate Jacobian (denoted V7 (sy,)),
which we construct under the quasi-policy approximation by setting the high-
order policy gradient terms to zero as discussed earlier. Accordingly, we form
an approximate first-order Taylor expansion of the KKT conditions about the
current iterate s, (Alg. , resulting in the inexact Newton system

Vsm(s,) As, = —m(s,). (24)

Algorithm 1: General Solver for Mixed Hierarchy Games

Input: Hierarchy structure G, initial guess sy, tolerance 7 > 0, maximum
iterations Kmax > 0.
Output: Approximate solution s* satisfying first-order optimality conditions.

1 for k + 1 to Kmax do

2 // Construct approx. KKT conditions in reverse topological order.
3 for each robot i in reverse topological order of G do

4 L Construct robot i’s KKT conditions 7* per Eqgs. 1) to lb

5 Assemble and evaluate 7 (s;,) |D and solve for inexact Newton step Asy,.
6 Select step size ay, along direction As, and generate s, ; per 1}

7 if |7 (sx11)]13 < 7 then

8 return s,

9 return sy
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Solving produces an inexact Newton direction As,, which can be used to
update the current iterate s, (Alg.[1)) as follows:

Sk-‘,—l = S — OékASk, (25)

with step size ay € (0, 1] selected (Alg. [1)) using a standard backtracking line
search, geometric decrease, etc. (cf. [34, Ch. 3]). Iterations terminate when
I7(s,)|I3 < 7 (a user-specified tolerance for KKT error; Alg. , yielding an
approximate mixed-hierarchy equilibrium; it is not exact due to the use of the
quasi-policy approximation in constructing the KKT conditions.

In practice, we can accelerate mixed-hierarchy KKT computation (Alg.
under the quasi-policy approximation by caching reusable symbolic components
(generated via a symbolic algebra toolchain [35]), exploiting sparsity induced by
the hierarchy graph, etc. Next, we comment on the quality of the approximation
(Remark and present a local convergence analysis of our method (Theorem.

Remark 1 (Quality of Quasi-Policy Approzimations). Provided quadratic objec-
tives and linear constraints, the optimal policy is linear [25], and the quasi-policy
approximation is exact. In this case, our method converges in a single iteration
for step size a = 1. For games with nonquadratic objectives and nonlinear con-
straints, the quasi-policy provides a good approximation when higher-order pol-
icy gradients of the optimal policy are small relative to first-order gradients, as
suggested by analyses of both feedback Nash [26] and Stackelberg games [27].
On an equality-constrained Stackelberg-chain example problem from [27], our
solver reproduces the equilibrium of that paper’s specialized solver.

Theorem 1. Let s, be the initialization of Alg. [1| and define the sub-level set

= {s : ||[7(s)|l2 < ||7(sg)ll2}- Denote by Vw(s) the approximate Jacobian
under the quasi-policy assumption, i.e., setting the high-order policy gradient
terms to zeros. Suppose that F is closed, that V7 (s) is invertible for all s € F,
and that there exist constants D, C' > 0 such that |(Vr(s)) !> < D, |[V*m(s)—

w(8)||2 < C||s — 8|2, Vs,8 € F. Denote by V*n(s) the exact Jacobian of w,
and assume that there exists 6 > 0 such that ||V*n(s) — Vr(s)|2 <, Vs € F,
and D -6 < 1. Let As = —(Vn(s)) " 'm(s) be the inexact Newton step in Alg. .

Then, for the k-th iteration solution s, € F, there exists a € [0, 1] such that
1 if |l (3,)l2 > {532 then |7 (s, + adsy)la < r(s,) 2 — 5555
2. if (s )ll2 < ‘5o, then 7 (sy + adsy)[l2 < 3(1+ Do)l|m(sy)]2-

Proof. By the fundamental theorem of calculus, we have

1
|7 (s + ads)|2 = ||7 (s —l—/ V*r(s + raAs)aAsdr

<||7(s)+aVir(s)As]|2 + H/ (s + Tads) — : *m(s))aAsdr

2
1
< |lr(s) — aV* 7 (s)(Vr(s) " 7 ()2 + ads s - / Claras|pdr — (20)
0
1
< (1= a)|7(s) ]2 + adD|w(s) ]2 + |ads]z - / CllarAs|zdr
0

< (1-a(1~ D)) |x(s)]l2 + 5a?CD?r(s)]3.
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The right-hand side is a quadratic function of a and is minimized by a* =
ng)\lz' This quadratic term also ensures that for all « € [0, a*], we have

s + aAs € F, provided s € F. Suppose that ||7(s)||2 > %, then we have
a* < 1 is a feasible stepsize and therefore || (s +a*As)|2 < ||7(s)]|2 — (12;352%)2.

Moreover, when |7 (s)]l2 < 15255 , the right handside of is minimized by

the maximum allowable step size & = 1, so we can strengthen the bound by
substituting ||7(s)|l2 < 1522 to find [|7(s + ads)|2 < (1 +6D)|x(s)[]2. O

Remark 2 (Implications of Theorem. Theoremclariﬁes structural conditions
under which Alg. [1| is expected to converge locally. In particular, when robot
objectives include strong quadratic control regularization and the dynamics are
locally close to linear, higher-order policy sensitivities are small, making the
assumptions of Theorem [I] well justified. This observation provides practical
guidance for modeling objectives and constraints to promote convergence of our
solver in mixed-hierarchy games. The constants in Theorem [l| are regularity
conditions on the problem and need not be computed by the user.

Computational Complexity. The total runtime complexity is O(Kpax - (N2 +
H(ny))), where N? accounts for worst-case (Stackelberg chain) KKT construc-
tion and H (n,) for the runtime of the linear system solver for the KKT system.

5 Experiments

We demonstrate our method’s efficacy in hardware and simulated experiments.

5.1 Target Guarding: A Three-Robot Hardware Experiment

We describe a three-robot (N = 3) dynamic mixed-hierarchy game between a
pursuer (R1), a guard (R2), and a target (R3). The pursuer (R1) wants to achieve
a similar position to the target (R3), but wishes to stay away from the guard
(R2). The guard (R2) wants to keep the pursuer (R1) away from the target (R3),
and the target wants to stay close to the guard (R2) while reaching a goal state
X4 € R™ by the end of the planning horizon. All robots have a control effort
cost, and component terms are weighted by w® € R3.

Jl(z>=§jw1-[||x?—x%||%7 2 —xF3, 2] wh = [2,1,1.25]T,
t;l

T2 (z) =Y w? [Ix —x22, —xd - xH2 23] w? =1[0.5,1,0.25]T,
t;l 1 .

J%z)ZwﬂTllxéﬂxgH%, 1%} = 7[5, [lu?]3| , w®=[10,1.25,0.1]"
t=1

We define hierarchy structure G = ([3],{(2,1)}) to model the guard leading the
target, while both have a Nash relationship with the pursuer.
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Agent Trajectories
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Fig.4: We play a target-guarding game in hardware with three robots. Robot 2
(Clearpath Jackal, green) acts as the guard, leading Robot 1 (Clearpath Jackal,
pursuer, red) and Robot 3 (NVIDIA JetRacer, target, blue), which seeks a goal.
All robots execute plans generated by our solver in a receding-horizon fashion.

Experimental Setup We evaluate this example in hardware with three ground
robots: two agents (Clearpath Jackals) acting as the pursuer (R1) and guard
(R2), and an NVIDIA JetRacer as the target (R3). The interaction is modeled
with horizon T' = 10 and sampling period At = 0.1s, and solve(ﬂ in a receding-
horizon manner using simulator-provided state measurements. We convert the
resulting double-integrator controls to differential drive controls for each robot.

We highlight a number of noteworthy behaviors in Fig. @] R3 makes a wide
turn to move towards the goal and get closer to R2. R1 pursues a course to
meeting R3, but diverts from it due to the presence of R2. R2, using knowledge
of the target’s actions, chooses to intersect with R1 and R3’s paths towards the
origin, leading R1 to continue its course and R3 diverting its course to avoid R2.
The solver is called 93 times during execution and each call takes 13.6 & 2.8 ms
(mean + standard deviation). This demonstration shows that our solver runs in
real-time, making it practical for real-world deployment.

5.2 Merging into a Convoy: A Four-Vehicle Simulation

We run the experiments described in the running example from Section [3.4] on
a game with horizon T' = 10, and discretization period At = 0.5s. We choose
the following hierarchy structures: Nash, mixed hierarchy A (1 — 2,2 — 4),
mixed hierarchy B (1 — 3,1 — 2,2 — 4), and Stackelberg chain (1 — 3 — 2
— 4) as depicted in Fig. [2l The first hierarchy structure defines simultaneous
play among all vehicles (Nash). The second structure describes a situation in
which the entire convoy is a Stackelberg chain led by vehicle 1, and they play a
Nash game with vehicle 3. In the third structure, vehicle 1 plays first and then
its direct followers 2 and 3 play simultaneously in response. This could simulate

3 CPU version: 13th Gen Intel Core i9-13900HX (2.20 GHz). Memory: 32 GB.
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a real-world scenario in which the merging vehicle responds to leader vehicle
1’s strategy but has not yet resolved whether to yield to vehicle 2. The fourth
describes turn-based play among vehicles (Stackelberg chain).

Our experimental results are shown in Fig. [T} These scenarios illustrate how
hierarchy structure influences merging behavior. When vehicle 3 is a follower
of vehicle 1, vehicle 1 exploits its leadership position by accelerating to remain
ahead after the merge. In contrast, under a Nash relationship between vehicles
1 and 3, vehicle 1 behaves more conservatively and yields, allowing vehicle 3
to merge ahead. Despite these differing outcomes, all equilibria in our experi-
ments (e.g., Nash, Stackelberg, and mixed hierarchies) result in safe interactions
among all vehicles, including vehicles 2 and 4. Finally, Fig. |5 provides empir-
ical corroboration of the convergence results in Theorem (I} showing constant
decrease further from the equilibrium and exponential convergence near it.

Overall, this convoy example demonstrates that mixed-hierarchy games natu-
rally encode asymmetric information access within an optimization-based frame-
work for decision-making. As the hierarchy structure changes, our solver con-
verges to distinct, interpretable behavior for this simulated example with hun-
dreds of variables, nonquadratic objective functions, and nonlinear constraints.

6 Conclusion

We define mixed-hierarchy games, which contain agents with both Nash and
Stackelberg relationships to one another. We present a formal definition of the
relevant equilibrium concept for this type of game, and develop a tractable pro-
cedure for constructing the KKT conditions of mixed-hierarchy games using
quasi-policy approximations to embed followers’ best response policies into their
leaders’ optimization problems. We propose an inexact Newton’s method for effi-
ciently solving those approximate KKT systems. We provide a theoretical proof
and an empirical study for the local exponential convergence of our algorithm to
an approximate mixed-hierarchy equilibrium. We evaluate our method on two
complex multi-agent scenarios, and showcase its broad functionality and real-
time performance using our open-source solver implementation. Future work will
explore the impact of different information structures on robot behavior, incor-
porate inequality constraints via barrier methods, and relax the forest structure
assumption (Assumption |2)) to allow multi-leader mixed-hierarchies.
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