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Abstract. Learning environment representations through robot inter-
action is an active research topic both in practice and in theory. A weaker
question is that of indistinguishability. If two environments are indistin-
guishable but different then at least one of them cannot be properly
learned. We first prove a characterization of indistinguishability in the
setting of deterministic edge-labeled symmetric multigraphs. We show
then that the results have a parallel in a continuous setting as well. We
then show with counterexamples that the non-deterministic case is more
challenging. Finally, we address the graph learning problem in which the
robot is allowed to place one recognizable pebble in the environment. We
provide an algorithm which is based on taking graph quotients iteratively
and prove that the algorithm always produces an isomorphic copy of the
underlying graph.
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1 Introduction

Imagine trying to fool a robot by secretly altering its environment so that its in-
ternal behavior is unchanged. Accordingly, we study problems in which a robot’s
information space reduces to a walk on an edge-labeled undirected multigraph.
While at a vertex the robot senses all the available "ports": the labels of all edges
emanating from that vertex. The robot’s action is then one of those labels, which
makes the robot traverse an edge with that label. If there are multiple such edges,
then the edge is selected at random. A deterministic graph is one where an edge
label uniquely determines a neighboring vertex of a given vertex. We ask the
following questions. Under what conditions can the robot learn the graph up to
isomorphism? If not, what is the equivalence relation on graphs that corresponds
to indistinguishability from the robot’s perspective? We prove a characterization
for indistinguishability for deterministic graphs using covering graphs and give
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Fig.1: (a) A point robot moves in a 2D environment with obstacles. If it crosses
a detection region (sensor beam), then it receives a label, a, b, or c. (b) The
corresponding edge-labeled multigraph, in which each undirected edge implies
that motion is possible in either direction between a pair of vertices.

counterexamples for non-deterministic ones. We show that placing one pebble in
a deterministic graph is sufficient to reconstruct its isomorphism type.

These questions can be derived from a variety of settings in which a robot
moves through 2D or 3D worlds and receives limited sensor feedback from simple
detection sensors [6,12,16]. Each sensor merely reports whether the robot has
entered or crossed its detection region. Figure 1 shows an example. More complex
examples may include a mixture of 1D or 2D detection regions, or a 3D world
with 2D and 3D detection regions.

We assume that the underlying graph is completely unknown as the robot
is placed arbitrarily into the environment. We also assume that after it arrives
in a vertex, it can return along the same edge, if desired; this ability is lost
after it transitions to another vertex. However, the robot may carry uniquely
distinguishable markers called pebbles. It can drop one to the occupied vertex,
or pick it up if there already is one.

The problem of exploring (visiting each vertex) and learning graphs (recon-
strucing the graph) has been studied in more general contexts. Such as in dis-
tributed computing, where covering graph related notions for indistinguishability
of graphs by a network of anonymous processors has been proposed [1,19]. These
results are closely related to our Corollaries 7 and 11. A question that arose
from this work was whether two graphs that had a common universal cover also
had a finite common covering, which was confirmed to be true in [11]. Whereas
these works focused on message-passing networks, we motivate and prove our
indistinguishability results for the characterization of possible graphs explored
by a robot.

In robotics, the pebble requirements of undirected [4, 5] and directed [2],
graph learning has been studied with the ubiquitous assumption of a local port
labeling where the edges incident to a vertex are labeled locally. For example, one
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edge can be labeled differently from the perspective of the two vertices incident,
so the robot cannot backtrack—go back a sequence of edges it has just traversed.
Precisely with this assumption, [5] gives a validation-based learning algorithm
with one pebble. This also can be done with the assumption that an upper
bound on the number of vertices of the unknown graph is known [2]. Otherwise,
O(loglogn) pebbles are required [2,4]. Mazes have also been studied and are
generally simpler [3].

The organization of the paper is as follows: In Section 2 we formalize the
notions related to graphs, define bisimulation equivalence and show its equiva-
lence to indistinguishability of graphs by a robot. In Section 3 we elaborate on
the larger question of topology recognition in the continuous setting. In Section
4 we treat quotients over deterministic graphs and show that a specific bisim-
ulation relation, induced the placement of pebbles, is unique. In Section 5, we
discuss computational aspects of quotient based algorithms and give a proof of
convergence.

2 Graphs and Bisimulation

We will work with labeled undirected (bidirected) connected multigraphs with
backtracking information which we will call just “graphs”

Definition 1 A graph is a quadruple S = (S, E,g,b) where S is a countable
(possibly finite) set of vertices, E C S x .S x N is a set of edges, g: E — A is
a labeling of the edges, and b: E — E an edge involution (backtracking). The
third edge component, a natural number, allows for multiple edges between the
same ordered pairs. A graph satisfies the following conditions:

(1) The function b is a bijection and an involution (it is its own inverse), and
has no fixed points, i.e. b(e) # e for all e € E,

(2) For all edges (s1,s2,n),(s3,84,m) € E, if b(s1,s2,n) = (83,84, m), then
s1 = 84 and s9 = s3

(3) Forall e € E, g(e) = g(b(e)),

(4) (Connected) For all s,s" € S there are s, ..., s, such that s = sg, s’ = s,
and for all k < n there is m with (sg, sg4+1,m) € E.

Given s1,s2 € S, the notation s; A so means that there is n such that
(s1,82,n) € E and g(s1, s2,n) = A. A graph is deterministic, if for all e, ¢’ € E(s),
e # ¢’ implies g(e) # g(e’) where E(s) is the set of edges emanating from s,

E(s) = {(s0,81,n) € E | 5o = s}.

The degree of s € S, denoted deg(s), is the cardinality of E(s). Note that a self-
loop is counted twice due to the technical conditions (1), (2)—hence a determin-
istic graph cannot have self loops. The port set associated with s is the multiset
of labels of the edges emanating from s, P(s) = (g(e))ccr(s)- The function P is
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called the port mapping. An initialized graph is a quintuple (S, E, g,b, sg) where
so € S and (S, E, g,b) is a graph, which we sometimes denote by (S, s¢).

Definition 2 A path (of length k) in a graph (S, E, g,b) is a sequence
(S(),no7 S1 .., Nk—1, Sk) S (S X N)k x S

for some k such that for all j < k, (s;,sj+1,n;) € E.

The difference of the above definition to the one stated implicitly in Def.1(4)
is that here we specify the edges along which the path goes in case there are
multiple edges between the same vertices. The length of the path is the number
of edges in it. The path (s) of length 0 for any s € S is called t¢rivial. The length
of a path p is denoted £(p). The path is a cycle if s = sy.

A never-backtracking path is a path (sg, no, ..., nk—1, sk) such that for all j <
k—1,b(sj,85+1,n5) # (841, Sj+2,nj+1). A path is proper if it is non-trivial and
never-backtracking. A proper cycle is a proper path which also a cycle. A path
(s0, M0, .-, NK—1,8k) IS an one-step extension of a path (to,mo,...,mj—1,t), if
I <k and for all j <[ we have t; = 55, m; = n;, and ¢; = s;. It is an r-step
extension, if k —1 =r.

Suppose a robot is walking on a graph S = (S, E, g,b). We assume at each
vertex s € S, the robot can sense the port mapping P(s). It can select one of the
labels in P(s) after which it will traverse one of the edges which has that label
(but it cannot choose which one if there are many.) It can also choose to backtrack
its last move, i.e. to go along the edge b(e) right after it has traversed e. We define
the notion of a bisimulation on a graph to describe the indistinguishability of
graphs explored by this robot.

Definition 3 A bisimulation between two graphs &1 = (S1, F1, g2, b1) and Sz =
(Sa, Es, g2,b2) is a relation R C S; X Sy satisfying the following conditions:

(1) (Zig) For all (s1,52) € R and s € Sy, if 51 A s, then there exists s’ € S
such that (s,s’) € R and sy Ay,

(2) (Zag) For all (s1,s2) € R and s’ € Sy, if 55 2 ¢/, then there exists s € S
such that (s,s’) € R and s1 A,

(3) There is (s1, s2) € R.

If the graphs are initialized at s; € S; and so € Ss respectively, then, in addition,
we require (s1, s2) € R (which implies (3).) A bisimulation is graded if it preserves
the port data:

(4) For all (s1,s2) € R, P(s1) = P(s2).

If §; = &,, the bisimulation is called an auto-bisimulation. If there is a graded
bisimulation between two (initialized) graphs, we call them indistinguishable.

A relation R C 57 x Sy is total, if for all s; € Sy there is so € Sy with
(s1,82) € R and for all s5 € Sy there is s € S with (s1,82) € R. We note
that a bisimulation between two graphs is always total (Lemma 21 in the Ap-
pendix.) Accordingly, the graphs S; = (S1, F1,91,b1), S2 = (Sa2, Ea, g2,b2) are
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indistinguishable if and only if for all s; € Sy, there exists so € S5 such that the
initialized graphs (S1,s1) and (Sz, s2) are indistinguishable, and vice versa with
the indices swapped.

Lemma 4 Indistinguishability is an equivalence relation on the set of graphs.

Proof. The identity relation on .S witnesses reflexivity. Symmetricity follows from
the symmetricity of the definition of bisimulation. We will show transitivity. If
R is a graded bisimulation between S; and S and P is one between Sy and Ss,
then

RxP = {(81,83) €5 x Sg ‘ dsq € SQ((Sl,SQ) cERA (82783) (S P)}

is a graded bisimulation between S; and Ss. a

Definition 5 Suppose S; = (51, E1, g1,b1) and S = (S2, Eg, g2, ba) are graphs.
The pair of maps (p, q) where p: S; — Ss and q: E1 — Es is a (label-preserving)
covering map from S; to Ss, if the following conditions are satisfied:

(1) (Surjectivity) Both maps p and g are onto,

(2) (Label preservation) For all e € Ey, g1(e) = g2(q(e)),

(3) (Edge preservation) For all (s,s") € S; xSy and alln € N, if (s,s',n) € E,
then for some m, ¢(s,s’,n) = (p(s), p(s"), m),

(4) (Local Isomorphism) For all s € Sy, ¢ [ E(s) is one-to-one.

If the graphs are initialized at s; € S; and so € Sy respectively, then we also
require p(s1) = so. If it also satisfies

(5) (Injectivity) Both maps p and ¢ are one-to-one,

then the pair of maps is called an isomorphism.

The graph S; is a covering of (isomorphic to) Ss if there exists a covering
map (isomorphism) (p,q): St — Sa. We note that (analogous to how graph
homomorphisms are classicaly written) the mapping ¢ is redundant and can
be uniquely determined from the map p when the graphs are deterministic. A
covering map induces a bisimulation:

Lemma 6 Suppose S; = (S1, E1, g1,b1) and Sy = (Sa, E2, g2, ba) are graphs and
(p,q) is a covering map from Sy to Sa. Then they are indistinguishable.

Proof. Let R = {(s,p(s)) | s € S1}. We will check Def.3(1),(2). Suppose (s1, s2) €
R and s € Sy is such that s; - s. For 3(1) (Zig), suppose (s1,s,n) € Ey is an
edge with label X\. Then by definition of R, s5 = p(s1). Let s’ = p(s). By Def.5(3),
s’ is connected to sy by the edge q(s1,s,n) = (p(s1),p(s), m) for some m and the
label of that edge, by Def.5(2), is the same that of (s1,s,n), i.e. equal to A. To
check Def.3(2) (Zag), suppose that (s, s2) € R and s’ € Sy is such that so Ay,
Then by Def.5(4) (Local Isomorphism), ¢ is bijective from E(s1) to E(s2), so
there is a unique e € ¢~ 1(s’) N E(s1). Let s be the other endpoint of e (the one
that is not s1). By an analogous argument as above, we have s; = s as required.
By Def.5(4), this relation is graded. O
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The graphs S; and Ss have a common covering if there exists graph S’ and
the pair of covering maps (p;, ¢;) from &’ to S;, ¢ = 1,2. Applying Lemma 4 to
the above result, we establish a slight generalization.

Corollary 7 If two graphs Sy = (S1, E1,61,b1) and So = (S2, Es, g2, b2) have a
common covering, then they are indistinguishable.

We now investigate the converse of Corollary 7: Does indistinguishable graphs
always share a common cover? The remainder of this section will establish this
to be the case for deterministic graphs (Theorem 10) and provide a counterex-
ample for non-deterministic graphs (Example 12.) We note that it is clear from
Definition 3(4) that if S; is deterministic and Sy, Sz are indistinguishable, then
S, is deterministic.

Definition 8 Let S = (S, E,g,b) be a graph. The unraveling of S (rooted) at
sg € S is the graph Ty (S) = (S, E, g, b) defined as follows:

S: The set of all never-backtracking paths 5 = (to,no,...,nx_1,%) in S that
start at tg = sg, including the trivial path (so).
: (5,5',n) € E (which implies (5',5,m) € E for some m € N) if and only if
n = 0 and either §' is a one-step extension of 5, or vice versa.
g: For any edge (5,5',0) € E, the label is g(5, 5',0) = g(e’), where €’ is the last
edge of the longer of the two paths.
b: The edge involution is defined by b(3,5,0) = (5, 5,0) for all (5,5,0) € E.

oS

A tree is a graph which has no proper cycles. It is straightforward to see that
the unraveling of a tree is itself, and that the unraveling of a graph with proper
cycles is a tree with infinitely many vertices (see Lemma 22 in the Appendix).
Therefore the unraveling is always a tree. A covering S of S is universal if for
any covering S’ of S, S is also a covering of S’. The construction of the universal
covering is what we call the unraveling of Definition 8. The following result is
standard:

Fact 9 [11] The unraveling of a graph is its unique universal covering graph.

Then the unraveling of a graph is the unique covering which is a tree (see
Figure 3 for an example). When the graphs are deterministic the unraveling
describes the unique histories of the robot, the equivalence of which we will
show is implied from indistinguishability in the following theorem.

Theorem 10 Two deterministic graphs are indistinguishable if and only if they
have isomorphic unravelings. The unravelings can be chosen to be rooted at the
initial points of the corresponding graphs if the graphs are initialized.

Proof. Suppose there is a graded bisimulation R between the deterministic graphs
S1 = (S1,E1,91,b1) and Sy = (Sa, Es, g2, b2). By definition there exists s; € Sy
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and so € Sy such that (s1,s2) € R. We will take §; and Sy to be initial-
ized at s; and s respectively. We want to show that T, (S1) = (S1, E1, g1, b1)
is isomorphic to Ty, (Ss) = (S2, Ea,§2,b2). Let 5 = (to,n0,...,n5_1,tx) be a
never-backtracking path in &7 starting at tg = s; which represents an arbitrary
element of Ty, (S;). We will define p : S; — S, by induction on k. If & = 0
and 5§ = (s1), we let p(5) = (s2). Suppose that p has been defined for paths of
length k& = j and we will define p for paths s of length £ = j + 1. Let s [ j
be the initial segment of 5 of length j. Then p(5j) is defined to be the path
5" in T, (S2). Let t; be the last end point of 5" and let ¢;1; be the last end
point of 5. Then (¢;,tj41,n) € E; for some n € N and there is a t;'+1 € Sy
and m € N such that g((t},%,,,m)) = g((tj,tj+1,n)) from Def.3(1)(Zig), and
tii1 € S2 and m € N are unique because Sy is deterministic. We let p(s) be the
concatenation of p(s[j) with (m,t, ). Injectivity follows from determinism of
So: If two non-backtracking paths in S; first differ at step j, then their images
under p also differ at step j. Surjectivity follows symmetrically Def.3(2)(Zag)
and from the fact that S; is deterministic. We now define ¢ : £y — E, with
qle) = (p(51),p(52)), e = (51, 59,0) € E and it is easy to confirm the require-
ments of Definition 5. This proves the direction left to right. For right to left,
suppose that two graphs have isomorphic unravelings. By Fact 9, the unraveling
is a covering graph of both. By Lemma 6 the unraveling is indistinguishable to
both. By Lemma 4 the graphs themselves are indistinguishable. a

Applying Fact 9 and Theorem 10, we obtain the following.

Corollary 11 Let graphs Sy = (S1, E1,91,b1),Sa = (S, Ea, g2, b2) be determin-
istic. The following are equivalent:

(1) &1 and Sy are indistinguishable,
(2) Ts,(S1) and Ts,(Ss2) are isomorphic for any s1 € S1, so € Sa,
(3) &1 and S have a common covering graph.

Proof. (1)4+(2) Follows from Theorem 10. (2)<+(3) Follows from Fact 9. O

The converse of Corollary 7 is seen to be true for deterministic graphs in Theo-
rem 10. However, it isn’t true for non-deterministic graphs:

Example 12 The relation R = {(0,a), (1,b),(2,¢), (3,b)(4,d), (4,¢)} is a graded
bisimulation between the graphs in Figure 2, hence they are indistinguishable.
However, they don’t share a common covering. Denote these graphs by Sy (left)
and Sy (right). The purple and the red edges signify two different edge labels,
but that is not important for this example. To see that these graphs do not
have a common covering, suppose for a contradiction that S is one and that
(pk,qr): S — Sk are covering maps for k € {1,2}. Since 0 and a are the only
vertices of degree 4, by Def.5(4) there must be sg € S with pi(sg) = 0 and
p2(so) = a and the degree of sg is 4. All outgoing edges from sy must be “red”
by Def.5(2). Let 1’,2’,3',4’ be the vertices at the other end of these four edges
in 8. Then, following ¢, their degrees must be 3,3,3, and 1 (in some order) but
following g2, they must be 3,3, 1, and 1, a contradiction.
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Fig.2: Two non-deterministic graphs which are indistinguishable but have no
common cover. Edge colors denote their label.

3 Connection to the Continuous Setting

We will show, relying on results from [18], that similar results can be obtained in
a topological setting where the notion of covering is the standard topological one
as opposed to graph-theoretic as in Definition 5. The paper [18] investigates a
related problem to the one treated in the previous section from a topological and
continuous perspective. In both approaches a robot finds itself in an environment
where it can sense and move. The questions we ask are:

1. Under which conditions can the robot distinguish between two environ-
ments?

2. Under which conditions can the robot reconstruct the space in which it is
up to a certain equivalence relation?

To generalize the setup of the previous section to a topological setup, replace
the graph (S, E, ¢g,b) with a tuple (X,p, h). Here S is replaced by a continuum
or a more general topological space X. The edge-relation is implicitly replaced
by the topology on X . The set of labels is replaced by the (compact) topological
space U which we fix throughout this section. Denote by X the set of continuous
paths in X and by U the set of measurable (continuous) paths in U. The function
p: X xU — X is called a path action and encodes similar information as the
labeling function g. The function h: X — Y is a sensor mapping. In the previous
section we assumed that the agent senses the port mapping P(s) at a state s € S.
Here, we can analogously assume either that h(z) is a local topological invariant
at x € X or a homeomorphism type of a fixed neighborhood of x or an invariant
of the tangent space at x (if X is a smooth manifold) or something else. It
can also be, analogously to the mapping P, the homeomorphism type of the set
{u € U | p(xz,u) # z}, i.e. the set of those actions that take the robot away
from z.

A covering map from a topological space X’ to a topological space X is a
continuous onto map which is a local homeomorphism.
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Fig.3: The graph (b) is a covering graph of (c) and (d), whereas (a) is the
universal covering graph of (b), (¢), and (d). The robot cannot distinguish (a),
(b), (¢), and (d). Figures are reproduced from |[7].

Definition 13 A covering map from an environment (X', p’, h’) to (X,p, h) is a
map f: X’ — X which is a covering map topologically and also commutes with
p,p’ as well as with h, h/. To be more precise, if f: X’ — X is a continuous map,
it induces a map between the path spaces 7: X’ — X by 7(x)(t) = m(«(t)). Then

the commutation condition means that ho f = h’ and p(f(z'),u) = f(p'(2',u))
for all (z/,u) € X x U.

Two environments (X1,p1,h1) and (Xa,pe, ho) have a common covering if
there exists the environment (X’,p’, h’) and the covering maps f; : X' — X;, i =
1, 2. Indistinguishability is defined analogously to our Definition 3, where for
any input function u; € U there exists us € U such that the output equality
holds h(p(zo,u1)) = A/ (p'(zo,u2)), or vice versa with the indices swapped. The
following theorem was established in [18], analogous to Corollary 7.

Theorem 14 If (X,p,h) and (X',p’,h') have a common covering, then they
are indistinguishable.
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In the topological setting the converse of Theorem 14 does not hold—there
are spaces which are indistinguishable but do not have a common covering space:

Example 15 Let X' =R2 h/: R?2 —» R, h'(z,y) = x, and let U be the unit disk
U ={(z,y) € R? | 22 + y? < 1} (moving in all directions at a speed at most 1).
Assume for the sake of this example that we limit ourselves to differentiable
paths in U. Let p’ be the path action such that

(@) =u

Let X =R, h: R = R, h(z) = z, and U is the same as above. Let p be defined
by
p(z,u) = p'((z,0),prou)

where pr: R? — R is the projection pr(z,y) = x. The environments (X', ', p’)
and (X, h,p) are indistinguishable, but X’ is not a covering space of X.

In this example the projection map R? — R plays the role of a covering map,
but it is not a local homeomorphism. It is conceivable that such a model corre-
sponds to a real-life situation. For example a vacuum-cleaning robot is probably
ambivalent towards the third, vertical, dimension and cannot distinguish be-
tween a room with high ceiling from a room with a low ceiling because all of its
sensorimotor apparatus is confined to the two dimensions of the floor. Yet, such
an example seems quite ad hoc.

Indeed, with some regularity assumptions on (p,h) and the manifolds they
are valued on, there are necessary and sufficient characterization results [15], [10]
for the existence and uniqueness of the minimal realization (X’',p’',h’) of the
family of input-output maps h(p(zg,-)), obtained by varying zo € X. Simply,
the argument used is to show that the family of input-output maps of the quotient
system obtained by the equivalence relation z1 ~ zo iff h(p(x1,-)) = h(p(x2,-))
on X is equivalent to the input-output maps of the original system. Details
about how these quotients are obtained is out of the scope of this paper. But
in this case we can thus say that the minimal realizations of two environments
are isomorphic, and in particular share a common covering space if they are
indistinguishable.

4 Bisimulation Quotients of Deterministic Graphs

Our next question is, how much can the robot know about the underlying graph
and under which conditions? Above we showed that two deterministic graphs
are indistinguishable by a robot if and only if they have isomorphic universal
coverings. But these graphs might still be non-isomorphic—a graph with cycles
cannot be isomorphic to its unraveling, such as the graph of Figure 4 but it is
indistinguishable from it by Corollary 11.

Thus, the robot cannot, in general, reconstruct the isomorphism type of the
graph on which it walks. But what if the robot can place a pebble, a marker
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Fig.4: A deterministic graph and its unraveling. If the robot places a pebble
at the green vertex, it can learn the quotient of the unraveling with the unique
bisimulation relation where the set of green vertices are an equivalence class.

which, when placed, uniquely identifies a vertex if the robot visits it in the
future? When the robot places a pebble and later encounters it, it knows that
it is the same pebble indeed. So having a pebble in one vertex corresponds to
a unique sensory reading which the robot knows does not repeat anywhere else.
Correspondingly, the vertices of the unraveling should be identified such that
the vertices corresponding to each pebbled vertex is a unique equivalence class.

Definition 16 Let S = (S, F,g,b) be a graph, R C S x S be an equivalence
relation. The quotient graph S/R = (S/R, E/R, g/R,b/R) is defined as follows.
The state set S/R is the set of R-equivalence classes. For any two classes U,V €
S/R and label A € A, there is an edge (U,V,-) € E/R with multiplicity n and
label A where n = maxyev (3 ,cv kjﬂ,), where k), is the multiplicity of the
edge (u,v,-) € E with label \.

After the quotient, not every equivalence relation R preserves bisimulation
equivalence to the original graph. On one extreme, we can have (s1,s2) € R
for all s1,s2 € S which gives a single vertex quotient graph with all self loops.
We will show that it is sufficient for an equivalence relation to be a graded
bisimulation for the quotient to preserve bisimulation.

Proposition 17 Let S = (S, E,g,b) be a graph and R C S x S be an equiv-
alence relation. If R is a graded auto-bisimulation of S, then S and S/R are
indistinguishable.

Proof. Assume R is a graded auto-bisimulation. Let R = {(s,[s]) | s € S}.
We show that R’ is a graded bisimulation. R is total as R is. Let U and V be
R-equivalence classes. Then for all v € U and label A, the sum N =3 k;)’v
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equals the multiplicity of the label A in P(u). Since R is graded, by Def.3(4), this
number does not depend on the choice of u € U. Consequently, the multiplicity
of the edge between U and V with label A equals N. Thus, P(U) = P(u) for all
u € U and so P(s) = P([s]) for all s € S.

Let us now prove conditions Def.3(1) and (2). For 3(1)(Zig), let (s,[s]) € R’
and s > s'. Let V = [s']. The existence of the edge s — " implies > oy, k2, > 1.
Thus, the multiplicity in the quotient is at least 1, meaning [s] = [s']. The pair
(s',[¢']) is in R’ by definition. (Zag) Let (s,[s]) € R’ and [s] AV for some
R-equivalence class V. By Definition 16, the edge multiplicity in the quotient
is non-zero, which implies max,¢c[q ZUGV f;v > 1 Therefore there exists a
representative u € [s] and a state v € V such that u 2 v. Since (s,u) € R
and R is a bisimulation, there exists s’ such that s A ¢ and (s',v) € R. Thus
sev]=V,so0(¢,V)eR. O

In general, the equivalence relation obtained by identifying pebbled vertices
is not a bisimulation relation. To apply Proposition 17, we must consider bisim-
ulation relations which contain it. We denote the ﬁnlte or infinite sequences with
elements in A as A*. We denote s; A sp by s1 — 9 for w = {\i}, € A",

Lemma 18 Let S = (S, E, g,b) be a deterministic graph. Let 8" = (S',E',¢', V')
be a covering of S via (p,q), and R C {(s},s5) € S x 5" | p(s}]) = p(sh)} be
symmetric. The unique smallest auto-bisimulation relation on 8’ containing R
is the relation Bg defined as:

(u',v") € Bp <= 3(s},85) €R, Iw e A* s.t. 8§ B’ and sh, 5. (1)

If R={(s},sh) € S’ x S" | s},85 € p~Y(y), y € Y} for someY C S, then Bpg is
the unique auto-bisimulation relation containing R with the property that for all
(u,v) € Br and for all y € Y, we have p(u) =y if and only if p(v) = y.

Proof. Let B be the set of all auto-bisimulation relations on S’ containing R.
We show Bg € B. First, for w = ¢ denoting the empty word, we have v = v/
and v’ 5 o' for any pair (u/,v) € R, hence R C Bg. (Zig) Let (u},v}) € Bgr
witnessed by history w € A* and origins (s}, s5) € R. Let u] = u}. Since the &
is deterministic, u} is the unique destination of the sequence w starting from
yy. Since (s7,s5) € R, we know p(s]) = p(sh). Thus, s and s}, cover the same
vertex in S and admit identical transition sequences. Therefore, s w3 v} exists.
Consequently, (u},v]) is reached by history wA from the pair (yi,v5) € R, so
(uh,vh) € Bg. (Zag) holds symmetrically.

(Br is minimal) Let B € B be a bisimulation relation with R C B. If (u,v) €
Bg, they are reached by some history w from a pair (s],s}) € R. Since R C
B and B is a bisimulation, the equivalence must be preserved along w. The
endpoints are unique as S is deterministic, forcing (u,v) € B. Thus B C B,
and Br C ﬂBegB as B was arbitrary. As Br € B, we conclude Br = ﬂBEsB
(Br is unique) Assume R = {(s},s5) € ' xS | 8,55 € p~1(y),y € Y} for some
Y C S. For any (u/,v") € Bg originating from (s}, s5) € R via w, the covering
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property p(s}) = p(sh) and deterministic projection imply p(u') = p(v”). Thus for
any y € Y, u' € p~!(y) if and only if v’ € p~!(y). Let B DO R be any bisimulation
on S satisfying this condition. Minimality implies Br C B. Conversely, for any
(u',v") € B and for any y € Y, connectedness imply a path w exists from o’
to some s} € p~'(y). Bisimulation ensures 3s}, v' = s} with (s},s,) € B. By
assumption on B, s; € p~!(y), implying (s}, s5) € R. The symmetry (undirected
edges) of the graph ensures the reversibility of w, hence (u’, v’) is reachable from
(sh,85) € R, so (u/,v") € Bg. Thus B = Bp. O

Remark 19 In previous work, Bgr was called the minimal sufficient refinement

of R [14,17].
Let (m1,m2) be a covering map from T, (S) to S.

Theorem 20 Let S = (S, E, g,b) be a deterministic graph, sp € S and R an
equivalence relation on S such that wl_l(sl) is an equivalence class for some
s1 € S. Then Ty, (S)/Br is isomorphic to S for Bg of (1).

Proof. The unique graded bisimulation Bg (1) established in Lemma 18 satisfies
(u,v) € Bg if and only if 7 (u) = 71 (v). It follows that Bp is the kernel of map
71, and that Ty, (S)/Bg is isomorphic to S. O

5 Learning Deterministic Graphs

We now address the problem of learning a deterministic graph. It has been shown
in [8] that a finite automaton cannot explore an arbitrary graph using only one
pebble while it was proved in [3] that two pebbles are enough. Our algorithms,
however, use unbounded memory because they are supposed to construct an
isomorphic copy of the graph they are in. This is a strictly harder task than
exploration which only demands that each vertex is visited (and sometimes it is
made more challenging by demanding that the algorithm halts after the task has
been completed). Learning the isomorphism type requires exploring the graph
and it also requires unbounded memory. Therefore our result that the isomor-
phism type can be learned using only one pebble is not a contradiction to [8].

Let S = (S, E, g,b, sg) be a deterministic graph. For this case, as established
in Theorem 10, the robot’s history is canonically represented by the unraveling
tree Ty, (S). For any graph containing cycles, T, (S) is infinite. By Theorem 20,
the learning problem is equivalent to identifying the relation R identifying all
vertices in T, (S) where the pebble is detected. While the full relation R required
to quotient T, (S) to S is infinite, for S with finitely many vertices, Lemma 18
can be augmented (Lemma 23 in the appendix) to ensure the unique bisimulation
relation which retains the lifts of the pebbled vertices is generated by a finite
relation R.

In essence, the efficiency of a quotient based algorithm is determined by the
efficiency of the traversal strategy it employs on the unknown graph. Indeed,
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a traversal strategy which occasionally gets stuck on the loops of the graph
would result in worse performance than one which does not. Before defining a
specific traversal strategy actuating the robot, we establish the correctness of and
complexity bounds applicable to the general class of algorithms that iteratively
construct a hypothesis graph via quotienting.

Correctness Consider any exploration strategy that progressively expands a
hypothesis graph H; and applies the quotient operation whenever the pebble is
detected. At every step, the quotient of the unraveling with respect to the Bpr
is indistinguishable from the true environment S by Proposition 17.

For the learning to be complete, the exploration strategy must ensure that
every edge in the physical graph is eventually traversed. Since the environment
is finite and connected, and the quotient respects the deterministic transitions,
the sequence of hypotheses Hjy must converge to a graph isomorphic to S once
all cycles forming the generators of the fundamental group of the graph are
traversed and identified. Equivalently, let Ts C S be a spanning tree (a tree
subgraph, which contains every vertex of §). The robot must separately traverse
(and identify) paths which go any edge in S which is not in Tg.

Formally, we can prove that in finite time the algorithm reaches the quotient
Ts,(S)/Byr, where By, = {(t1,t2) | m1(t1) = m1(t2)} is the same as Bg of Theo-
rem 20. To prove this, we can assume that the algorithm produces pairs (T, Ep),
(Ty, E4), ... where T} is a finite subtree of Ty, (S) and EJ, is an equivalence rela-
tion on Ty, and Hy = T}/ Ey, where (T}, Ey) is the closure of (T}, E). The closure
is defined so that it corresponds to the "wrapping" of a potentially infinite part
of T "around" the part of the graph that has already been successfully explored
and where the equivalence has been partially established correctly. The details
of this formal treatment and proof are in the Appendix.

Computational Complexity The time complexity of this class of algorithms
is dominated by the cost the computation of quotient graphs. Let n = |S| be the
number of states and m = |E| be the number of edges in graph S.

The crucial operation is the quotient computation. When a pebble is de-
tected, the algorithm must propagate bisimulation equivalence on the relation
R identifying the pebbles throughout the graph, and must merge equivalent ver-
tices. This partition refinement process is analogous to Hopcroft’s algorithm [9]
for minimizing finite automata which runs in O(mlogn) time, in which 7 and
m are the numbers of vertices and edges of the graph to be quotiented. Denote
the k-step finite subtree of the unraveling as 7% (S). We are looking for T% (S)
with smallest k € N s.t. T¥ (S)/Bg is isomorphic to 8. The proof of validity we
give requires k > 2N, where N is the pumping number (see the Appendix). The
degree of the graph is bounded by m —n+1. We set k = 2n+2 > 2N. It follows
that 7, m < (2n+2)(m—n-+1), and hence the time complexity of the quotient is
O(mnlog mn). From our proof of validity, we obtain this time complexity, which
might not be optimal. We will leave the further improvements for future work.
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Mechanical Complexity The robot cannot teleport between vertices in the
frontier of its exploration. Any exploration algorithm requires the robot to back-
track through the known structure to reach the next pending vertex.

In the worst case, the robot traverses a path of length O(n) to discover each
of the m edges. Consequently, the total number of edge traversals invoked by the
robot is bounded by O(mn). While this matches the polynomial time bounds
for single-pebble exploration in [5], our approach offers a distinct advantage:
The algorithm never moves the pebble. Furthermore, the quotient step reduces
the effective size of the graph after every loop closure, potentially reducing the
path lengths required for subsequent backtracking steps. This bound can be
potentially improved with more pebbles: If the robot were to place a pebble at
each vertex it visits, traversal can be done in O(n) [13].

We present a sample algorithm that iteratively constructs a hypothesis graph
Hi by computing the quotient of the explored unraveling with respect to the
constraints imposed by a single pebble.

X
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- \v7 \v7
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Fig.5: The BFS algorithm applied to the environment in Figure 4 with pebble
placed at the red vertex. The algorithm first searches to depth 3 obtaining the
graph on the left, and applies the quotient to obtain the middle graph. To obtain
the base graph in Figure 4, the algorithm searches to depth 4 to obtain the graph
on the right, and applies the quotient once more.

5.1 A Sample Algorithm

We present a simple Breadth-First Search (BFS) approach. We expand the fron-
tier of a hypothesis graph Hj layer-by-layer, applying the quotient operation
online. Denote the k-step finite subtree of the unraveling as Tfo (8). The proce-
dure is defined as follows:

1. Initialization: The robot starts at the pebbled vertex sg. The initial hy-
pothesis is Ho = ({so}, 0).

2. Expansion: At step k, perform a BFS expansion on the physical graph
from locations corresponding to the frontier Fj, C V(Hy) of vertices with
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unexplored edges. For every observed transition w AovinS , add an edge
and a new vertex to My, resulting in the expansion TF (S).

3. Quotient Update: Check T (S) for the pebble. Let Py be the set of peb-
bled vertices. If | P;| > 1, then with R = Py x P, compute the new hypothesis
by taking the quotient

Hier = TL,(S)/Br. (2)

4. Termination: Repeat steps 2—3 until the frontier is empty.

It is clear that the specific algorithm we proposed is rather inefficient and heuris-
tics can improve the polynomial runtime. For example, the mechanical complex-
ity can be improved in expectation by employing routines which move the pebble
to the frontier, and by the applying the quotient immediately after the appear-
ance of a pebbled vertex on the frontier vertices. Additionally, the computational
complexity of the quotient operation can be improved by applying the quotient
Hy to the hypothesis graph instead of TF (S).

6 Conclusion

We studied indistinguishability of graphs explored by a robot and have charac-
terized the class of indistinguishable deterministic graphs by a covering graph
condition for a robot without pebbles. One of the directions of this characteriza-
tion holds for the continuous category of topological environments. We proved
the robot can learn deterministic graphs up to graph isomorphism and showed
the validity of a class of quotient based learning algorithms for a robot with
one pebble. As opposed to [8] which shows that this is not possible for finite
automata, similar to [5], our algorithms use unbounded memory to construct
the isomorphic representation.

Several open questions remain. First, our characterization of indistinguisha-
bility does not fully extend to nondeterministic graphs, where the uniqueness of
the universal covering fails. Future work should investigate "weak coverings" to
resolve the equivalence relation for nondeterministic settings. Second, given our
model of the robot, it is clear that the robot with one pebble cannot determin-
istically learn (provide a certificate when it has finished learning) on nondeter-
ministic graphs. For example, any k-regular graph with one edge label and more
than two vertices cannot distinguished. A graph is said to be nondeterministi-
cally learned if for any 1 > § > 0, there is k € N such that the reconstruction is
isomorphic to the graph with probability 1 — § for a random walk of length k.
To give a bounds on the number of minimum pebbles required to deterministi-
cally and nondeterministically learn graphs is an interesting direction for future
research.
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