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Abstract. We introduce the problem of task assistance planning where
we are given two robots Riask and Rassist. The first robot, Riask, is in
charge of performing a given task by executing a fixed precomputed path.
The second robot, Rassist, is in charge of assisting the task performed
by Rtask, €.g., via visual monitoring or communication relaying. The
ability of Rassist to provide assistance to Riask depends on the locations of
both robots. Since Riask is moving along its path, Rassist may also need to
move to provide as much assistance as possible. The problem we study is
how to compute a path for Rassist S0 as to maximize the portion of Reask’s
path for which assistance is provided. Specifically, we lay the theoretic
and algorithmic foundations to this new problem by concentrating on
the setting where Rassist moves on a roadmap. On the theoretical side,
we show this problem is NP-hard. On the algorithmic side, we show
that when Rassist moves on a given path, we can solve the problem
optimally in polynomial time. We then leverage this insight along with
carefully-crafted upper bounds to instantiate a Branch and Bound-based
algorithm for optimally solving our problem. We demonstrate our work
empirically in simulated scenarios containing both planar manipulators
and UR robots as well as in the lab on real robots.

1 Introduction

We introduce the problem of task assistance planning (TAP) where we are given
two robots Riask and Rassist- Rtask, which we call the task robot, is in charge of
performing a given task by executing a fixed, precomputed path. Rassist, which
we call the assistance robot, is in charge of assisting the task performed by Riask
using on-board sensorsEI The ability of Rassist t0 assist Riask depends on the
locations of both robots. As R¢ask moves along its path, Rassist may also need
to move to provide as much assistance as possible.

In its simplest form, R¢ask’s path is fixed and the problem calls for comput-
ing a path for Rassist SO as to maximize the portion of Ryask’s path for which
assistance is provided. Examples of assistance include visual feedback and com-
munication relays. For example, visual feedback can be used within the feedback

* Corresponding author.
! Importantly, by assistance we mean assistance that does not affect the task itself
such as communication, micro-control and visual monitoring.
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(a) (b)
Fig. 1: TAP in household applications. I@Blue manipulator Reask is tasked with trans-
ferring water in a cup from a faucet to a pot (light to dark blue correspond with initial
to final configurations). @ Green manipulator Rassist is equipped with a camera that
must ensure that water is not spilled from the cup by providing feedback to a low-level
controller. Here, the light-green and dark-green robots depict configurations for which
the cup is visible and non-visible by Rassist’s point of view, respectively. A task
assistance path maximizing the amount of time the cup is observed by Rassist (light to
dark green correspond with initial to final configurations).

loop of a low-level controller as demonstrated in Fig. [Il Alternatively, communi-
cation relays can be used in search-and-rescue in a limited-communication region:
Here, Riask is an autonomous ground vehicle (AGV) that needs to communicate
with a base in a disaster-ridden area. Rassist 1S equipped with a communication-
relay device and provides the AGV a stable communication link by taking a
path in which it can retransmit data to the base. Here, a mission planner would
run our algorithm in an offline phase to plan the motion of Ragsist in order to
maximize mission success.

TAP requires solving the motion-planning problem [I7, 22] where we com-
pute a collision-free path for a robotic system while also accounting for assis-
tance constraints. Unfortunately, motion planning is already computationally
challenging [15 B3] and adding assistance constraints only further complicates
the problem. Roughly speaking, here we need to plan a path for Rassist while
accounting for when and where assistance is provided (e.g., it may be worthwhile
not to provide assistance at early stages of the task in order to be able to provide
more assistance in later stages of the task). This makes existing motion-planning
algorithms unsuitable for TAP.

A common approach used in motion planning [22] B2] is to (i) create a
roadmap G (a graph embedded in the configuration space), (ii) solve the original
problem restricted to G and (iii) densify G and repeat step (ii). In motion plan-
ning, step (ii) corresponds to solving a shortest-path problem and the literature
is abundant with general [16] and application specific [8] 24 25] algorithms that
can be used. Here, we propose to follow a similar approach, and concentrate on
step (ii) where the TAP problem is restricted to graphs, a problem we dub graph
TAP or g¢-TAP. As we will see, this requires care: First, one is required to reason
about timing: a roadmap needs to be augmented with assistance information.
Le., what part of Ryask’s path can be viewed from each vertex. Second, and more
important, is how to solve the corresponding optimization problem on the graph
as standard shortest-path algorithms can’t be used.
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Since g-TAP may serve as the basic algorithmic building block to TAP al-
gorithms, in this paper we assume that the robot roadmaps are given (e.g., by
running RRG or PRM* [19]) and restrict our focus to studying g-TAP. We start
(Sec. by considering the most simple setting where we are given the path
of Rassist as a sequence of vertices and only need to decide when it should tran-
sition from one vertex to the next. We show that although this is a continuous
planning problem, computing transition times that maximize assistance can be
done in polynomial time. Moving to the general problem of g-TAP, we start
(Sec. o) by proving it is NP-hard. We then present a Branch and Bound (B&B)
algorithm (Sec. @ that integrates the optimal algorithm for paths together with
a method that allows to efficiently prune the search space. As we demonstrate
empirically (Sec. , this allows to efficiently compute solutions significantly out-
performing an optimal baseline by roughly three orders of magnitude. Compared
to a non-optimal baseline, our algorithm computes paths that improve assistance
by a factor of up to 3x.

2 Related Work

Assisting agents in collaborative settings. Our work bears resemblance to re-
search for enabling agents to assess their need for help and their ability to
be helpful. This has been investigated using the notion of Value of Informa-
tion [18, B3Il B4] to quantify the impact information has on autonomous agents’
decisions and utilities. However, in contrast to our setting, here there is typically
no centralized control, thus requiring local decision making.

Our work falls under the broad category of multi-robot collaboration [28].
However, in our setting, we assume that the path of Ryask is fixed (e.g., when
Riask and Ragsist are managed by different systems). We leave the problem of
simultaneously planning for Riask and Rassist to future work.

Planning with visual constraints. Variants of TAP where assistance is visual feed-
back have been studied but none of the tools developed are directly applicable to
our setting. Specifically, TAP falls under the category of robot target detection
and tracking which encompasses problems such as coverage, surveillance, and
pursuit-evasion [29]. These have typically been studied in the adversarial setting
(see, e.g., [B} [O]) while we are interested in the cooperative setting where Riask
and Ragsist work in concert (or at least do not deliberately attempt to jeop-
ardize task assistance). Moreover, existing work typically considers relatively
low-dimensional systems (see, e.g., [2I] [23]) in contrast to the high-dimensional
ones that we encounter.

Visual assistance is also related to planning camera motions (see, e.g., [13 [14]
26}, 27]) where we are tasked with planning the motions of a free-flying camera
to follow a given object. However, these problems are often studied in rela-
tively uncluttered environments. Finally, TAP bears resemblance to the scene-
reconstruction problem which has to do with creating a digital model of a real-
world scene from a set of images or other scene measurements (see, e.g., [3, [7]).
However, in contrast to TAP, in this problem there is no need to account for
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(i) time, forcing us to capture images in a pre-defined order and (ii) collision
avoidance, forcing us to account for the geometry of Rassist-

Inspection planning. Closely related to our work is the problem of inspection
planning [10, 1], or coverage planning |2, [12] in which a robot needs to plan a
path that inspects some region of interest (ROI). The problem has been extended
to the cooperative setting [30], but, similar to visual assistance, the order in which
the ROIs are inspected is unimportant which makes algorithms developed for
inspection planning difficult to apply to our setting.

3 Notation & Problem Definitions

Let G = (V, E) be a graph which we call a task-assistance graph or TAG. Time
is normalized to be in the range [0, 1] and each vertex v € V corresponds to
configurations of Rassist and is associated with a set of time intervals Z(v) cor-
responding to the times where assistance can be provided from v (e.g., the times
when Rgask’s path can be inspected when the task is visual assistance)ﬂ Addi-
tionally, each vertex is associated with a set of valid intervals in which Rassist
is allowed to reside in that vertex (times in which Rassist can’t reside at a ver-
tex allow our model to incorporate avoiding moving obstacles such as Rtask)ﬂ
Each edge e € E is associated with a length £(e) and we assume for simplicity
that (i) moving along an edge takes time that is identical to its length and that
(ii) when moving along an edge e = (u, v), assistance is defined as identical to the
assistance at v and at v for the first and second half of the edge e, respectivelyﬁ

Given a path m = (vg,...,vg), we set £(v;) := Z;;B ¢(vj,vj41) to be the
length of the path from vy to v;. Additionally, we set £, (v;) and £ (v;) to be the
length of the path from vy to the middle of incoming and outgoing edge of v;,
respectively. Namely, £ (v;) 1= £ (vs) — 2€(vi_1,v;) and £F(v;) = Lo(v;) +

20(v;, viq1). We also set £ (u,v) = f;‘r‘(v)—?;‘r‘(u), lr(v_1,v0) := 0and £y (vg, Vky1) :=
0. When understood from the context, we omit 7 from £ (v;), £ (v;), £ (v;) and
¢ (u,v). Finally, we denote by N¥ and N the total number of intervals of all
vertices in a path 7 and a graph G, respectively.

Importantly, a path only defines where Ragsist is. Thus, paths need to be
augmented with a sequence of timestamps representing the times at which Rassist
transitions from one vertex to another. Following our model, these are defined

as times which the robot should reach the middle of an edge.

Definition 1 (Timing-profile). Let m# = (vg,...,vx) be a path. We define a
timing-profile T, = (to,...,tk—1) of ™ as a sequence of timestamps s.t.: (i) to >
£+(v0), (i) tiy1 > t; + fJ’_(Ui,UiJrl) and (ZZZ) tr—1 +f+(’l}k,1,vk) <1.

2 Note that in g-TAP, Reask’s path is defined implicitly in the TAG and not explicitly
given.

3 Unless stated otherwise, we assume that Rassist is allowed to reside in every vertex
but all of our results can easily be adapted to the general setting.

4 QOur results support different assistance models, but the exact details are out of the
scope of this paper.
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Fig. 2: @ Toy g-TAP problem. Above each vertex and edge are intervals for which
assistance can be performed and edge length, respectively. @ Two timing profiles for
path (vo,v1,v2). Here, each vertex is depicted together with the intervals for which
assistance can be performed. Timing profiles (blue and orange) consist of solid and
dotted lines when assistance can and can’t be performed, respectively.
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T

To quantify the efficacy of assistance, we define reward as the portion of time
where assistance is provided. Formally,

Definition 2 (Reward at a vertex). Let u € V and 0 < t < t' < 1. We denote
by R(u,t,t') the reward at u obtained between t and t'. Namely, R(u,t,t') =

ez ILY]IN]

Definition 3 (Reward of a timing-profile). Let m = (vy,...,vk) be a path, and
let T, = (to,...,tp—1) be a timing-profile, we define R(w,T;) to be the reward
of the timing-profile T,. Namely, if we set t_1 = 0,t, = 1, then we have that
R(’]T, Tﬂ) = Zf:o ’R,(’UZ‘, tifl, tl)

As an example, consider path m = (vg, v1,v2) in Fig. 2| Fig. depicts two
timing profiles for m: Thiwe = (0.1,0.5) and Torange = (0.6,0.825) (recall that
these times correspond to when Ragsist reaches the middle of an edges). Tpiye’s
reward at vy,ve and vz is 0.1,0.3 and 0.35, respectively. Thus, R(w, Thiue) =
0.75. Torange’s reward at vg,v; and vp is 0.4,0.125 and 0.05, respectively. Thus,
R(7, Torange) = 0.575.

We are ready to define our optimization problems:

Problem 1 (OTP). Let 7 be a path and T (w) be the set of all possible timing
profiles over w. The Optimal Timing-Profile (OTP) problem calls for computing
a timing-profile T* for m whose reward is maximal. Namely, compute T* s.t.,

T* € arg max R(m, T).
TeT (m)

Problem 2 (OPTP). Let G be a TAG, vy a vertex, II(vg) the set of paths in
G starting at vy and T () the set of timing profiles over a path m € II(vg). The
Optimal Path and Timing-Profile (OPTP) problem calls for computing a path ©*
and a timing profile T* whose reward is mazimal. Namely, compute 7, T s.t.,

7, T e argmax R(w,T).
well(vo),TET (m)
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4 Solving the OTP Problem (Prob. |1

Given a path 7, computing an optimal timing-profile T may seem to be a continu-
ous optimization problem. Our first key insight is that we can consider a discrete
set of critical times. Conceptually, these are interval start and end times while
accounting for edge lengths. This is because there are two reasons to leave a
vertex wu: either an interval I of u ended and no additional reward will be gained
from I by staying at u, or there’s another interval I’ at a successor of u along 7
we would like to reach.

As an example, consider path m = (vg,v1,v2) and the timing profile Thye
(which is optimal) from Fig. [2| Here, Ty, leaves vertex vy at time 0.1 which is
exactly the end time of the first interval of vg. Next, Tpe leaves vertex v at
time 0.5 which is exactly the time at which the first interval of vy starts. As we
will show, it is enough to consider only critical times to find an optimal timing
profile. We Formally define critical times in Sec. [I.I] and show in Sec. [£:2] how
they can be used to solve Prob.

4.1 Critical Times

Given vertices v;,v; in a path m = (v, ..., vg), we use v; < v; to denote that v;
lies before v; in m. Furthermore, we assume that the first and last vertex in
7 contain the intervals [T (vg), £¥ (vo)] and [1 — €T (vgp_1,vk), 1 — €T (vk_1,vk)],
respectivelyﬂ

Definition 4 (Vertex-pair critical times). Let u,v be vertices in path m such
that u < wv. The set of vertex-pair critical times CT(u,v) consists of two types
of times:

T1 For any interval I € Z(u), the earliest time to leave u after I terminates
is a type T1 time. Namely, all type T1 times of CT(u,v) are defined as

Up, ez {te}-
T2 For any interval I € Z(v), the latest time needed to leave u in order to reach v
at the start of I is a type T2 time. Namely, all type T2 times of CT(u,v)

are defined as Uy, ; ez {ts — (07 (v) = €7 (u))}.

Each vertex-pair has its own critical times, but the critical times of pairs shar-
ing a vertex are related. E.g., the vertex-pair critical times for path (vg, v1, v2)

from Fig. 2a] are:

Ct(vg,v1) = {0,0.05,0.1,0.6,0.7}
Ct(vg,v2) = {0.05,0.1,0.6,0.325,0.675}
CT('Ul, 1)2) = {04, %, 085, 09}
5 These represent the earliest time the first vertex can be left and the latest time the

last vertex can be reached, respectively. Adding these intervals does not affect the
reward as both interval lengths are zero and are only used to simplify the definitions.
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(a) Ct(vo,v1). (b) Ct(vo,v2). (¢) Ct(v1,v2).
Fig. 3: Critical times for path (vo,v1,v2) from Fig. Type T1 and T2 are depicted
in purple and green, respectively.

Notice that bold times are identical, and that underlined times of CT(vy,v2)
equal underlined times of CT(vg,vs) shifted by £*(v1,ve) = .175. We now for-
malize this relation:

Observation 1. Let u,v,v’ be vertices in m such that u < v < v'. t is type T1
in C1(u,v) iff t is type T1 in CT(u,v").

Observation 2. Let u,u’,v be vertices in m such that u < v’ < v. t is type T2
in CT(u,v) iff t + €7 (u,u’) is type T2 in CT(u',v).

Next, we use vertex-pair critical times to define times from which Rgssist
might want to leave a vertex.

Definition 5 (Vertex-critical times). Let v; be a vertex in path w. The set of
vertex-critical times CT; for v; is defined as follows: Let t, € CT(u,v) be a
vertex-pair critical time for some vertices u,v in w s.t. u < v. Then, if

vi < u, CT; includes the latest time needed to leave v; to leave u at time t,,.
vi = u, CT; includes t,.
u < vi, CT1; includes the earliest time we can leave v; given we left u at time t,,.

Formally, CT; = U, -, {tu + (7 (u,v;) | t, € CT(u,v)}.

Similar to vertex-pair critical times, vertex-critical times of different vertices
are tightly related as well. Following our example from Fig. [2a] we have that:

Cto = {0,0.05,0.1,0.225,0.325,0.6,0.675,0.7,0.725},
CTy = {0.175,0.225,0.275,0.4,0.5,0.775, 0.85,0.875, 0.9},
CTy = {0.35,0.4,0.525,0.625,0.9,0.975, 1.0, 1.025, 1.35}.

Notice that the critical times are identical up to a constant shift. Specifically,
times at CT; and CTs equal times at CTq shifted by 0.175 and 0.35, respectively.
The following observation formalizes this relation.

Observation 3. For any vertex v;, the vertex-critical times CT; are equal to
the wvertex-critical times of CTqy shifted by ¢+ (vo,v;). Formally, CT; = {t +
€+(U0,UZ‘) ‘ te CT()}.
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Algorithm 1 OTP
Input: path: 7 = (vo,...,vx); intervals: 7
Output: reward of T* : Rmax
1: ENTRY + {(0,0)}; ExiT+ 0
2: for v; € w do
3: Rmax <0
4:  for texit € CT; do // computed using Obs.
5: r +— compute_best_reward (ENTRY, v;, texit)
6
7
8
9

Rmax F ,r
ExiT.insert((texit, 7))

ENTRY < ExiT;  EXIT + ()
: return Royax

Algorithm 2 best_reward(ENTRY, v;, texit)

Input: entry list of critical times: ENTRY; vertex: v;;
exit time: texit
Output: best reward given we leave v; at time fexit : Rbest
¢ Rpest 0
: for (tentry, Tentry) € ENTRY do
if tentry + 1 (Vie1,v:) > texit then // tentry 1s too late to leave at texit
continue
Texit < Tentry + R(Vi, tentry, exit) //reward if v; is visited at [tentry, texit]
Rpest < max{Rpest, Texit }

N Es e

return Rpest

Lemma 1. Ct1y can be computed in O(k + NT) time.

Proof (sketch). Following Obs. [I|and [2| there are O(NT) type T'1 and type T2
critical times in CTy, respectively. Computing these critical times can be done
by iterating once over each interval which can be done in O(k + NJ) time.

Note. Following Obs. |3| we can compute CT; in O(]CTg|) given CTy.

The next theorem states that an optimal timing-profile can be found by only
using vertex-critical times. To prove it, we show that an optimal timing profile
can be modified to one that contains only vertex-critical times. See App. 77 for
details.

Theorem 1. For any path m = (vg,...,v), there exists an optimal timing
profile T, = (to,...,tk—1) s.t. Vi: t; € CT;.

4.2 Algorithm

Thm. [I] implies that there exists an optimal timing profile that belongs to
CTp X ... x CTi. We could iterate over all such timing profiles but this is in-
tractable. Instead, we maintain for each vertex a set of time-reward pairs. Each
time reward-pair (¢,7) at vertex v; represents a time ¢t € CT; and a reward r
that can be obtained by reaching v; until time ¢. These time-reward pairs are
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computed by iterating along the path vertices one at a time in a dynamic-
programming-fashion.

Our algorithm (Alg. [1)) maintains two time-reward lists ENTRY, EXIT repre-
senting the list of optional entry and exit times to a certain vertex, respectively.
They are initialized to {(0,0)} (corresponding to the fact that the initial ver-
tex is entered at time zero with zero reward) and an empty list, respectively
(Line[L)). The algorithm proceeds by iterating over the vertices of 7 starting at vg
(Lines [2H8). For each vertex v;, it iterates over all optional exit times texit € CT;
(Lines 4 l‘lb and for each such exit time tqyj;, computes the best reward obtain-
able given that vertex v; must be left at time fexit (Line |9 ' using the function
compute_best_reward. (Alg . This function, simply iterates over all time-
reward pairs in ENTRY. For each entry time-reward pair (fentry, Tentry), it com-
putes the reward obtainable by entering vertex v; at fentry and leaving it at texit
and adds it to the reward obtained prior to entering vertex v;. After finish-
ing v;’s iteration, exit times of v; are set as entry times of v;;1 and EXIT is
cleared (Line . Finally, the maximal reward is returned (Line E[)

Theorem 2. The runtime of Alg. |1|is O (kz : (Nf)z) where k and N7 are the

number of vertices and total number of intervals in 7, respectively.

Sketch. We can bound the size of CTy by |CTo| = O(NZF) (Lemma [I). In addi-
tion, ENTRY and EXIT are both bounded by O(|CTol). Alg. [2] performs O(N7)
calls of R (Line [5). These calls only differ by their tenyy, value. Since ENTRY is
ordered, the value of tentry Only increases. Thus, by computing the R value once
for the first call, and only substituting the reward for the interval between two
following tentry values, we can compute all O(N7) calls of Alg. [2in O(NT) time.

To summarize, for each of the k vertices, we call Alg. (Q(N}r ) times, and each

calls takes O(NT) time. Thus, the total runtime complexity is O (k’ . (Nf)2>

5 Hardness of the OPTP Problem

We now move on to show that the OPTP is NP-hard.
Theorem 3. The OPTP problem is NP-hard.

Sketch. The proof is by a reduction from the subset-sum problem (SSP) [20].
Recall that the SSP is a decision problem where we are given a set X =
{z1,...,z, | x; € N} and a target K € NT. The problem calls for deciding
whether there exists a set X’ C X whose sum ___, x equals K.

Given an SSP instance, we build a corresponding OPTP instance (to be
explained shortly) and show that there exists a subset X’ C X such that
> wex: © = K iff the optimal reward in our OPTP instance is E” + 1.

W.lo.g. assume that z1,...,2, are sorted from smallest to largest and set
K = Z;’:l T, @ = /Ky and Y = Z; 1 k. The graph of our OPTP in-
stance, depicted in Fig.[d contains n hexagons Hj, ... H,, such that H; contains
vertices a;, b;, ¢;, d;, e;, f;. We call a; and f; the entry and exit vertices of H;, b;
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Fig. 4: Reduction graph (all edges are directed from left to right). When omitted, edge
length equals zero.

and ¢; the top of H; and d; and e; the bottom of H;. Edges (b;,¢;) and (d;, e;) at
the top and bottom of H; have length k; and k;_1, respectively (all other edge
lengths are equal to zero). Edge (b;,¢;) at the top of H; contains the interval
[Yis i "'O‘i]ﬂ Finally, the exit f, of the last hexagon H,, has an edge to a vertex u
which has a valid interval [0,y, + K] and u has an edge to a vertex v whose
assistance interval is [y, + K, y, + K + 1]. Note that here for clarity, time is in
the range [0,y, + K + 1] and not [0, 1].
Our reduction relies on two properties of the new OPTP:
P1 The shortest path to reach u is by taking the lower part of each H; and its
length is y,,.
P2 Going through the upper part of H; adds additional x; time to reach u and
results in an additional reward of «;.

Roughly speaking, the valid interval at w forces any path 7 to v to leave u
before time y,, + K. As the minimal time to reach u is y,, (P1), 7 only has K
time to earn rewards from the hexagons. To obtain a reward of K/k, + 1, 7
must earn a reward of K/k,, before reaching u. Since the upper part of H; adds
an additional time of x; and a reward of «; (P2), 7 must find a combination of
upper parts I, such that Zielup x; = K which is the solution to the SSP.

For complete details, see the extended version of the paper [4].

6 Solving the OPTP Problem (Prob.

Given a TAG G = (V,E) and start vertex vy, we can iterate over all paths
starting at vg, and for each path run the OTP algorithm (Sec. 4). Unfortunately,
the search space can be extremely large which deems this approach intractable.

Thus, we suggest to apply the Branch and Bound (B&B) framework [6] to our
setting. Conceptually, B&B divides the solution space into smaller subspaces
(branching) and then searches through these subspaces while maintaining bounds
on the optimal solution (bounding). We start by introducing how to bound the
reward of partial solutions and continue to detail our B&B-based instantiation.

6.1 Upper Bound

In the following, we overview how to bound the reward obtainable from (i) any
path that starts at a vertex u starting at time ¢ and (ii) from a prefix of a path 7.

6 Strictly speaking, the interval belongs to vertices b;, ¢;. However, it will be convenient
to consider the interval as belonging to the edge (b;, c;).
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Here, we give a high-level description and refer to the extended version of the
paper [4] for more details.

Bounding the reward obtainable from a vertex u starting at time ¢
Let uw € V and ¢ € [0,1]. Denote d’'(u,v) to be the minimum distance between u
and v in G while not accounting for half of the first and last edge. Consider
interval I € Z(v) associated with some vertex v. Intuitively, (i) the reward from I
(assuming we start at w at time ¢) cannot be obtained before time ¢ + d(u,v)
and (ii) we can bound the reward that can be obtained from I (see the extended
version of the paper [4]). Together, these allow to bound the reward obtainable
from u at t assuming I is the next interval. We iterate over all such intervals
and set UB(u,t) to be the highest reward.

Bounding the reward obtainable given the prefix of a path Given a
path © = (v, ..., vk), we wish to compute an upper bound on the reward that
can be obtained from any path @ = (vg,...,vg,..., V) whose prefix is 7.

Let T" = (t},...,t, ;) be an optimal timing profile for 7’ (note that we
don’t have access to 7’ and T” but we will address this shortly). Furthermore, let
I = [ts,te] € Z(v;) for some v; € m be the last interval that T” obtained reward
from before leaving vp. We bound 7'’s reward by separating it into two parts:
the reward obtained wuntil t; and from t}.

To bound the reward obtained until ¢, (first part), recall that the OTP algo-
rithm keeps track of time-reward pairs representing a time and the best reward
that can be obtained until that time at a certain vertex. As I is the last interval
in 7 that T" obtains reward from, the reward obtained until #; can be bounded
by the reward obtained until ¢.. This is exactly the reward of the pair (te,)
belonging to the EXIT list of vertex v; which can be computed by running the
OTP algorithm on 7. To bound the reward obtained from ¢} (second part) we
make use of UB(u, t). Recall that we do not actually have access to ¢} but, since T
obtains reward from I it must leave v; after t5, which allows us to bound the
reward obtainable from t, by UB(v;,ts). In addition, since T does not obtain
any reward between the end of I and the time it leaves vy, we can further tighten
our bound to UB (vg,ts + €T (v;,v)). Combining both parts, R(7’, T') can be
bounded by r +UB (vk, ts + {1 (vi, vk))-

As we don’t have access to 7', we can’t know which interval I is the last
interval T” obtains reward from. Thus, we must compute this bound for every
interval I on the path 7 and use the maximal bound obtained to be UB(w).

Lemma 2. Let 7 = (vg,...,v;) be a path, ™ = {(vg,...,Vk,...,Um) a path
extending ™ and T, = (t},...,t,,_1) be an optimal timing profile for «’. Then
UB(mt) > R(w',T.,) and UB(w) can be computed in

O(k - (Nf)? + Nf - Nf).

Here, k and NT are the number of vertices and total number of intervals in ,
respectively and N¢ is and total number of intervals in the TAG G. See the
extended version of the paper [4] for the proof.
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Algorithm 3 Branch and Bound (B&B)
Input: graph: G = (V, E); intervals: Z
path: m = (vo, ..., vg) ;

// initialized to 7w <— (vo)

reward: Rmax // initialized to Rmax < 0

Output: optimal path reward and timing profile extending .

1: if £7(vg) > 1 then // minimal time to reach end of 7
2: return0 // last vertex is not reachable
3: Rmax < max{Rmax, OTP(7,7I)} // run OTP
4: if UB(7) < Rmax then

5: return Rmax

6: for each viy1 s.t. (vg,vk+1) € E do

T ﬂ’(—(Uo,...,U}C,vk+1>

8: R+ B&B(G,Z, 7', Rmax) // recursive call
9:  Rmax < max{Rmax, R}

10: return Ruax

6.2 Branch and Bound

We are ready to describe our B&B-based algorithm (Alg. . This recursive al-
gorithm is given a path m = (vg, ..., vx) (initialized to the start vertex vg) and
returns the maximal reward obtainable by any path whose prefix is 7. The al-
gorithm starts by checking if the path can be traversed in ¢ < 1 time (Line . If
so, it runs the OTP algorithm to compute 7’s optimal reward (Line . It then
checks if any sub-path appended to 7 can improve the currently-stored best re-
ward Rpax. This is done by checking if UB(7) > Rmax (Line. If this is the case,
the algorithm iterates over all adjacent vertices to m’s last vertex (Lines .
For every such vertex vi11 the algorithm appends vgy1 to 7 (Line , and per-
forms a recursive call to compute the maximal reward obtainable from any path
extending the new path (Line . It then updates the maximal reward if needed
(Line @ Finally, it returns the overall maximal reward obtained (Line .

Theorem 4. Alg[3 optimally solves Prob. [2

To improve the runtime, we apply two optimizations:

Interval splitting. Let m = (vg,...,vx) be a path, T* its optimal timing profile
and I = [ts,t.] the last interval T* obtains reward from before vy. Let v; be the
vertex I belongs to, one can show that UB(w) counts I twice since given the pair
(te,r) from the EXIT list of v;, it upper bounds the reward obtainable from that
pair using UB(v;, t) instead of UB(v;,t.) which allows for I to be counted once
in the reward r and once in UB(v;,ts). Thus, the smaller the intervals are, the
tighter UB(x) is. We introduce a new parameter dyax and split every interval
of size larger than d,.« to a sequence of intervals, each of size less than §,ax.
Note that (i) as dmax decreases, UB(m) is tighter but the number of intervals
increases which causes a cubic increase in the complexity of Alg [1| used when
computing UB(7) and (ii) this does not affect the solution quality.
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(b)
Fig. 5: Simulated environments consisting of a task-robot (orange), assistance-robot
(green) and obstacles (yellow). The end-effector of R¢ask follows a predefined path
(blue) and needs to be located in the field of view of a limited-range camera located
on the end effector of Rassist (purple).

Bounded sub-optimality We introduce a second hyper-parameter ¢ > 0 and
replace the condition UB(m) < Ryax in Line[d] with UB(w) < (14¢) - Ryax. This
allows to dramatically prune the search space and one can easily show that if R,
and R* are the rewards obtained with this variation and the optimal reward,
respectively, then R, > R*/(1 +¢).

7 Empirical Evaluation

To evaluate our B&B-based algorithm (Alg. [3) we consider the g-TAP problem
of visual assistance. Specifically, the assistance robot is equipped with a camera
and should maximize the overall time the end-effector of the task robot is in its
field of view.

We consider a simulated environment in which both Ragsist and Riask are
four-link planar manipulators (Fig. [5) as well as the setting depicted in Fig.
wherein Ragsist 1S @ URS and Rgask is @ UR3 [I]. In each scenario, we fix the
path of Reask and generate a roadmap G using the RRG algorithm [I9] containing
between 10 to 1,000 vertices. Time intervals in G are computed by computing the
visible region from each configuration and testing what times the path of Riask
intersects this region. Importantly, in our experiments we focus on the g-TAP
problem only and do not account for the time to perform collision detection and
interval computation. This allows to better showcase the paper’s contributions.

As we optimize our B&B-based algorithm by employing interval splitting
and by allowing for bounded sub-optimality, we present our B&B algorithm
with two parameters: the interval size ..« used for interval splitting and the
approximation factor €. As we run our algorithm on graphs generated by adding
additional vertices and edges, when running the algorithm on a graph with n
vertices, we use the reward obtained from the previous iteration (on the graph
with n — 10 vertices) to initialize Ry.x and present accumulated runtimes.

As baselines to compare with, we suggest the following strawman algorithms:
The first, which we term “A-discretization” (DD(A)) discretizes the time into
steps of size A. It runs a best-first search where nodes are pairs consisting of a
vertex and a time with the initial node being (vg,0) (i.e., the start vertex and
time ¢t = 0). When expanding a node (u,t) it can either stay at u for A time
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Fig. 6: Running time and quality of solution as a function of graph size for variants of our

algorithm and two baselines. Here, [(a)H(c)| and |(e){(g)| correspond to the environments
depicted in Fig. respectively and |(h)| correspond to the environment
depicted in Fig. [I] Results are averaged over ten roadmaps with the shaded part cor-
responding to one standard deviation.

(resulting in the node (u,¢ + A)) or move to a vertex v such that (u,v) € E.
Note that this algorithm does not guarantee to compute optimal solutions. The
second algorithm, which we term DFS-OTP iterates over all possible paths in
the graph in a DFS-like approach. When reaching the final vertex of a path, it
runs the OTP algorithm on the path.
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For each one of the four scenarios (three planar manipulators in Fig. [5|and the
UR from Fig. , we fixed the path of the task robot and generated ten roadmaps.
We report in Fig. [6] the average running time and the reward for each algorithm
as a function of the number of graph vertices. We present four versions of our
B&B algorithm, one with 0p.x = 1,6 = 0 (i.e., an optimal algorithm without
interval splitting) and three with the same value for 0.« (for interval splitting)
but different values of ¢ (the approximation factor) as well as DD(6) with three
different values of ¢ (smaller 0 values are expected to run longer but obtain
higher-quality results) and the DFS-OTP algorithm.

When compared to the baseline optimal algorithm (DFS-OPT), our algo-
rithm allows for an improved runtime by roughly three orders of magnitude for
a given graph size and allows to compute solutions for far larger graphs within
the allotted planning time of one hour. When compared to the baseline heuris-
tic algorithm (DD(J)), while being slower, our algorithm obtains higher-quality
results by a factor of up to 3x on the three planar scenarios. For the URs,
the problem contains fewer intervals, thus both algorithms produce comparable
results (though ours provides guarantees on the solution quality).

The hyperparameters d,,x and € can have a large effect on the performance
of our algorithm. Conceptually, dy,ax balances how much time each OTP call
takes vs. how tight the upper bound is, and e reduces the search space size:
when computing UB(r), the main gap between the real reward obtainable and
the upper bound comes from allowing one interval to be counted twice. Thus,
smaller intervals result in a smaller gap. However, d,,,, results in more intervals
which increases the runtime of the OTP algorithm. If € is larger than the afore-
mentioned gap, it will allow the algorithm to explore only paths whose quality
is significantly better that the incumbent solution.

Finally, for a video of UR robots running our algorithm on a scenario similar
to Fig.[I], see https://tinyurl.com/yhhurh4n. Importantly, while our TAP has
several simplifying assumptions, this real-world experiments indicate that plans
computed using this model are an accurate first-order approximation that may
be applied as-is in the real world. We discuss relaxing our assumptions in Sec.

8 Future Work

In this work we lay the algorithmic foundation for TAP. Here, we assumed that
(A1) the roadmap G is provided, (A2) the path of Ragsist is known and that
(A3) the dynamics of Riask, Rassist can be ignored. In future work we wish to
relax these assumptions. For A1, we intend to build an RRT-like algorithm that
reasons about where to sample while accounting for task timing. For A2, A3 we
suggest to estimate the path of Rassist by learning a model and then iteratively
run our B&B algorithm in an MPC fashion.

Finally, as we discuss in Sec. [7} the runtime of our algorithm changes with
hyperparameters dy,ax and e. Finding the optimal values of d,.x and £ to min-
imize runtime for a given instance requires simultaneously optimizing the two.
To further speedup the algorithm we are interested in exploring how to compute
optimal (or close optimal) values.
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