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Abstract. This paper bridges some of the gap between optimal plan-
ning and reinforcement learning (RL), both of which share roots in dy-
namic programming (DP) applied to sequential decision making or op-
timal control. Whereas planning typically favors deterministic models,
goal termination, and cost minimization, RL tends to favor stochastic
models, infinite-horizon discounting, and reward maximization in addi-
tion to learning-related parameters such as the learning rate and greed-
iness factor. A derandomized version of RL is developed, analyzed, and
implemented to yield performance comparisons with value iteration and
Dijkstra’s algorithm using simple planning models. Next, mathematical
analysis shows: 1) conditions under which cost minimization and reward
maximization are equivalent, 2) conditions for equivalence of single-shot
goal termination and infinite-horizon episodic learning, and 3) conditions
under which discounting causes goal achievement to fail. The paper then
advocates for defining and optimizing truecost, rather than inserting arbi-
trary parameters to guide operations. Performance studies are extended
to the stochastic case, using planning-oriented criteria and comparing
value iteration to RL with learning rates and greediness factors.

Keywords: planning algorithms, motion planning, reinforcement learn-
ing, Q-learning, value iteration, dynamic programming

1 Introduction

Bellman introduced the principle of DP in the 1950s as a way to efficiently
compute solutions to sequential decision-making problems [3]. The core idea is
the principle of optimality, a simple observation that optimal solutions must be
composed of optimal parts, thereby leading to a powerful recurrence relation or
differential equation that underlies the Hamilton-Jacobi-Bellman (HJB) equa-
tion in continuous-time optimal control, value and policy iteration methods for
discrete-time problems, and is useful for algorithm design and complexity anal-
ysis well beyond sequential decision making. In the context of motion planning,
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Dijkstra’s algorithm, A*-search, D* [1425], and many others compute optimal
plans over grids or more general graphs. Dijkstra-like planning algorithms, built
upon value iteration, compute approximately optimal feedback plans over con-
tinuous spaces using sampling and interpolation of value functions [31]. All of
these methods extend gracefully to settings with either nondeterministic (possi-
bilistic) or stochastic (probabilistic) prediction uncertainty [I5].

In the 1990s, Barto and Sutton introduced a powerful paradigm that cleverly
interleaves the discovery of the effect of actions with the calculations of optimal
values and plans [26]. In preceding works, experimental data was first used to
learn or estimate a model of the form «’ = f(x, u) for states z, z’ and action u (or
p(z' | z,u) in a stochastic setting), and then the model was used as a module in
DP methods. The new paradigm, called reinforcement learning (RL), retains all
of the structure of Bellman’s original DP equations, while inserting learning or
discovery directly into the algorithms for computing optimal plans (or policies).
Thus, RL is a fusion of optimal sequential decision-making (control, planning)
with machine learning (system estimation, identification).

In recent years, RL has become ubiquitous as an approach to problems in
robotics and embodied AI [I3l27]. As it is applied to motion planning, it has
been useful as a way to generate motion/control primitives to complement plan-
ners (e.g., [§]); however, the relationships across the Bellman-inspired family of
methods have become increasingly opaque. In non-RL works, a clear cost model
is formulated in terms of engineering resources, such as time or energy expended,
and plans are selected to globally optimize cumulative cost. In standard RL, a
reward model is defined that is biologically inspired and is often shaped or tuned
to yield desired outcomes [20]. Furthermore, RL tends to be formulated as an
infinite-horizon problem in which the most preferred way to make cumulative
rewards finite is via an arbitrary discount factor that has little meaning in an
engineering context (notable exceptions exist [19]). In non-RL approaches to
planning, the episode usually ends when goals are achieved; even though the
number of steps may be unbounded, it is finite and can be efficiently handled
by termination actions [I5] or terminal states [721], thereby preserving the true
cost model. Finally, RL is formulated exclusively in a stochastic setting, whereas
for non-RL methods there is a simple and clear relationship between correspond-
ing algorithms in deterministic and stochastic settings. Probabilistic modeling is
not the ‘only’ or ‘most general’ way to handle uncertainties (e.g., [12]).

To address these concerns, we investigate a series of methods along the spec-
trum from deterministic planning to stochastic RL (to Q-learning [30]). Relation-
ships are established through both theoretical analysis and experimental studies.
To this end, this paper is closely related to the previous attempts on unifying RL
and DP concepts [6/5]. However, in this work, we focus on the interplay between
the cost/reward formulations, analyze the effects of randomization and other
practices used in RL on the solution through its relation to DP. Section [2] starts
with optimal deterministic planning and develops a comparable derandomized
analog of RL that clarifies the issues of whether a model is given and whether
one can jump at will between arbitrary states. Computation and convergence
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rates are compared over several examples. Section [3] bridges the gap between
typical planning and RL formulations through rigorous mathematical analysis
of their relationship, with an emphasis on using physically motivated costs in
models, as opposed to arbitrary discounts and rewards. Section [] extends the
studies to stochastic state-transition models, which are prevalent for RL. Section
summarizes the main conclusions and remaining challenges.

2 Optimal Planning and Deterministic RL

2.1 Optimal planning concepts

Consider a standard optimal planning problem expressed as a six-tuple P =
(X,U, f,x1,X¢,¢), in which X is a finite state space, U is a finite action space,
f: X xU — X is the state transition function, x; € X is the initial state,
Xg C X is the goal set, £ : X x U — [0,00) is the cost function. Actually, f is
allowed to be a partial function, in which U(z) C U denotes the actions available
from each x € X. A feedback plan, or policy is a mapping 7 : X — U, and we
use the shorthand f(z) := f(x,nm(x)) to indicate the next state obtained by
applying policy 7 at state z. A policy 7 is evaluated from any x; € X using the
stage-additive cost functional

L(m,a1) =Y e, m(zr)), (1)

k=1

in which k € N indexes over stages, and xx+1 = fr(xx). Note that different cost
functionals are possible and will be introduced later. To take X into account,
a special termination action up € U(z,) exists from every z, € X, and when
applied at stage k, then x;41 = x; = x4 for all all ¢ > k and {(x4, ur) = 0. This
ensures that is finite if the goal is reachable from z1, in spite of having an
infinite horizon, that is, infinite number of stages. A plan or policy 7* is optimal
if for all other 7 and all 1 € X, L(n*,21) < L(mw,x1). Let G : X — [0,00)
be the cost-to-go function for a plan 7, in which each G, (x) is the total cost
obtained in (1)) by applying 7(z) from state 1 = x. Let G* = G~ be the optimal
cost to go. Determining G* and 7* are closely related because:

7*(x) € argmin{l(z,u) + G*(2)}, (2)

u€eU(x)

in which ' = f(z,u) (see [I5], Ch. 2). In the case of classical planning, the
model is known; thus, 7* and G* can be computed using value iteration or
by Dijkstra’s algorithm, in which the latter can be seen an efficient version
of value iteration. Whereas Dijkstra’s algorithm is typically faster than value
iteration, value iteration generalizes more easily to stochastic planning and RL.
Value iteration proceeds by successively computing cost-to-go functions for each
stage, proceeding backwards through time, until the values stabilize (they do
not change). For each z;, € X, the value is calculated as

Gilee) = min Lt + Gl en) ), 3)

up €U (z)
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in which zx11 = f(ag,ur). Most RL algorithms essentially create an asyn-
chronous, step-by-step version of , in which each step processes a state-action
pair (xg, ug).

2.2 Handling imperfect models by derandomizing RL

Whereas most RL algorithms are designed considering imperfect models, plan-
ning algorithms typically assume a complete model. Therefore, our first task is to
carefully relate and compare these. Two critical options emerge: 1) Is the model
given to the algorithm? Suppose that in the model-based case, P is completely
given to the algorithm. In the model-free case, P is known ‘to the gods’ but not
the algorithm. The robot can only try actions and then sense the next state and
incurred cost. 2) Can the robot freely ‘jump’ between states for planning pur-
poses? Virtual jumping occurs in planning by using the model: The algorithm
deduces what would happen if action u were applied from state z. By default,
we focus on physical jumping, in which the robot is moved to a new state.

There are three cases based on the critical options: 1) Model-based. If the
model is available, then, virtual jumping can be used, allowing algorithms such
as Dijkstra or value iteration to solve the optimal planning problem before the
robot is ever moved. 2) Model-free with jumping. If physical jumping is
free and X were known, then the model can be completely discovered by trying
every u € U(z) from every x € X. Suppose that even X is unknown. In this case,
we assume sensing is sufficient so that states can be uniquely labeled as they
are discovered, and returns to previous states are correctly determined. Even in
this extreme scenario, Dijkstra or value iteration could be applied to derive the
optimal plan. The difference compared to the first case is that here, jumping must
be physical. (If a cost is assigned for physical jumping, then an intriguing new
optimization problem emerges.) 3) Model-free without jumping. This case
most closely matches common RL formulations. The robot must move along one
long path to discover an optimal plan. (The directed transition graph underlying
P is required to have every state reachable from every other.)

Note that since the system is deterministic, every state-action pair needs
to be considered only once to completely discover f; however, revisits may be
needed to fully compute G*. Furthermore, f can be represented as a directed
multigraph with vertices X and labeled edges U(z) for all z € X. This leads to
a simple two-phase algorithm: 1) First, ‘physically’ explore enough to discover
the entire graph (jumping not allowed!); several efficient algorithms exist [19]. 2)
Then, run Dijkstra’s algorithm or value iteration to calculate G* and 7*. We call
the resulting algorithms Model-free Dijkstra and Model-free Value Iteration, re-
spectively. This, however, does not follow the spirit of most RL, which interleaves
learning and optimal planning during the entire execution. To move closer to this
approach, we introduce a derandomized version of Q-learning, which serves as a
gateway between typical planning and RL scenarios.

Let @ : X XU — R be the Q-value function, obtained from by applying
up at x1, and then applying actions u; = 7(x;) for all ¢ > 1. Let Q* = Q,~ be
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the optimal Q-value function. Note that G* can be computed from Q* by

G*(z) = min {Q*(z,u)}. (4)
ueU(x)

Q-learning estimates Q* through the process of stochastic iteration [26J22]. Using

a stochastic state transition model p(xg11|xk, ux) (addressed in Section [4), the

estimate Q* of Q*, is determined iteratively by

@ o) (=@ +p (te+ i (@60}, 6)
u €U (x’)
in which 2’ is obtained by applying u from z in a single step, p € (0,1) is
the learning rate, and < denotes an assignment (see [15], Sec. 10.4). Note that
jumping is not required: The minimization over all v’ € U(z’) involves looking
up internally stored Q-values. The parameter p is chosen to be smaller if the
amount of uncertainty or instability is higher. If every reachable state-action
pair is visited infinitely often, then Q* converges to @Q* in probability [5l29].
In the limiting case of a deterministic system, there is no uncertainty, which
would suggest setting p = 1 to obtain our proposed derandomized Q-learning:

Q*(w,u)  lw,uw) + min {Q"( )}, (6)
u' eU(z’)

Q-learning is considered off-policy in the sense that no particular plan of move-
ment for exploration is assumed, as long as every state-action pair is visited
infinitely often. In practice, however, a movement plan is needed. To ensure all
state-action pairs are visited infinitely often, two pure exploration plans are con-
sidered: 1) apply random actions, leading to probabilistic convergence, and 2)
apply a universal plan from [28] to obtain deterministic convergence.

Proposition 1. If every state-action pair (x,wu) is visited infinitely often for all
r e X andu EAU(a:), and (@ is applied in every step, then after a finite number
of iterations, Q* = Q*.

Proof. Let Z = X x U be an augmented state space and let fz : Z x U — Z
be the state transition function defined as fz((z,u),u") = (f(x,u),v’), in which
f is the state transition function for the original problem. Rewriting @ in Z
yields Q*(2) « £(z) + minuer(f(w)u)){Q*(z’)}, in which 2’ = fz(z,u’). Because
in Q-learning the values are updated when x is visited and w is applied, this can
be seen as a step in an asynchronous value iteration with single state updates
in contrast with value iteration which does a complete sweep of all the states.
Then, the finite time convergence to the optimal values follows from the finite
time convergence of asynchronous value iteration for deterministic shortest-path
problems [4].

As is common in RL, we balance exploration vs. exploitation in the form of
an e-greedy plan/policy. For some fixed value € € [0,1], the policy applies the
next action in the pure exploration plan with probability €; otherwise, it applies
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the minimizing u’ in @ Thus, it is ‘greedy’ (exploitation) 1 — € of the time on
average. Using e-decay was tested, but excluded; see the appendix.

We follow another common RL practice, which is to allow periodic jumping
back to the initial state. Thus, the execution is divided into episodes, in which
each one corresponds to applying an action sequence from the initial state until
either X or a maximum iteration limit is reached (to escape greediness-induced
traps). This issue does not arise in value iteration because the state becomes
frozen once X is reached and wr is applied. The relationship between these
two settings is analyzed in Section [3.3]

2.3 Computational comparisons

We compared Q-learning and the model-free versions of Dijkstra’s algorithm,
value iteration, and asynchronous value iteration (see Sec. , over several
planning problems encoded as grids with standard 4-neighbors. Higher dimen-
sions and continuous problems are avoided here because our aim is to improve
understanding and we believe the key issues identified in our studies extend to
higher dimensional lattices [I6] and continuous problems involving DP with in-
terpolation [I7]. The experiments were conducted using Pythmﬂ They were run
on a desktop computer with a Ryzen 7 3700X CPU (3.6GHzﬂ Figure shows a
representative sample of the problems we investigated; many more results appear
in the appendix.

Fig. 1. Ten representative problems (enumerated from top-left to bottom-right as 0,
1, 3, 4, 8,9, 10, 11, 12, 16). The green dot is the initial state. The red dot is the goal
state. The white segments connect the states and can be viewed as the actions allowed
by the robot. All actions have the same step cost. The gray areas are obstacles.

Run times are shown, which closely correlate with number of actions taken
(these appear in the appendix). We ran each algorithm 100 times and report the
mean and standard deviation. Unless otherwise stated, the number of episodes
used for Q-learning is set to 1000, and the number of steps per episode is set to

3 The codebase can be found |here!
4 A computer with an i5-12400F CPU (2.50GHz) was used for some of the stochastic
experiments (y < 0.9).
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3000 to be sufficiently longer than any optimal path. These were chosen through
trial and error to optimize Q-learning performance. Each run was terminated
either after convergence or an iteration limit was reached. We considered three
questions: (1) Was a path from the initial state to a goal state found? (2) Was
the path found optimal (is the cost-to-go value from the initial state optimal)?
(3) Is the cost-to-go value for each state in the state space optimal?

The first question corresponds to a feasible planning solution: An action
sequence that leads to the goal. Figure [2] shows how varying e affects the time
in which the goal state is first discovered. When all state-action pairs (except
the goal) are initialized to the same value, a greedy action would be chosen
arbitrarily (depending on which action is first in its enumeration) because all
neighboring values are equal. Later, as the cost of any action that has been
chosen in previous iterations increases relative to the other available actions,
unexplored actions would be favored. This happens until the goal is discovered
and better values are propagated backwards, causing actions making progress
towards a lower cost solution to be preferred. For problems in which there are
less states and more obstacles (e.g., Problem 12), the goal is discovered more
quickly with smaller values for €. For Problem 0, since the whole state space is
available and the goal is relatively far away, a purely greedy approach (e = 0)
takes more time to reach it. However, a random policy (e = 1) is quicker because
the robot is not hindered by any obstacles.

Effect of Epsilon on Goal Discovery Time Effect of Epsilon on Goal Discovery Time

*°1" Problem
- 3

9
- 10

e 12

Normalized Avg Time Goal Discovered
Normalized Avg Time Goal Discovered

¥

———

0.00 025 050 0.75 090  1.00 0.00 025 050 0.75 050  1.00
£ €

Fig. 2. The effect of decreasing greediness in a policy when applied on different prob-
lems.

To address questions (2) and (3) above, we define convergence for Q-learning
as convergence to the optimal cost-to-go values computed by a model-based value
iteration. Note that Q* can be obtained from G* using for this comparison.
Table [I|shows the performance of the model-free versions of Dijkstra’s algorithm
and value iteration, and that of Q-learning with varying e for a representative
problem. We also include a deterministic version of Q-learning, labeled as ‘(7)’,
that uses digits of T = 3.14... base four, to select actions [2§]. We show the
average run time of the algorithm, how often the values for the whole state space
converge (frequency of convergence), and the time it takes for the value of the
initial state to converge.

Unsurprisingly, the model-free Dijkstra algorithm has the fastest run time,
followed by model-free asynchronous and then synchronous value iteration (these
run times include graph exploration). The fastest version of Q-learning is purely
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Table 1. Performance of Q-learning and model-free approaches on a deterministic
problem (Problem 10). Value iteration shortened to VI.

Optimal Initial
Convergence Cost-to-Go Time
(mean =+ std)

Run time

Algorithm (Problem 10) (mean + std)

Q-learning (¢ = 0) 0.33383 £ 0.0025 0.0 % 0.1720 4+ 0.0016
Q-learning (e = 0.25) 0.44088 + 0.0030 0.0 % 0.2043 + 0.0041
Q-learning (e = 0.5) 0.64394 + 0.0045 0.0 % 0.2517 %+ 0.0066
Q-learning (e = 0 5) 1.08726 + 0.2099 76.0 % 0.3502 £+ 0.0129
Q-learning (e = 0.9) 0.61889 £+ 0.0559  100.0 % 0.4858 £ 0.0239
Q-learning (e = 1) 1.88356 £+ 0.6740  100.0 % 1.2836 + 0.3801
Q-learning (7) (e = 1) 2.02001 £+ 0.4996  100.0 % 1.3425 + 0.2770
Model-free Dijkstra 0.00248 £ 0.0006 N/A N/A

Model-free Asynchronous VI 0.04920 £ 0.0004 N/A N/A

Model-free VI 0.05585 £ 0.0007 N/A N/A

greedy (e = 0). As a result, we can see that the more randomness we introduce
in the form of increasing e, the slower the algorithm runs. However, there is
a reverse relationship on the convergence rate: lower e decreases the frequency
of convergence. This aligns with intuition because less exploration will prevent
states from being visited sufficiently often with high probability. However, as €
increases, both the convergence frequency and run time increase. Interestingly,
for lower e values, the optimal cost-to-go value from the initial state converges
faster. Based on this observation, if the objective is to simply find an optimal
path between the initial and the goal states when the system is deterministic,
picking € = 0 is often the best choice.

The model-free version of Dijkstra’s algorithm is on average 134.65 times
faster and uses 22.88 times fewer actions than Q-learning with ¢ = 0. If the
objective is not only to find an optimal path from the initial state, but to find the
optimal cost-to-go values for all states, we choose € = 0.9, since this is the value
for which Q-learning converges consistently with the lowest run time. In this
case, model-free Dijkstra’s algorithm is 249.62 times faster and uses 46.50 times
fewer actions, which is an even bigger difference in performance. We observed
that the relative performance among the different Q-learning variants and the
model-free approaches is consistent across all problems studied, although the
magnitude of the performance differences varies.

3 Analysis of Cost/Reward Models

This section brings the planning-oriented model of Section [2] closer to the mod-
els typically used in RL, which involve rewards, discounting, and episodes. We
mathematically analyze and experimentally study the effect of each, while re-
maining in a deterministic setting to improve clarity; Section @ will then consider
the case of stochastic systems.
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3.1 Cost and reward models are equivalent, almost

Engineers have tended to minimize cost whereas Al researchers, especially in
RL, have preferred to maximize reward. The former usually involves physical
quantities, such as time, energy, distance, or perhaps money in a business setting.
The latter takes inspiration from biology by imagining the robot or agent as
being conditioned by Pavlovian rewards. As shown below, these formulations
are equivalent at a general level; however, the problem with biologically inspired
reward is that it tends to lead to the heuristic invention of reward functions to
‘motivate’ the robot to act in preconceived ways [20]. We therefore introduce the
idea of truecost, in which the aim is to formulate costs that directly map to the
physics of a given system (or perhaps money in a business setting). Ideally, costs
or rewards should not be tweaked until the algorithm does what is was supposed
to do. Of course, we can imagine truereward, but we emphasize that it should be
more concrete, such as profit (revenue minus cost) in a business setting, rather
than a vague bio-inspired motivator.

It is generally known that replacing the costs in a problem formulation by
the corresponding rewards (multiplying the costs by —1) and switching from
minimization to maximization results in an equivalent problem formulation in
terms of the optimal policies. We show that this is generally true for any cost
functional that is linear in terms of the sequence of stepwise costs. Note that
this criterion covers all the standard cost formulations, including total cost,
discounted cost, asymptotic average cost and the expected values of these in the
stochastic formulations.

Proposition 2. Let P = (X, U, f,x1, X, {) be a planning problem with a cost
functional L, : UN x X — R. Assume that the cost-functional can be written
as Le(t, x1) = L(h(@, 1)) in which h : UY x X — RN maps a path onto the
corresponding sequence of stepwise (immediate) costs and £ : RN — R is a linear
operator. Then a policy w attains a minimum for L. if and only if it attains a
mazimum for the operator L, defined by L(t,z1) = L( — h(,z1)).

Proof. For z € X, let @* € U" be the action sequence corresponding to following
an L.-optimal policy 7* from x. Then L.(a*,2z) < L.(u, ) for all & # @* so that

L.(@*,2) = L(— h(@*,z)) > L(— h(TG,z)) = L:(a, z)

for all u # u*. This means that applying @* from z corresponds to maximizing
the reward functional L., in other words, following an L.-optimal policy. The
implication in the other direction follows similarly, and since x was arbitrary,
the claim follows. a

3.2 The dangers of discounting

Infinite horizon decision making problems tend to yield diverging sums of costs
or rewards. If there is a goal, as in the case of planning, then the simplest way
to fix it is to use a termination action as introduced in Section 2t No more
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costs/rewards accumulate after termination, thereby forcing to be finite if
the goal is reachable. The preferred way in RL is to use discounted cost/reward,
which is a kind of mathematical hack dating back to Bellman [3]. For any « €
(0,1), the following sum is finite:

Lo(m,21) = Klﬂnoo (Z ol wkﬂ“@)) (7)

This implies that future costs/rewards are considered less valuable than current
ones and it might be fine in highly unpredictable settings such as financial mar-
kets, but for robotics this causes a large and dangerous deviation from truecost.
In the following, we discuss this aspect of discounting.

Let & = (u1,...,un—1) be a sequence of actions. A sequence of states
(x1,...,xn) in which a1 = f(zg,ug) for k=1,... ,N—1isa cycle,if x; = zn
and xy # xq for k = 2,..., N — 1. We denote by C(@,z) a cycle beginning at
x corresponding to 4. If @ is given by a state-feedback policy 7 : X — U, we
denote a cycle starting at « by Cy(z). For the following proposition, suppose
£ is a strictly positive cost function other than ¢(x,ur) which is 0 for any z.
Without loss of generality, we assume that there is a single goal state z¢.

Proposition 3. Given a planning problem P = (X,U, f,z1,zq,¥), suppose
there exists a policy wg for which L(ng, 1), the cost according to the cost func-
tional in , is finite. Furthermore, suppose there exists a wo such that the path
(v1 = zp,mo(x1), 22, 7 (T2), .. .) contains a cycle Cr(x), in which x = Xy, for
some m. Then, there exist £ and « such that L(m},, x1) = oo, in which 7% is an
optimal policy minimizing the cost functional defined in ,

Proof. Without loss of generality, suppose that the cycle given by w¢ starts at zj,
that is, Cr,(x1) = (v1 = x5, 22,..., 2541 = 1) for some N and suppose that
Cr. does not include z¢. Since we are considering an infinite-horizon setting, this
cycle will be executed infinitely many times. Let ¢ = ¢; +aco+a?cs+...aN ey
be the cost that accumulates going through this cycle once, in which ¢; =
Uzi,mo(x;)),i=1,...,N.Let a := a™. The discounted cost associated with 7o
is L (re,xr) = thHOO Zk o(@)*e = 5. Let m, be a policy that minimizes
among the policies that terminate at goal. The total discounted cost for 7,
. La(ngwr) = Mmpyoo S5y oF (an, mg(ax) = 3Ly of M, m (),
since the cost of termination action ur, applied at the goal state xx = zg
for £ > M — 1 for some M, is 0. Denote by 7}, an optimal policy mini-
mizing Then L (wa,x,-) < Lo(mc,zr) and Lo(7),x7) < Lo(ng,zr). If
Lo(m},xr) = 155 < Zk 1 Yok (g, wh (2r)) = Lo, 1), 72 must contain a
cycle. Then we can pick ¢ and « such that this inequality is satisfied. In that
case, L(m%, x1) = oo since it contains a cycle.

To illustrate the issue that an optimal solution to a discounted cost problem
might miss the goal even if the goal is reachable, consider the planning problem
with X = {0,1,...,5}, 2¢ =5, U = {-1,1}, f(x,u) = min(5, max(0,z + u)),
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and £(z,u) = x + 1. The only policy that reaches the goal is mg for which
ma(x) =1 for any x € X \ {5} and n¢(5) = up. For this policy, the truecost
from xz; = 0 is L(wg,0) = 15. For the discounted formulation, let 7o (x) = —1
for any © € X \ {6} and n¢(5) = up. Then, if « is selected so that 1/(1 — a) <
2?21 a'~1(i), an optimal policy 7}, for the discounted cost formulation will have
a cycle and miss the goal.

A more optimistic interpretation of this result is that a careful choice of
a discount factor could prevent from such danger. However, we highlight that
discounting is a heuristic that is as problematic as using potential functions for
motion planning and becoming trapped in local minima [2]. One could try to
pick « as close to one as possible, hoping to fend off the problem of ignoring
the goal. An alternative way to ensure that the cost remains bounded over an
infinite horizon is to optimize the average cost/reward per stage, which is also
traced back to Bellman [3], and has been more recently suggested for RL [23JI8].
The relationship between this and termination actions is the basis of Section [3.3]

3.3 Episodic equivalences

Imagine that the robot must solve the same tasks over and over, forever. Each
time it arrives in the goal, it gets magically teleported back to the initial state and
must get to the goal again; this is an example of physical jumping from Section
This leads to an infinite-horizon problem that fits the model of Section [2] but
is closer to the common RL formulation that relies upon repeated episodes [26].
In this section, we establish an equivalence between the two formulations. This
is worth considering because the resulting insight extends to problems in which
different goal requests may be made in each episode (see, for example, [24]).
Consider the following two problem formulations:

(i) Let Punsp = (X, U, f, 21, X, £) be an unspecified-horizon problem. We as-
sume there exists a termination action wp for which the terminal cost is
{(zc,ur) = 0. The cost functional L is given by ().

(ii) Let Pne = (X, U, f,x5, X, £) be an infinite-horizon problem. The cost func-
tional L,y : UY — R is defined as the asymptotic average

N

_ o1

Loy (0, 21) == ngnooNZE(ack,uk). (8)
k=1

Instead of setting ¢(zg,ur) = 0 as in (i), we assume that the system resets
to 2y whenever it reaches z¢ and incurs a negative cost (a bonus) M < 0.

We characterize the planning problems for which the above definitions (i)
and (ii) share an optimal policy. For Py, there exists an optimal state-feedback
policy 7%, which takes the robot from any initial state to the termination state
with minimal cost. In Py, there is no termination state, so any optimal policy
leads the robot to enter a cycle with the lowest asymptotic average cost and to
loop there indefinitely. Due to the reset, every cycle containing x¢ must also
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Fig. 3. The difference between a single trial (unspecified
horizon) versus infinite-horizon formulation. The optimal
& path for a single trial is indicated with black arrows from
1 to . A more costly, but shorter, path is indicated with
red arrows. In the infinite-horizon formulation, a shortcut
(dashed arrow) takes the robot from x¢ and returns it to
I 1. The dark blue squares indicate a region in state space
—> where the robot could loop indefinitely with negligible av-
erage cost per step without ever reaching the goal.

8
~
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Y
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8
<
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contain xy. It follows then from the optimality of 7 that the lowest-cost cycle
containing zg is Crx(2r). However, there may exist other cycles that do not
contain g and that have a lower asymptotic cost than Lay(Cr:(zr)). In such
cases m,, fails to be optimal for Ps. This can be remedied by tuning the bonus
parameter M so that its cumulative effect overcomes the difference. However,
changing the magnitude of M may also have the effect that some cycle C (@, ;) #
Crx (1) containing 2 may become optimal under the asymptotic average-cost
formulation due to the resetting. See Figure for an illustration of the two
types of cycles. The conclusion is that the formulations Py, and Ppe are not
generally equivalent, but may be so if certain conditions regarding the lengths
and average costs of cycles in P;,¢ are satisfied. This is made precise in the
following.

For an action sequence @y := (uq,...,ur—1), denote by @(x,dk) the path
(x1,...,2,) in which 1 = = and z;41 = f(zj,u;) for all j = 1,...,k — 1.
Denote by ¢(x, @) the last state in @(x, 4). Let Ug := {a : p(x1,4) = xg} be
the set of action sequences that take the robot from x; to xg. The policies for
Pyu¢ can be divided into those that correspond to applying some @ € Ug from
21, and those that tend towards some other cycle that does not contain x¢. For
any policy 7 that corresponds to looping an action sequence @ € Ug from the
initial state x, the asymptotic average cost is given by

- S(a)—1
Lav('ﬁ,l’[) = M—'—S‘[(Jé,l;xl) = 5(112) <M+ ; e(l’k,f(.’ﬂk,Uk))> (9)

in which S(@) denotes the length of the path ®(z;,@). Let @* € Ug be the action
sequence corresponding to applying the optimal policy for Pu,ep at x7. Define
for each @ € Ug the value

0= (1535 (Stean ) @

and the sets R~ := {a : S(a) < S(a*)}, R := {a : S(a) > S(@)*}. Further-
more, let C' = C (@, z1) be the cycle which has, among all the cycles that do not
contain xq, the smallest asymptotic average cost

L(ﬂv Il)
S(u) —1°

Lay(C) = Lay(it,21) = (11)
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Proposition 4. Let 7 be an optimal policy for Py,sp. Then ©* is also an op-
timal policy for Pins with reset bonus M < 0 if and only if M satisfies

a< M < min {b7 S(’a*)Lav(é) - L('I]*,Z‘I)},
in which 4* is the action sequence corresponding to applying ™ from zy to reach
za, Cis as in (1), A(Q) is as in (10), and

a:= max {A(@)}, and b:= min {A(Q)}.

GER- GeR+
Proof. For * to be optimal for P, the asymptotic average cost L, (4*,z1) =
(M + L(a*,z7))/S(@*) must attain the lowest value among both the action
sequences @ € Ug and @ ¢ Ug. The second condition holds if and only if the

cost Ly (0*, z7) is less than L,,(C), which can be expressed as
M < S(it) Loy (C) — L@, 7).

For u* to yield the lowest asymptotic average cost among the action sequences
u € Ug, it needs to satisfy the inequality

L(a ,${)+M < L(u,xfz—i—M (12)

S(a*) S(a)
for every @ € Ug. This is equivalent to M < A(a) for w € Rt and to M > A(u)
for u € R™. Thus, for u* to satisfy relative to all u € Ug is equivalent to M
satisfying the double inequality maxgzer-{A(2)} < M < minger+{A(a)}. O

4 From Deterministic to Stochastic Models

4.1 Basic assumptions and approach

The concepts from Sections [2] and [3] extend gracefully to the stochastic setting
by replacing f in P with a probabilistic transition model P(xky1|xg, ux), which
denotes the probability that zj 1 is reached if uy is applied from zj. This causes
paths taken during execution to be unpredictable, resulting in G* and Q* rep-
resenting expected costs. Furthermore, every state-action pair should be visited
an infinite number of times to learn P, rather than once to learn f from the
deterministic setting. Thus, the method from Section [2] of quickly learning f
first, and then applying Dijkstra’s algorithm is no longer applicable. At best,
one could try to estimate the transition probabilities to some level of statistical
confidence and then apply stochastic value iteration to obtain G* and 7*. For
comparative purposes, we will consider the case of stochastic value iteration ap-
plied to a perfectly learned transition model. However, most of our studies in
this section are based on Q-learning.

In our implementations, the transition model P(xgi1|zk,ur) is defined to
be a direct extension of f from Section [2| in terms of a predictability factor,
v € (0,1], that controls the amount of entropy or prediction uncertainty. From
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each xy, consider applying uy to get 511 = f(x, ux). For the stochastic version
with predictability factor v, we define P(z}|vr,ur) = v if 7} = Tpyr;
otherwise, the remaining probability mass 1 — «y is spread uniformly as if nature
causes the remaining actions (excluding uy) to be chosen from U(zy) (including a
termination action that holds the state constant). If v = 1, then the deterministic
model can essentially be simulated. If v = 1/2, then on average, half of the time
the robot moves in the direction it was commanded, and for the other half it
effectively executes an alternative action randomly.

Another critical parameter is the learning rate p, which appears in . Imag-
ine implementing a complementary filter that uses p to interpolate between a
noisy data source and the current best estimate. If the data is perfectly reliable,
as in the deterministic case of Section [2] then we can set p = 1. As the pre-
dictability decreases (lower 7y), we would expect to use lower values for p so that
the noise is attenuated and the estimate becomes more stable. Choosing a good
value of p is a delicate art. We considered multiple values in our experiments,
and furthermore developed an adaptive tuning method for p so that it decreases
during execution according to the formula

1

p(z,u) = pyp——rl (13)

in which n(z, u) is the number of times that a state-action pair has been visited
and w is an arbitrary parameter (this idea was introduced in [I0] and used in the
Double Q-learning approach [II]). In this approach, there is a separate p(x, u)
for each state-action pair, which is decreased as visits accumulate.

4.2 Computational comparisons

The experimental setup outlined in Section [2.3] is reused with a few minor
changes. In cases where v < 0.9 we use 10 samples instead of 100. We increased
the number of episodes to 3000 to improve the convergence frequency, that is, the
percentage of times the values converge. We investigated performance by trad-
ing off three parameters: learning rate p, greedy parameter €, and predictability
factor . We studied convergence rates in comparison to the true optimal cost
to go, obtained from stochastic value iteration, and flagged cases in which the
Q-values are within 10% of optimal to identify approximate successes.

For cases of high ~ (more predictable), we investigated combinations of
e,p € {0.5,0.7,0.9,0.99}. The p values were chosen after careful investigation
and observing that for p < 0.5 and p > 0.99, the results were not more infor-
mative. We also found that increasing p decreases run time. In Table [2] which
combines the data for Problems 1 and 10, note that for v = 0.999 there is less
benefit of being greedy in comparison to the results of Section 2.3} Although
choosing € = 0 still leads to a better or equal run time to ¢ = 1, we see that
€ = 0.9 has a much better performance than both, while also converging. This
appears to be due the fact that nondeterminism throws the state away from
greedy routes, thereby requiring more exploration to get values to converge.
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Table 2. Performance of Q-learning and DP methods for Problems 1 and 10 for stochas-
tic problem with v = 0.999. Note the addition of two columns: how often the value for
the initial state converges; the shortest and longest path achieved over all samples.

Optimal Initial Optimal Initial

Algorlt}‘lm Run time Convergence Cost2Go Time Cost2Go Shortest,/Longest

(v =0.999) (mean & std) (mean =+ std)  Convergence Path
(Pr 1) Q-learning (p = 0.99,¢ = 0) 0.40677 £ 0.0041 0.0% 0.0888 £ 0.0008 100.0% 28/32
(Pr 1) Q-learning (p = 0.99,¢ = 0.25) 0.52970 £ 0.0064 0.0% 0.1006 =+ 0.0024 100.0% 28/29
(Pr 1) Q-learning (p = 0.99,¢ = 0.5)  0.76335 = 0.0084  0.0%  0.1144 & 0.0024  100.0% 28/30
(Pr 1) Q-learning (p = 0.99,¢ = 0.75) 0.52489 + 0.1930  100.0%  0.1516 + 0.0045 100.0% 28/30
(Pr 1) Q-learning (p = 0.99,e = 0.9)  0.27856 + 0.0271  100.0%  0.2044 £ 0.0109 100.0% 28/29
(Pr1) Qlearning (p = 0.99,¢ =1)  0.40572 + 0.0491  100.0%  0.3512 + 0.0450  100.0% 28/30
(Pr 1) Async Value Iteration 0.12869 + 0.0009 N/A N/A N/A 28/29
(Pr 1) Value Iteration 0.17870 + 0.0024  N/A N/A N/A 28/30
(Pr 10) Q-learning (p = 0.99,e =0)  0.94648 + 0.0174 0.0% 0.2290 =+ 0.0314 100.0% 64/27731
(Pr 10) Q-learning (p = 0.99, ¢ = 0.25) 1.24982 + 0.0203 0.0% 0.2513 £ 0.0056 100.0% 64/66
(Pr 10) Q-learning (p = 0.99,¢ = 0.5) 1.91614 + 0.0188 0.0% 0.3029 £ 0.0058 100.0% 64/67
(Pr 10) Q-learning (p = 0.99,¢ = 0.75) 0.97765 + 0.2121  100.0%  0.4122 £ 0.0107 100.0% 64/66
(Pr 10) Q-learning (p = 0.99,¢ = 0.9) 0.65742 & 0.0572  100.0%  0.5611 & 0.0225  100.0% 64/66
(Pr 10) Q-learning (p = 0.99,¢ = 1) 2.26297 £ 0.7142  100.0%  1.6362 £ 0.4014 100.0% 64/66
(Pr 10) Async Value Iteration 0.21926 + 0.0162 N/A N/A N/A 64/66
(Pr 10) Value Iteration 0.35463 + 0.0252 N/A N/A N/A 64/66

Furthermore, we can see that DP methods converge about two orders of mag-
nitude more quickly than RL, which reflects the price of learning on the fly.
Similar trends were observed in other problems; the appendix contains many
more. It also reports statistics for the goal discovery time, which are similar to
the deterministic case, but grow with increasing p.

Lowering v to 0.99 prevents convergence, even if we increase the episode
count to 5000 or 10000. In fact, further investigation reveals that the average
distance between the optimal values and the values obtained with Q-learning
remains nearly constant as the number of episodes increase when ¢ = 1. This
suggests that convergence happens on a state-space level, but to values different
than the optimal ones. However, the initial cost-to-go values still converge for
some parameter combinations. Table [3| shows when this happens for Problems 1
and 10. The general observation is that a lower p yields more reliable convergence
because it is more robust to unpredictability, but requires more iterations. As =y
is lowered, then p should be lowered accordingly, although the best combination
is found only by trial and error. It is worthy noting that a policy that leads
the robot to the goal in a nearly optimal manner can be computed even if the
Q-values from the initial state do not converge, as seen in the configuration with
p = € = 0.5 for Problem 1. Interestingly, decreasing -y, we observe, for Problems
1 and 11, that the run time of value iteration becomes closer to that of greedy
Q-learning with a small p.

To study global state-space convergence to optimal values, we investigated
the effects of a small p on simpler problems (i.e., Problem 8 and Problem 16).
For v = 0.9, a random policy (e = 1) with p = 0.1 converges for both problems,
whereas for Problem 16 even a greedy policy (¢ = 0) with the same p value
suffices. However, this approach is not sufficient for v = 0.7. Instead, global
convergence with ¢ = 1 occurs only by decaying p as described in , using
w = 0.7. As state-action visits increase, p decays at a rate controlled by w,
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Table 3. Performance of Q-learning and DP methods for Problems 1 and 10 for stochas-
tic problem with v = 0.99.

Optimal Initial Optimal Initial

é:lgil(l)fgg; (mIi:; t:én:d) Convergence Cost2Go Time Cost2Go Shonte;t‘;l/tiongest
(mean =+ std)  Convergence
(Pr 1) Q-learning (p = 0.5,¢ = O) 0.44775 £ 0.0094 0.0% 0.1815 £ 0.0082 100.0% 28/34
(Pr 1) Q-learning (p = 0.99,¢ = 0) 0.42034 £ 0.0090 0.0% 0.2078 £ 0.0750 86.0% 28/2205
(Pr 1) Q-learning (p = 0.5,¢ = 0.5) 0.82059 £ 0.0169 0.0% 0.5143 £ 0.1522 32.0% 28/31
(Pr 1) Q-learning (p = 0.99,¢ = 0.5) 0.77585 + 0.0109 0.0% nan =+ nan 0.0% 28/1474
(Pr 1) Q-learning (p = 0.5,¢ = 1) 15.46274 + 01914 0.0% 52842 + 3.5571  90.0% 28/33
(Pr 1) Q-learning (p = 0.99,e =1)  15.39603 + 0.1846 0.0% nan £ nan 0.0% 28/32
(Pr 1) Async Value Iteration 0.15656 + 0.0014 N/A N/A N/A 28/33
(Pr 1) Value Iteration 0.22934 + 0.0020 N/A N/A N/A 28/31
(Pr 10) Q-learning (p = 0.5,¢ = 0) 1.09601 + 0.0226 0.0% 0.4524 £ 0.0133 100.0% 64/322
(Pr 10) Q-learning (p = 0.99,¢ =0) 1.07131 £ 0.0178 0.0% 0.2651 £ 0.0000 1.0% 66/2596
(Pr 10) Q-learning (p = 0.5, = 0.5) 2.08346 + 0.0157 0.0% 0.7959 £ 0.2102 100.0% 64/68
(Pr 10) Q-learning (p = 0.99,¢ = 0.5) 1.99043 + 0.0217 0.0% 0.6288 £ 0.3471 99.0% 64/3689
(Pr 10) Q-learning (p = 0.5,e =1)  30.93903 + 0.2059 0.0% 3.5574 £+ 1.1094 100.0% 64/70
(Pr 10) Q-learning (p = 0.99,¢ = 1) 30.94423 + 0.1896 0.0% 2.4456 + 1.0780 100.0% 64/610
(Pr 10) Async Value Iteration 0.24640 + 0.0036 N/A N/A N/A 64/69
(Pr 10) Value Iteration 0.40702 + 0.0028 N/A N/A N/A 64/70

stabilizing the estimate. We observe global convergence for Problem 16 with
v = 0.5 using the same approach. We were unable to get global convergence in
Problem 8 by any choice of w.

5 Conclusions

Our work has brought planning and reinforcement learning into closer alignment
so that approaches, assumptions, and models across both can be compared and
be better understood. Through the introduction of a fully deterministic ver-
sion of RL, we established its convergence and studied its performance relative
to dynamic-programming based planning. Through analysis of cost models, we
have warned against using discounted cost, as is popular in RL; instead, we have
advocated for truecost, in which the costs/rewards translate directly into phys-
ical or monetary values, rather than using them as a way to tune performance.
We have also established equivalences of maximizing rewards and minimizing
costs, and episodic models to single-shot goal satisfaction models. These provide
motivation to use undiscounted cost models and termination actions for RL for
solving goal-oriented tasks. We applied these models in the stochastic system
setting and showed how they extend naturally from the deterministic case, but
inherit unique RL-oriented challenges, such as greediness and learning rate pa-
rameter tuning, which warrant further study. We are currently extending the
mathematical analysis of cost-reward and episodic equivalences to the stochastic
case.
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