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Abstract. This paper introduces the Shortest-Walk Problem (SWP) in Graphs
of Convex Sets (GCS). A GCS is a graph where vertices are paired with convex
programs, and edges couple adjacent vertex programs through additional convex
costs and constraints. A walk in a GCS is a sequence of potentially repeated ver-
tices connected by edges; its cost is given by the sum of its vertex and edge costs.
To solve the SWP in GCS, we first synthesize a piecewise-quadratic lower bound
on the problem’s cost-to-go function using semidefinite programming. Then we
use this lower bound to guide an incremental search that yields an approximate
shortest walk. We show that the SWP in GCS is a natural language for a variety
of mixed discrete-continuous planning problems in robotics and control, unify-
ing problems that typically require specialized solution methods while retaining
computational efficiency.

1 Introduction

A Graph of Convex Sets (GCS) is a generalization of a weighted graph where each ver-
tex is paired with a convex program, and each edge couples adjacent programs through
additional convex costs and constraints [35]. When traversing a GCS, we must select
a feasible point for the program associated with each visited vertex, and ensure that
consecutive points satisfy the constraints associated with the traversed edges. The total
traversal cost is the sum of the costs of these vertices and edges.

Many classical problems in graph theory extend naturally to a GCS [35]. Among
these, the Shortest-Path Problem (SPP) in GCS [39] has received particular attention
for its many applications and solution efficiency. The SPP in GCS requires optimizing
a discrete path through the graph and the associated continuous vertex points jointly. It
naturally models problems where graph search and convex optimization are interleaved,
and is a powerful tool for optimal control of hybrid systems [39], collision-free motion
planning [38, 9], planning through contact [19], and other robotics problems [49, 29].

In this paper, we study the Shortest-Walk Problem (SWP) in GCS: instead of seek-
ing a path through the GCS, which is a sequence of distinct vertices, we seek a walk,
which allows vertex revisits. For ordinary weighted graphs with non-negative scalar
weights, the SWP reduces to the SPP, since vertex revisits incur non-negative cost with-
out advancing towards the target. In contrast, the SWP and the SPP differ substantially
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Fig. 1: Application of the SWP in GCS to different planning problems: collision-free
motion planning for a robot arm with derivative constraints, footstep planning for a
humanoid robot, and item sorting for a top-down suction gripper.

in a GCS, since vertex revisits still incur non-negative cost but allow progress towards
the target. We show that the SWP in GCS captures a wide range of robotics and control
problems more naturally than the SPP in GCS, including collision-free motion planning,
skill chaining, and optimal control of hybrid dynamical systems. Figure 1 highlights in-
stances of these problems analyzed in our experiments.

To solve the SWP in GCS, we extend the method proposed in [43] for the SPP in
GCS. First, we synthesize a piecewise-quadratic lower bound on the problem cost-to-go
function, with each quadratic piece defined over the convex set of a vertex. Next, we
use this bound to guide a search algorithm, obtaining a walk one vertex at a time.

Paper outline. In Section 2, we formulate the SWP in GCS, highlighting its key differ-
ences from the SPP in GCS. In Section 3, we demonstrate the relevance of the SWP in
GCS in robotics and optimal control through instances where repeated node visits arise
naturally, and review the literature on solution techniques for discrete—continuous prob-
lems. Section 4 describes a practical numerical approach for solving the SWP in GCS.
We collect multiple numerical experiments in Section 5 and conclude in Section 6.

2 Shortest walks in graphs of convex sets

In this section, we review some background material, state the SWP in GCS, and high-
light its main differences with respect to the SPP in GCS.

2.1 Definitions

A GCS generalizes a weighted graph by allowing vertex and edge weights (or costs)
to depend on continuous variables. Formally, let G = (V, £) be a directed graph with
vertex set V and edge set £. Each vertex v € V is associated with a convex program,
specified by a compact convex set X, and a non-negative convex cost function [,, :
X, — Ry. Similarly, each edge e = (u,v) € & is associated with a convex set X, C
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X, x &, and a non-negative convex cost function [, : X, — R. When traversing a
GCS, visiting a vertex v requires selecting a point z,, € X, and incurs the cost [,,(x,).
Moving along an edge e = (u,v) requires the adjacent points z,, and z, to satisfy
(Ty, xy) € X and incurs the cost I (x,, ).

Let s € Vandt € V be a pair of source and target vertices, and z; € X and
Z; € X; be a pair of source and target points. A K -step walk in a GCS between vertices

s and t, and points Z, and T, is a sequence of K + 1 vertices w = (vg, ..., vk ) and
points 7 = (zo, . . ., k) such that
vg =8, Vg =t, (1a)
Ty =T, Tx = Ty, (1b)
er = (vk—1,vx) € E, Vk=1,...,K, (1¢)
(xg—1,2k) € Xe,p, Vk=1,...,K. (1d)

In words, the walk starts at vertex s and point Z, and ends at vertex ¢ and point Z;. Con-
secutive vertex pairs (vg_1, vy ) are connected by an edge e, € £, and consecutive point
pairs (z_1, z)) lie in the edge constraint set X, . The latter also ensures that the vertex
constraints are satisfied along the walk, since &, C &, , x X, by assumption.

The tuple (w, 7) is the walk in the GCS. Individually, the sequence of vertices w is
a walk in the graph G, while 7 is the corresponding sequence of vertex points, referred
to as the trajectory. We denote by W, ,(K) the set of K-step walks w that satisfy (1a)
and (1c). We denote by Tz, z, (w) the set of trajectories 7 along the walk w that satisfy
(1b) and (1d). We emphasize that vertices and edges along the walk w may be repeated,
and that different continuous points may be selected upon revisiting the same vertex.

The cost of the walk is the sum of its edge costs and all but the first vertex costs:

K

U, 7) = (e (nor,20) + Ly (21))-

k=1

2.2 Problem statement
The shortest walk in the GCS is the solution to the following optimization problem:
inf mi 2
inf min l(w,T) (2a)
st. we W (K), 7€Tz, .z w). (2b)

Note that this is a bilevel optimization: we seek the shortest K -step walk (w, 7) at the
lower level, and take the infimum over K at the higher level. We thus optimize over the
number of steps K, the walk w through the graph, and the trajectory 7 along this walk.

2.3 Shortest walks need not be paths

For an ordinary graph with non-negative edge costs, the SWP always admits an optimal
solution that is a path (i.e., a sequence of vertices with no repetitions). This is because
revisiting a vertex creates a cycle of non-negative cost and makes no progress towards



4 S. Morozov et al.

14

C
(a) GCS embedded in R2.

s D \ t so—Wt

(b) Shortest path between vertices s and ¢. (c) Shortest walk between vertices s and t.

Fig. 2: Example of a shortest walk that is not a path. Vertices a and b are both revisited
along the walk in panel (c): a is visited three times consecutively, and b is visited twice
non-consecutively.

the target. Therefore, this cycle may be removed without increasing the cost of the walk.
The same is not true for walks in a GCS. When traversing a GCS, revisiting the same
vertex can be advantageous, as demonstrated by the following example.

Example 1. Consider the 2D problem depicted in Figure 2a. This GCS has 5 vertices
V = {s,a,b,c,t} and 8 edges, drawn in green. The convex set X, is a square, X} is a
segment, and X, X, X; are points. For every edge e = (u, v), the edge cost is defined
as le(2y, Ty) = 14|24 —,||3: the first term penalizes the number of steps taken, while
the squared displacement term penalizes the size of each step. There are no vertex costs,
nor are there any additional edge constraints. The solutions to the SPP and the SWP in
this GCS are shown in Figures 2b and 2c. To avoid revisiting vertices, the shortest path
(orange) must take larger steps, incurring a cost of 35. By taking smaller steps and
revisiting vertices, the shortest walk (blue) achieves a lower cost of 28. Although the
cycles in the GCS have a non-negative cost, they help make progress towards the target.

2.4 Sufficient condition for finiteness of shortest walks

We note that the shortest walk in a GCS need not be of finite length K. Consider again
the GCS in Figure 2a. If the edge cost is set to l. (7, T,,) = ||24—]||3, then the optimal
walk involves infinitely-many infinitesimal steps through the vertex a. No finite walk is
optimal, as there is always a longer walk that attains a lower cost. The infimum cost is
finite, but not attained: it is approached in the limit of walks with infinitely many steps.
That is why we defined program (2) using an infimum over the number of steps K.
Below is a simple sufficient condition for an optimal walk, if one exists, to be finite:

min{le(zy, o) + Ly (xy) | (T4, ) € X} >0, Ve = (u,v) € €.

This condition ensures that the cost of every step in the walk is greater than some
positive value; each step cannot have arbitrarily small cost, unlike the example in the
last paragraph. Thus an infinite walk must incur infinite cost, and cannot be optimal. In
practice, this condition can be satisfied by adding a small constant € > 0 to every edge
cost [.. In what follows, we assume that this condition holds.
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(a) The shortest-path formulation from [38]  (b) Our shortest-walk formulation searches for
optimizes a Bézier curve and its duration, re-  a fixed-duration Bézier curve per vertex visit,
sulting in non-convex acceleration constraints.  resulting in convex acceleration constraints.

Fig. 3: Comparison of shortest-path and shortest-walk formulations for motion plan-
ning. Shown in blue are cubic Bézier curves, with their control points in orange.

3 Applications in robotics and control

In this section, we present three representative problems in robotics and optimal control
that are naturally formulated as an SWP in GCS. Although some of these problems have
previously been addressed using a shortest-path formulation, we argue that the shortest-
walk formulation is more natural and compact. We will also revisit these same problems
in Section 5 to show that the SWP formulation is computationally more efficient.

3.1 Collision-free motion planning with acceleration limits

Collision-free motion planning is a key challenge in robotics. Sampling-based plan-
ners [26, 31, 13] are a popular approach to this problem due to their simplicity and
effectiveness. They offer probabilistic guarantees of feasibility and optimality [25, 22]
but, even using their kinodynamic variants [66, 18, 70], handling continuous deriva-
tive constraints remains challenging for these methods. Optimization methods [4, 2, 52,
34, 72] handle these constraints by enforcing them in a non-convex program, but often
fail to find a feasible solution in complex environments due to their reliance on local
solvers. Planners based on mixed-integer optimization [51, 50, 41, 12] combine discrete
and continuous search, and find globally optimal trajectories using branch-and-bound
solvers. The mixed-integer planner proposed in [38] reformulates the problem as an
SPP in GCS. This yields fast solve times but imposes strict convexity requirements on
the admissible costs and constraints involving the trajectory derivatives.

The approach in [38] decomposes the collision-free space into convex regions. A
GCS vertex is added for every such region, and two vertices are connected by an edge if
the corresponding regions overlap. The convex set X, that is actually paired with each
vertex v € V is the set of Bézier curves contained within the corresponding collision-
free region, together with the curve time duration. Therefore, visiting a vertex requires
selecting a trajectory through a collision-free region, as shown in Figure 3a. A vertex
cost on the trajectory velocity and duration is also added. Traversing an edge imposes
constraints that guarantee a continuous and differentiable trajectory. A path in this GCS
corresponds to a smooth collision-free trajectory from start to target.

A key limitation of this formulation is that jointly optimizing the shape and duration
of the Bézier curves results in non-convex constraints on the trajectory acceleration and
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higher-order derivatives. One way to address this issue is to relax the non-convex timing
or higher-order continuity constraints, and then post-process the resulting trajectories
using Time-Optimal Path Parameterization (TOPP) [62] or by solving a non-convex
program on the vertex sequence [63, 69, 40]. However, this decouples the problem into
two stages and may lead to suboptimal solutions. Alternatively, the nonconvex vertex
constraints can be approximated via semidefinite relaxations [71], however, such relax-
ations can often be loose or computationally expensive. Finally, derivative constraints
can be convexified by fixing the duration of each curve and introducing copies of the
GCS vertices. This restricts the time spent in each region to integer multiples of the
fixed curve duration, but introduces hyper-parameters (the number of vertex copies)
and a trade-off between the time discretization error and the problem size.

The limitations of the last approach are naturally addressed by the shortest-walk
formulation of the motion planning problem. This formulation does not introduce ad-
ditional hyper-parameters and resolves the trade-off between discretization error and
problem size by allowing an arbitrary number of vertex revisits. As a result, vertex
duplication is unnecessary, and the problem complexity is not artificially inflated.

3.2 Skill chaining

Consider a robotic system controlled by a discrete set of continuously parameterized
skills (also referred to as motion primitives, actions, or behaviors) that use low-level
control policies to transition between configurations. Abstracting away the low-level
dynamics of these policies, the goal of skill chaining is to select a sequence of skills
and the corresponding control parameters that allow the robot to reach a target configu-
ration [58, 27]. Related families of problems include sequential composition [6, 59] and
Task and Motion Planning (TAMP, see [16] for a comprehensive review). A common
solution strategy alternates between sampling discrete skills and continuous transitions
(control parameters), guided by strong heuristics [7, 23, 55, 28, 15]. However, to be ef-
fective in complex environments, these methods often rely on costly hand-crafted sam-
plers. Optimization-based subroutines [61, 20, 53, 14] can also be used to explore the
space of continuous transitions more effectively and better inform the discrete search.
The approach we propose in this subsection for skill chaining builds on this idea.

Let n be the dimension of the configuration space. We define a skill 7 via a set
Q.. C R2" of feasible configuration pairs that can be connected by the skill. Note that
alternative definitions in the literature describe skills through preconditions (pre-image,
domain, or initiation set) and effects (reachable set, goal set, or termination condition),
but all are generally interchangeable. Each skill also has an associated cost function
¢ @ Qr — Ry, where ¢, (q,¢’) is the cost of transitioning from configuration g to ¢’
under this skill. Given a pair of start and target configurations ¢s, ¢;, the goal is to find
a minimum-cost sequence of skills (7y,...,7k), with a corresponding sequence of
transitions ((go,q1), - - ., (¢x—1,qx)), such that go = s, gk = G, and each transition
(qx—1, qx) is achievable via 7.

To formulate the skill chaining problem as an SWP in GCS, we require that the
sets @, and the cost functions ¢, be convex. If this is not the case, we assume that
suitable convex approximations or decompositions are available (existing tools such
as [11, 48, 68] can facilitate this process). We let each skill m be a GCS vertex and pair
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Fig.4: An actuated pendulum with a soft wall (a) is approximated as a PWA system
with two modes (no-contact and contact), and modeled as a GCS with two vertices and
four edges (b). An optimal state-space trajectory for regulating the pendulum to the
equilibrium position s; = (0, 0) is computed by solving an SWP in GCS (c).

it with the convex set X; = Q, and the convex cost [; = ¢,. Visiting vertex  is thus
equivalent to executing a transition (g, ¢') and incurs a vertex cost ¢ (¢, q’). An edge
connects two skills 77y and o if they can be chained, i.e., there exist configurations
4,q',q" such that (q,q') € Qn, and (¢',¢") € QOx,. Ensuring that the end point ¢’ of
the first skill equals the start point of the second skill requires adding an edge constraint.
We then add a start vertex for the start configuration ¢s and connect it to vertices that
represent skills executable from ¢,. We add a target vertex in a similar fashion. The
optimal skill chaining is then represented by the shortest walk in this GCS.

3.3 Optimal control of hybrid systems

Many challenging problems in robotics, such as footstep planning, planning through
contact, and dexterous manipulation, involve systems with hybrid dynamics. Such sys-
tems can be well approximated with a Piecewise Affine (PWA) dynamical model [54,
3]. Motivated by this, we consider the problem of optimal control for discrete-time PWA
dynamical systems. We refer the reader to [33] for a recent work in this direction, which
highlights the SPP in GCS as an effective and competitive strategy. Below we show that
the shortest-walk formulation may offer a more effective alternative.

Let S and A be the system state and control spaces, and let the state-space be parti-
tioned into polyhedral sets S = | J; S; (commonly referred to as modes). A PWA system
evolves according to different affine dynamics depending on the mode that system is in.
That is, the system dynamics at time-step n are governed by:

Sj+1 = AiSj + Bja; +c¢; if s; € Si, a; € A.

Executing the control a; at state s; € S; of mode 4 incurs the mode-specific stage cost
li(s I8 aj). We seek state, control, and mode sequences between source and target states
50 and 5y, satisfying the PWA dynamics and minimizing the total stage cost.

This problem can be naturally cast as an SWP in GCS. We illustrate this in Figure 4
using a pendulum with a soft wall: a simple example of control through contact that can
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Fig.5: A simple approach to solving the SWP in GCS in (a) involves constructing the
layered GCS in (b) by duplicating vertices across K — 1 layers, for each K — oo. In
contrast, our approach operates directly on the original, smaller GCS in (a), and avoids
artificially increasing the size of the problem.

be effectively approximated as a PWA system [37]. For every mode ¢, we define a GCS
vertex 7 with convex set X; = S; X A. Two vertices are connected with an edge if a fea-
sible transition exists between some pair of states in the corresponding modes. Affine
dynamics are imposed as edge constraints, and the convex stage cost /; is added as a ver-
tex cost. For the pendulum, this results in a GCS with two vertices (C for contact, N for
no-contact) and four edges, pictured in Figure 4b. Note that the affine dynamics along
the edges (N, C) and (C, N) are different. A walk in this GCS is a vertex sequence
w, which corresponds to a mode sequence, and a sequence of points 7, which corre-
sponds to state and control trajectories. This is illustrated in Figure 4c. Note that this
PWA control problem can also be cast as an SPP in a GCS, following the construction
in [35, §8] and also summarized in Figure 5 below. This formulation yields a GCS with
O(IK) vertices and O(I?K) edges, where I is the number of contact modes and K is
the planning horizon, leading to a computationally expensive optimization problem.

4 Solution method

The SWP in GCS is NP-hard, since the SPP in an acyclic GCS is NP-hard [35, §9.2],
and the two problems are equivalent in acyclic graphs. Therefore, we do not expect to
solve each instance of the SWP in GCS efficiently.

An impractical way to find the shortest walk in a GCS is to compute K -step optimal
walks for progressively larger K. As K grows, the cost of the best solution found con-
verges to the infimum in (2). A K -step optimal walk can be obtained by solving an SPP
in a different GCS, where we duplicate vertices as a way to allow revisits, as shown in
Figure 5. Given the original GCS in Figure 5a, we construct a new layered GCS as in
Figure 5b, with each layer containing duplicates of the original vertices, and consecu-
tive layers connected based on the original edges. Solving the SPP in this layered GCS
yields a K -step optimal path, equivalent to a K -step optimal walk in the original GCS.

Incremental search offers a more effective approach to the problem. Recent works
proposed incremental methods for solving the SPP in GCS [8, 56, 44, 43], which nat-
urally extend to produce walks by allowing vertex revisits. The performance of incre-
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mental search depends significantly on the quality of the guiding heuristic: here we
develop effective heuristics for the SWP in GCS leveraging the method from [43].

Our approach has two computational steps: (1) obtain cost-to-go lower bounds at
each vertex, then (2) use these lower bounds to guide an incremental search that extracts
a walk. To compute the lower bounds, we first derive the Bellman equation for the
SWP in GCS. This equation can be solved exactly for the cost-to-go via an infinite-
dimensional optimization problem; since this is intractable, we approximate it with a
semidefinite program over quadratic lower bounds. Notably, this program scales with
the size of the original GCS, not the product of graph size and walk length.

4.1 Bellman equation

The principle of optimality holds for the SWP in GCS: every subwalk of a shortest walk
is itself a shortest walk. Indeed, if a subwalk was not optimal, then it could be replaced
with the actual optimal subwalk, resulting in a walk of lower cost. We leverage this
property to derive the Bellman equation for the SWP in GCS.

For every vertex v € V and point z,, € X, let J*(x,) denote the cost of a shortest
walk from z,, to the target point Z,, also referred to as the cost-to-go. Consider a point
x, of vertex u, and let the point x, of vertex v be next along a shortest walk from
x, (vertices u,v need not be distinct). By the principle of optimality, the cost-to-go
J*(x,,) must be the sum of the incurred costs I (2, Ty) + Iy (2, ), with e = (u, v), and
the subsequent cost-to-go J,* (x, ). As the transition to z,, of vertex v is optimal, it must
minimize this sum over all other feasible transitions. This yields the Bellman equation

Ji(zy) = mir; le(@y, Ty) + lp(z0) + T (20) (3a)

Loy,

st (Ty, 1) € Xy, e=(u,v) €E. (3b)

4.2 Exact solution of the Bellman equation

We now reformulate the Bellman equation (3) exactly as an infinite-dimensional opti-
mization problem. We search over the functions J, : X, — R per vertex v € V that
satisfy the following inequality, which is a relaxed form of the Bellman equation (3):

Ju(@u) < le(@u, x0) + ly(20) + Ty (@),

for all e = (u,v) € &£ and (z,,x,) € X.. This inequality states that J,,(x,) is no
greater than the incurred edge and vertex costs [ (2, Z,) + 1, (2,) plus the subsequent
value J, (). If we constrain J;(Z;) = [;(Z;) at the target, then the functions J,, are
lower bounds on the cost-to-go: J,,(z,,) < J(x,,) for all points z,, € X, and vertices
u € V. To make the function J; a tight lower bound on the cost-to-go J; at the source
point T, we maximize the value J4(Z ). We obtain the following program:

max  Jg(Ts) (4a)

st. Ju(zy) >0, Yo eV, x, € Ay, (4b)
Ju(xu) < le(xuax’u) + Z’U(I'U) + Jv(xv)7 Ve = (u, v) €&, (l‘u, Iv) € Xe,

(4¢)

Ji(T) = 1(Zy), (4d)
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with variables J,, for v € V. The objective function (4a) maximizes the lower bound
Js(Zs), attaining the maximum when J,(Z5) = J(Z). Thus the optimal solution of
problem (4) yields the exact cost-to-go at the source point T.

Simultaneously maximizing J,(x,) across all points x,, € X, and vertices v € V
yields tight lower bounds on the cost-to-go over the entire GCS, akin to the classical
many-to-one SPP. Furthermore, similar to the classical many-to-many SPP, program
(4) can be generalized to produce lower-bounds on a cost-to-go J;t(ass, x¢) that is a
function of the source and target vertices and points. This cost-to-go can be reused for
multiple shortest-walk queries over the same GCS. For further details, see [43, App. A],
which explores the many-to-many generalization of the SPP in GCS.

Program (4) is an infinite-dimensional Linear Program (LP), as both the constraints
and the objective are linear in the functions J, for v € V.

4.3 Efficient synthesis of cost-to-go lower bounds

We employ Semidefinite Programming (SDP) to produce an approximate solution of
problem (4). We outline the approach and direct the reader to [43, §3.2] for more details.

The key challenge in program (4) lies in enforcing the inequality constraints (4b)
and (4c¢): it is generally hard to require that a function is non-negative over a contin-
uous set of points. However, if the function is polynomial and the set is basic semi-
algebraic, then this constraint can be enforced in a convex (conservative) manner [5,
§3.2.4]. Specifically, we restrict the lower bounds J,, of vertex v to be a convex quadratic
function and search over its coefficients. Additionally, we restrict the convex sets X, to
be intersections of polyhedra and ellipsoids, and restrict the cost functions [, and [,
to be convex quadratics (using quadratic approximations for non-quadratic functions).
These restrictions allow us to cast program (4) as a tractable SDP, producing quadratic
lower bounds on the cost-to-go function at each vertex. While arbitrary-degree polyno-
mial lower bounds can be obtained via the sums-of-squares hierarchy [46, 47, 30], our
computational experience is that quadratic polynomials strike a good balance between
expressive power and computational complexity.

The cost-to-go synthesis is the most expensive part of our solution method. How-
ever, it is still tractable in practice, taking seconds to a minute even for complex systems
and environments. Additionally, this expense becomes negligible in a multi-query set-
ting, where the synthesis is performed only once and the cost-to-go is reused for multi-
ple queries over the same GCS. This is particularly advantageous in applications where
a robot must repeatedly solve similar planning problems within a static environment.

4.4 Extracting walks from the cost-to-go lower bounds

Similar to [43, 8], we extract an approximate solution to the SWP in GCS using incre-
mental search and the cost-to-go lower bounds as a guiding heuristic. Specifically, we
use multi-step lookahead greedy search, as it often produces feasible solutions quickly.
We briefly describe this method below.

The walk is constructed incrementally, one vertex at the time. At iteration n of the
search, let (v, z,,) be the current vertex and vertex point (initialized with (s, Z)), and
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let k be the lookahead horizon. We consider all candidate k-step decision sequences
(w’,7') that originate at (v, z,) and, among them, greedily select the one that mini-
mizes the k-step lookahead cost-to-go:

min I(w',7") + Ju, ., (Tnik) (5a)

st. w = (vp,... V1) is a k-step walk in G, (5b)

7' = (Tp,...Tnyk) is a trajectory along walk w’. (5¢)

In (5b), we consider all k-step walks w’ that originate at vertex v,,. Here we also include
walks that reach the target vertex ¢ in fewer than k steps. In (5¢), each walk w’ is
associated with a trajectory 7’ starting at the fixed point x,, and ending at a variable
point . (or at the fixed point T; if the walk w’ reaches the target vertex ¢ early).
Together, (w’, 7') is a candidate k-step decision sequence in the GCS. The objective (5a)
minimizes the k-step lookahead cost-to-go: the cost of the k-step lookahead sequence
I(w', ") plus the remaining cost-to-go lower bound .J,,, ., (Zn k).

To actually compute the solution (w’,7’), we solve multiple convex programs in
parallel (one per candidate k-step walk w’) and select the best. We take the first step of
the selected walk, transitioning to (v,,41,Zn+1), and proceed to next iteration. If pro-
gram (5) is infeasible, we backtrack to a previous vertex and try alternative candidates.
The process terminates upon reaching (¢, Z;) or a fixed iteration budget. This method
lacks guarantees of completeness or optimality, but we find it very effective in practice.

To improve the quality of these greedy solutions, we apply two post-processing
steps. First, we reoptimize the trajectory along the candidate walk: it is convex program
that yields a trajectory that is optimal within the walk. Second, we attempt to eliminate
unnecessary cycles along the walk: if removing a cycle and reoptimizing the trajectory
yields a solution with lower cost, we eliminate the cycle and continue.

5 Numerical experiments

Mirroring the problem classes in Section 3, we illustrate three planning problems that
are naturally formulated and effectively solved as a SWP in GCS. We also provide
numerical comparisons between the shortest-walk and the shortest-path formulations,
and defer qualitative comparisons with other algorithms to the next section.

All experiments are run on a laptop with an Apple M1 MAX chip with 16GB of
RAM. We use Mosek10 [1] to solve all convex programs in this section and SNOPT7 [17]
to solve non-convex programs in section Section 5.1, reporting parallelized solver time.

5.1 Robot-arm motion planning with acceleration limits

We consider a warehouse robot arm shown in Figure 6, tasked with moving items be-
tween shelves and bins. Given a pair of start and target conditions inside a shelf or a
bin, the goal is to plan a minimum-time, smooth, collision-free trajectory that respects
joint acceleration limits. Following Section 3.1, we cast this problem as both the SWP
and the SPP in GCS, contrasting these formulations.
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(a) SPP in GCS generates a (b) Trajectory is post- (¢) SWP in GCS enforces ac-
velocity-limited trajectory of processed to satisfy accel- celeration limits during search
duration 2.21s, violating accel- eration limits, increasing its and yields a 2.25s acceleration-
eration limits (red). duration to 2.57s. limited trajectory.

Fig. 6: Visual comparison of SPP in GCS with TOPP (a,b) and SWP in GCS (c) formu-
lations. Both planners are tasked with finding an acceleration-limited trajectory from
the top-left shelf to the right bin. The end-effector trajectory is red when the accelera-
tion limits are violated, green when the acceleration is within 5% of the limit, yellow
when the velocity is within 5% of the limit, and blue otherwise.

We first produce a convex decomposition of the collision-free configuration space
using the IRIS-NP algorithm [48], taking advantage of IRIS clique seeding [67] to ob-
tain regions that cover large volumes inside of the shelves and bins. This one-time step
takes about 100 seconds, producing a connectivity graph with 16 vertices and 54 edges.

We follow the approach in [38] (see also Section 3.1) to cast the planning problem
as an SPP in GCS and produce smooth trajectories through the collision-free regions. At
each GCS vertex, we optimize the shape and time duration of a Bézier curve, as depicted
in Figure 3a. The solution is a sequence of collision-free regions and a smooth, velocity-
limited trajectory through them. Post-processing is required to incorporate acceleration
limits. We consider two approaches: TOPP [62], which fixes the curves and reoptimizes
their timing to satisfy the acceleration limits; and non-convex post-processing [63],
which solves a non-convex program over the sequence of regions to enforce the limits.

For the SWP in GCS, we optimize a Bézier curve of fixed duration of 125ms at
each vertex visit, enforcing acceleration limits in a convex manner during the incre-
mental search. To compute the cost-to-go lower bounds, we employ the many-to-many
generalization of (4) discussed in Sections 4.2 and 4.3, which takes 45s. The resulting
lower bounds can be re-used across multiple queries over the same GCS.

We run 100 tests where the arm moves virtual items between shelves and bins, and
compare solve times and time durations of the produced trajectories. The numerical
results are reported in the first three rows of Table 1. The solve time of our SWP for-
mulation takes on average 0.45s. On average, SPP with TOPP takes 30% longer, while
SPP with non-convex post-processing takes 120% longer. As for the trajectory durations
(solution cost), the differences are marginal, within 1-2% on average.

Figure 6 contrasts the SPP with TOPP post-processing and our SWP formulation.
The former approach first generates a velocity-limited trajectory of 2.21s, shown in Fig-
ure 6a. This trajectory violates the acceleration limits, as shown by the red segments in
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Solve time

Problem, planner Cost-to-go synthesis (s) Solution cost  Success rate
per query (s)
V-A, SWP 45 0.45 (0.54) 2.62 (2.87) 100%
V-A, SPP w/ TOPP N/A 0.66 (0.88) 2.64 (2.83) 100%
V-A, SPP w/ NC N/A 1.00 (1.37) 2.60 (2.80) 100%
V-B, SWP 20.1 0.36 (2.67) 17.2 (23.5) 100%
V-B, SPP N/A Timed out Timed out 0%
V-C, Fig.9a, SWP 2.1 0.18 (0.21) 20.9 (24.3) 100%
V-C, Fig.9a, SPP N/A 2.83 (N/A) 21.7 (N/A) 61%
V-C, Fig.9b, SWP 1.5 0.49 (0.55) 32.5(35.0) 100%
V-C, Fig.9b, SPP N/A Timed out Timed out 0%

Table 1: Numerical results for the comparisons in Section 5. Where appropriate, we
report the median over 100 trials, with the 90th percentile in the parenthesis. For each
experiment, we use the time limit of 5 minutes.

grasp object 1 flip object 1
| i AL L

o

move object 1 to target grasp object 2 move object 2

regrasp object 2 flip object 2 task is complete

Fig. 7: Example of skill-chaining problem where a top-down suction-cup arm arranges
three objects into the green target region on the right.

its end-effector trajectory. TOPP post-processing results in a slower trajectory (2.57s)
that follows the same path but satisfies the acceleration limits (Figure 6b). Observe that
the red segments of the end-effector trajectory become green, reflecting that the accel-
eration is within 5% of the limit. Our SWP formulation directly enforces acceleration
limits during search: it produces a faster trajectory (2.25s) that saturates the accelera-
tion limits for longer segments (green in Figure 6¢). We also emphasize that, contrarily
to TOPP, our method naturally handles constraints on higher-order derivatives, such as
jerk or snap, which are important for industrial robot arms and drones.

Compared to the non-convex post-processing, our SWP formulation produces tra-
jectories of comparable cost but much faster (and does not require a non-convex solver).
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5.2 SKkill chaining for top-down suction gripper

We now consider the object-arranging problem shown in Figure 7. The robot is a ver-
tical suction-cup gripper, with position described by one horizontal coordinate. The
environment contains three movable rectangular objects, described by width, height,
and horizontal position. The robot can pick and place objects via top-center grasps, or
flip them clockwise or counterclockwise by grasping their corners. The goal is to sort
all objects into a target region (green horizontal intervals in Figure 7).

We cast this problem as an SWP in a GCS, following the skill chaining construction
from Section 3.2. We define the configuration space to be the horizontal positions of
the arm and the objects, along with the objects’ dimensions. The robot’s skills are: (1)
moving the arm from one position to another while objects remain intact, (2) picking
an object at its center and placing it at a collision-free location, (3) flipping an object
clockwise or counterclockwise by grasping its corner, swapping its width and height.

Each skill execution has cost equal to one plus the arm horizontal displacement.
The sets X, capture the feasible transitions under each skill. These sets are naturally
non-convex due to the collision avoidance requirements and the combinatorial nature of
selecting objects for manipulation. To address this, we decompose the skills into convex
sub-skills, resulting in six arm movement, three pick-and-place, and six object-flipping
skills. The GCS has a vertex for each sub-skill, a target vertex for any configuration with
all objects in the target region, and six source vertices for any initial collision-free object
arrangement. In total, we have 22 vertices and 120 edges. We employ the many-to-many
generalization of (4), maximizing the average quadratic cost-to-go lower bounds over
all source sets, which takes just 20 seconds. The resulting structure efficiently supports
shortest-walk queries across various initial conditions and without fixing the order or
precise placement of objects in the target region.

Figure 7 illustrates an example problem with its solution. Here, object 1 is already
in the target region but must be moved and reoriented to also accommodate object 2.
This is a challenging puzzle, as all three objects barely fit within the target region. The
fourth and fifth rows of Table 1 report the solve-time statistics over a 100 randomized
problems. For the SPP in GCS, the graph is constructed in a layered fashion as in Fig-
ure 5. Each vertex is duplicated over multiple layers, and each layer connects to the
final target layer to allow transitions after any number of steps.

The SPP formulation requires duplicating vertices across layers because the number
of steps is unknown a priori, resulting in a large mixed-discrete-continuous problem
that is slow to generate and solve. In contrast, the incremental-search SWP formulation
never constructs the full graph; it solves only small subproblems incrementally, while
also taking advantage of parallelization. A crucial factor in this efficiency is the cost-
to-go lower bound: without it, the search expands many more sub-walks and produces
longer solutions. We emphasize again that these lower bounds are computed efficiently:
the cost-to-go synthesis program captures skill repetition without vertex duplication and
scales with the number of skills rather than the length of the solution sequence.

5.3 Hybrid footstep planning for a ZMP walker

Inspired by [10], we consider a footstep-planning problem for a humanoid robot nav-
igating over stepping stones. The humanoid is shown in Figure 8 and must reach the
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(a) A footstep plan across stepping stones.  (b) Robot takes a detour due to missing stone.

Fig. 8: Footstep plans across stepping stones for the Atlas humanoid robot, produced in
under 500ms. The SWP in GCS jointly optimizes for foot placement, contact forces,
and centroidal dynamics, while maintaining stability enforced by the ZMP condition.

target by planning footstep locations and contact forces through the stepping stones,
ensuring stability and avoiding foot collisions.

We use a Zero-Moment Point (ZMP) model for the robot dynamics [24, 64]. We
constrain the ground contact forces to lie inside the friction cone and the robot ZMP
to remain within the support polygon formed by the feet. This ensures that the robot
can maintain static equilibrium at all times. We assume that the acceleration along the
vertical axis is zero and that the robot does not rotate (zero angular acceleration). This
results in an affine relationship between the ZMP and center-of-mass dynamics. The
dynamics become piecewise affine when we account for footstep planning, with three
primary contact modes: both feet on the ground, only the left foot, or only the right foot.

The footstep planning results in O(/N?) potential contact modes (with N number
of stones), but many are infeasible due to the constraints on the maximum distance
between the feet. In practice, the number of modes grows as O(DN), where D is the
average number of adjacent stones. We assume that the feet do not rotate, although this
could be easily modeled as in [10]. Additionally, we enforce constraints that prevent
collisions between the feet. The resulting PWA system jointly considers safe footstep
placement, contact forces, centroidal dynamics, and ZMP stability.

Following Section 3.3, we cast the optimal control problem for this PWA system as
an SWP in GCS. We add a vertex for each PWA mode and a target vertex for the final
state. The resulting GCS has 24 vertices and 58 edges for Figure 8a, and 21 vertices and
50 edges for Figure 8b. We compute quadratic cost-to-go lower bounds, maximizing
their average across all vertices, which takes 2.1s and 1.5s, respectively. To cast the
problem as the SPP in GCS, we again use the layered graph formulation from Figure 5.

We evaluate both formulations over 100 random problem instances, with initial con-
ditions randomly chosen over the leftmost stone. The results are summarized in Table 1,
rows 6 to 9. The SWP formulation takes on average 0.2s for the problem in Figure 8a
and 0.5s for the one in Figure 8b, and has 100% success rate. The SPP formulation is
significantly slower and even fails to solve some instances within the time limit of 5
minutes, primarily due to a very weak convex relaxation that leads to an extreme num-
ber of infeasible subproblems to consider. As before, vertex duplication makes the SPP
in GCS expensive, whereas the incremental SWP formulation scales more effectively.
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6 Discussion

In this paper, we have studied the SWP in GCS, proposed an efficient solution method
for this problem, and shown how it captures a broad class of mixed discrete-continuous
planning problems in robotics and control. The SWP in GCS complements the SPP in
GCS, by better modeling problems involving discrete repetitions. While specialized al-
gorithms may outperform the techniques proposed here in specific domains, the strength
of the SWP in GCS lies in its broad applicability and consistent performance across di-
verse problem types. Below, we qualitatively compare it with related approaches.

For collision-free motion planning (Section 5.1), a quantitative comparison of the
SPP in GCS and sampling-based planners, specifically PRM [26], is presented in [38].
This comparison shows that the SPP in GCS has a higher offline cost, but online it can
produce better trajectories faster than PRM. As shown in Section 5.1, the SWP for-
mulation proposed here exhibits comparable or improved computational performance
to the SPP in GCS. Generally, sampling-based planners such as PRM, RRT [31], and
more recent methods like VAMP [60], struggle to incorporate dynamic constraints or
generate smooth trajectories. Trajectory optimization methods such as TrajOpt [52] and
KOMO [61] address continuous dynamics but, without additional structure, lead to non-
convex programs that converge slowly or can fail to find feasible solutions in cluttered
environments. Recent GPU-based planners like cuRobo [57] improve runtime through
massive parallelization, but inherit the same non-convexity and feasibility limitations,
and typically do not optimize trajectory duration explicitly. In contrast, our SWP for-
mulation preserves the advantages of the SPP in GCS (convex collision avoidance via
Bézier parameterization and efficient reasoning over discrete mode sequences) while
also capturing higher-order dynamic limits and smoothness in a convex manner.

For tightly constrained TAMP problems like in Section 5.2, integrated planning
frameworks [15, 23, 28, 16, 21] often rely on custom samplers and carefully tuned dis-
tributions, which are expensive to construct. Feasible configurations and trajectories lie
on lower-dimensional spaces, making naive random sampling ineffective. Optimization
over such spaces is also challenging, thus approaches that rely on non-convex subrou-
tines [61] are generally expensive. A main advantage of our shortest-walk formulation
is that, if a convex decomposition is available, it relies on simple convex subroutines
and requires no tuning of samplers or problem-specific heuristics. On the other hand,
computing the convex decomposition can be challenging for some problems.

Finally, for optimal control of hybrid systems (Section 5.3), mixed-integer formu-
lations [3, 42, 36, 33] remain the standard approach (beside the learning-based algo-
rithms [65]). As shown in [35], many mixed-integer formulations are special cases of
(or outperformed by) the SPP in GCS; our formulation builds on the same framework
but naturally handles problems involving mode repetitions. Our method shares a com-
mon limitation with other mixed-integer approaches: combinatorial blow-up of contact
modes. Contact-implicit methods [45, 32] effectively use randomized smoothing to mit-
igate this, but they remain local and cannot systematically reason over global discrete
decisions. A hybrid strategy (i.e., smoothing some contact modes while treating others
as explicit discrete transitions) could combine the strengths of both approaches.
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