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Abstract. Analyzing the trajectories of rigid bodies and of interaction
forces is essential for a wide range of tasks in robotics, including tra-
jectory segmentation, recognition, and prediction. A key challenge in
these tasks is that the results often depend on the choice of coordinate
system in which the trajectory is expressed, thereby complicating trajec-
tory analysis and comparison across di�erent coordinate systems. This
challenge motivates the use of coordinate-invariant trajectory represen-
tations. However, coordinate-invariant representations often su�er from
sensitivity to measurement noise near singularities in the representation,
where the representation is not uniquely de�ned. To address this limita-
tion, this paper provides a focused and formalized treatment of a novel
invariant trajectory representation recently introduced in preprint form.
Speci�cally, we present it here as the Dual-Upper-Triangular Invariant
Representation (DUTIR), formally prove its coordinate invariance, and
numerically demonstrate its reduced sensitivity to noise near singulari-
ties. In addition, this paper formulates the representation at a level of
abstraction to show that it seamlessly applies to both rigid-body motion
trajectories and interaction-force trajectories, thereby presenting it as a
versatile tool for robotics, biomechanics, and related domains.

Keywords: Trajectory · Invariance · Screw Theory · Twist · Wrench.

1 Introduction

Analyzing the trajectories of rigid bodies and of interaction forces is essential
for a wide range of tasks in robotics [23], biomechanics [1], and related �elds.
These tasks include trajectory segmentation [19], recognition [7, 9, 21], and pre-
diction [13]. Typically, these tasks are performed using algorithms that operate
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on trajectory coordinates expressed in a speci�c coordinate system, such as a
body-�xed coordinate system attached to a mobile robot, or a coordinate system
attached to a sensor. A key challenge, however, is to achieve consistent results
across di�erent choices of coordinate system [22]. Di�erent choices of coordinate
system can arise, for example, from changes in robot con�guration or from vari-
ations in motion-capture setups. A common way to avoid this challenge is to
enforce consistent coordinate systems during data collection through coordinate
system calibration procedures. However, these calibration procedures are often
labour-intensive. Furthermore, an open problem remains: how to handle existing
datasets that contain trajectories expressed in di�erent coordinate systems and
where the relationships between the di�erent coordinate systems are unknown.
A more rigorous way to address this challenge is to learn trajectory models that
generalize across coordinate systems. In the literature, methods exist to learn
such models from data [7,8,21,24]. A di�erentiator among these methods is the
amount of data that is required. In this paper, we focus on methods that require
only one demonstration. Speci�cally, we focus on methods based on linear alge-
bra and di�erential geometry that transform the demonstrated trajectory into
a representation that remains unchanged when the coordinate system changes,
referred to as a coordinate-invariant representation.

Invariant representations have been introduced in the literature. For exam-
ple, the work in [7] obtains an invariant representation of the trajectory by em-
bedding it into a coordinate-invariant subspace computed via a singular value
decomposition. However, this approach requires data of the complete trajectory
to be available a priori. Other works [5, 9, 21, 23] aim to eliminate this require-
ment by proposing representations based on local trajectory features. Here, a
local feature is a feature de�ned exclusively from trajectory data within a small
neighborhood along the trajectory. For example, the works of [5, 9, 21] compute
such local, di�erential-geometry-based trajectory features analytically in closed
form. The approach in [23] proposes a more robust computation of local trajec-
tory features using iterative, optimization-based methods.

However, obtaining both locality and coordinate invariance has its cost, since
local invariant representations often show high sensitivity to measurement noise
near singularities in the representation, where the representation is not uniquely
de�ned. Furthermore, the iterative optimization-based method proposed in [23]
requires relatively long computation times compared to analytical approaches,
which limits its suitability for real-time use. These limitations motivate the re-
search question addressed in this paper:

How can rigid-body trajectories and interaction-force trajectories be represented
in a coordinate-invariant manner while ensuring (1) locality of the

representation, (2) low computational complexity, and (3) low noise sensitivity?

To address this question, this paper provides a focused and formalized treatment
of a novel invariant trajectory representation recently introduced in preprint form
in [17]. For clarity and further reference, we introduce the representation here
as the Dual-Upper-Triangular Invariant Representation (DUTIR).
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This paper proves the coordinate invariance of DUTIR and introduces reg-
ularization to reduce the DUTIR's sensitivity to measurement noise near sin-
gularities. In addition, this paper formulates the representation at a level of
abstraction to show that it seamlessly applies to both rigid-body motion trajec-
tories and interaction-force trajectories, thereby presenting it as a versatile tool
for robotics, biomechanics, and related domains.

2 Preliminaries

This section explains the concepts of twist, wrench and the general screw, which
are mathematical entities that can be used to represent rigid-body motions,
interaction forces, and their trajectories.

2.1 Rigid-Body Motion

A body can be interpreted as a collection of points. If the relative distances
between these points remain constant over time, the body is considered non-
deformable or rigid. To describe its motion, we commonly de�ne a coordinate
system and rigidly attach it to the body. The orientation of this coordinate
system then represents the orientation of the body, while the position of its
origin represents the position of a chosen point of the body, referred to as a body
reference point. The motion of the rigid body can then be completely described
by the kinematics of this coordinate system attached to the body. The �rst-order
kinematics consist of the rotational velocity ω of the coordinate system and the
translational velocity v of its origin.

The two three-dimensional vectors, ω and v, are commonly combined into
a single six-dimensional vector, t = (ω⊤,v⊤)⊤, referred to as the twist. Nu-
merically, the twist can be computed from the position and orientation of the
body-�xed coordinate system at two successive time instances using the loga-
rithmic map [10]. In this paper, we only consider twists where the coordinates
of both ω and v are expressed in one and the same coordinate system, and v
represents the velocity of the origin of that coordinate system. Such a twist is
also referred to as a screw [11], as further explained in Section 2.3.

We indicate the choice of coordinate system for the twist with a subscript. For
example, at is read as �the twist expressed in coordinate system {a}.� Changing
between coordinate systems, for example from {a} to {b} can be done using the
6× 6 transformation matrix a

bS :

bt = a
bS at with a

bS =

[
Rab 0

[ pab ]× Rab Rab

]
, (1)

and where Rab represents the relative orientation of {a} with respect to {b},
encoded as a 3 × 3 orthogonal rotation matrix, and where pab represents the
position vector from the origin of {b} to the origin of {a}, with its coordinates
expressed in coordinate system {b}. The operator [ · ]× in (1) transforms the
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three-dimensional vector pab into a 3× 3 skew-symmetric matrix, which is com-
monly used to represent cross-product operations in matrix form [11]. In the
remainder of this paper, the sub- and superscripts of a

bS are omitted unless their
explicit inclusion is required for clarity.

2.2 Rigid-Body Wrench

A rigid body can be subjected to forces and torques. In that case, all the forces
and torques acting on the body can be reduced to a single resultant force f
and a single resultant torque τ about a speci�ed reference point without loss of
generality. The two three-dimensional vectors f and τ can be combined into a
six-dimensional vector w = (f⊤, τ⊤)⊤, referred to as the wrench. Similarly to
twists, we again only consider wrenches with their components, f and τ , corre-
sponding to a single coordinate system. Changing between coordinate systems
can be done similarly as for twists using the same 6 × 6 transformation matrix
in (1), thanks to the chosen ordering of the components f and τ in the wrench.

2.3 Abstraction to General Screws

Both the twist and the wrench belong to the category of screws. A screw is a six-
dimensional vector that can be associated with a physically meaningful axis in
space, referred to as the underlying screw axis. The interpretation of screw axes
for twists and wrenches originates from classical mechanics, with Chasles [3]
showing that a rigid-body motion can always be described as a rotation and
translation along an axis in space, and with Poinsot [12] showing that force
systems can always be reduced to a single force and torque along an axis.

Formally, a screw, denoted as ξ, is a six-dimensional vector consisting of two
vectors, α ∈ R3×1 and β ∈ R3×1:

ξ =

(
α
β

)
. (2)

For twists α = ω and β = v, while for wrenches α = f and β = τ . The direction
of the screw axis of ξ, denoted as e, can be found by:

e =
α

∥α∥ , (3)

while the position of the point p⊥ on the screw axis closest to the origin of the
coordinate system can be found by:

p⊥ =
α× β

∥α∥2 . (4)

Note that all screws ξ transform between coordinate systems with the transfor-
mation matrix S as de�ned in (1). For this reason, the matrix S is also referred
to as the screw-transformation matrix.

In the remainder of this paper, we reason at the level of general screws. As a
result, the introduced concepts and methods apply seamlessly to representations
of rigid-body motion and of interaction forces.
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2.4 Screw Trajectories

Screws are often evaluated at consecutive time instances to analyse how they
evolve during a certain time duration. In that case, time is used as the progress
variable. Apart from time, other choices for the progress variable exist. For ex-
ample, when time-invariant analysis of rigid-body motion trajectories is desired,
a geometric progress variable is often used. Typical geometric progress variables
include the angle traversed by the body during rotation [14], and the arc length
traced by a reference point attached to the body during translation [25]. In the
remainder of this paper, we abstract away from the speci�c choice of progress
variable and reason at the level of a generic progress variable denoted by x.

We indicate the progress instance at which the screw ξ is evaluated explicitly
by adding the argument [xi], yielding ξ[xi]. We refer to the ordered sequence of
screws: ξ[xi] for i ∈ [1,M ] as a discrete screw trajectory, where M represents
the total number of trajectory samples.

The computation of the invariant trajectory representation proposed in this
paper takes such discrete screw trajectories as input. Hence, it depends only
on the resulting sequence ξ[xi], not on the speci�c physical interpretation of
the progress variable x. Hence, the proposed invariant trajectory representation
applies seamlessly to any choice of progress variable.

3 Proposed Method

The coordinates of screw trajectories depend on the choice of coordinate sys-
tem in which they are expressed. The aim of this section is to introduce a novel
representation of screw trajectories that is invariant to the choice of coordi-
nate system. The proposed representation is obtained by �rst encoding the local
evolution of the screw trajectory (see Sec. 3.1) and then describing this local
trajectory evolution in a coordinate-invariant manner (see Sec. 3.2).

3.1 Encoding of Local Trajectory Evolution Using Screw Triplets

The magnitude, direction, and local evolution of the screw ξ at progress instance
xi are encoded in the triplet of consecutive screws: ξ [xi−1], ξ [xi], and ξ [xi+1].
We denote this triplet of consecutive screws by the 6× 3 matrix Ξ[xi]:

Ξ[xi] =
[
ξ [xi−1] ξ [xi] ξ [xi+1]

]
=

[
α[xi−1] α[xi] α[xi+1]
β[xi−1] β[xi] β[xi+1]

]
. (5)

Speci�cally, the local evolution of ξ [xi] up to second order is encoded in Ξ[xi].
This property is illustrated by considering the standard central �nite-di�erence
approximation of the second-order derivative of the screw ξ [xi]:

d2ξ [xi]

dx2
i

=
ξ[xi+1]− 2ξ[xi] + ξ[xi−1]

(∆x)2
+O(∆x), (6)

which relies on the three twists in Ξ[xi]. Further on, we omit the argument [xi]
when clear from the context.
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3.2 Coordinate-Invariant Representation of Ξ

We will show that the matrix Ξ can be mathematically decomposed into the
product of a screw-transformation matrix S and a coordinate-invariant represen-
tation U . We refer to this novel decomposition as the SU -decomposition5 and to
the corresponding representation as the Dual-Upper-Triangular Invariant Rep-
resentation (DUTIR). Theorem 1 introduces these concepts, while Property 1
details the coordinate invariance of the corresponding representation.

Theorem 1 (Existence of an SU-Decomposition). For any Ξ[xi] in R6×3

that satis�es the two regularity conditions:

∥α[xi−1]∥ ̸= 0, and α[xi−1]×α[xi] ̸= 0, (7)

there exists a unique 6× 6 screw-transformation matrix S and 6× 3 twice upper
triangular matrix U , such that:

Ξ = S U , (8)

where U is obtained by stacking two 3× 3 upper-triangular blocks U1 and U2:

U =

[
U1

U2

]
=


u11 u12 u13

0 u22 u23

0 0 u33

u41 u42 u43

0 u52 u53

0 0 u63

 , (9)

and where the convention u11 > 0 and u22 > 0 is imposed to ensure uniqueness.

Proof. Decomposition (8) can be expanded by writing Ξ as a vertical stack of
two 3× 3 matrices, A and B, and by using the de�nition of S in (1):

Ξ =

[
A
B

]
=

[
R 0

[p]×R R

] [
U1

U2

]
. (10)

The �rst block row of (10) can be expressed as follows:

A = R U 1 = R

u11 u12 u13

0 u22 u23

0 0 u33

 , (11)

where the �rst two columns of R and U1 can be found using a standard QR-
decomposition algorithm [6], which is well-de�ned if the �rst two diagonal ele-
ments of U1, u11 and u22, both di�er from zero. Afterwards, the sign convention,
u11 > 0 and u22 > 0, can be imposed by �ipping the sign of the corresponding
row of U1 and of the corresponding column of R whenever necessary. The third
column of R and the sign of the third diagonal element u33 is then determined

5 The proposed decomposition is inspired by the QR-decomposition of a 3×3 matrix.
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by imposing that R is a right-handed orthogonal matrix. This procedure results
in a unique solution for the rotation matrix R and upper-triangular matrix U1.

The conditions for non-zero diagonal elements, u11 ̸= 0 and u22 ̸= 0, result
in the regularity conditions shown in (7). This follows from the de�nition of the
QR-decomposition. Speci�cally, the �rst two columns of R, i.e. r1 and r2, are
related to α[xi−1] and α[xi] as follows:

r1 =
α[xi−1]

∥α[xi−1]∥
, and r2 =

(α[xi−1]×α[xi])×α[xi−1]

∥ (α[xi−1]×α[xi])×α[xi−1]∥
. (12)

Using (11), the scalars u11, u12 and u22 can be written as:

u11 = r1 ·α[xi−1] , u12 = r1 ·α[xi] , and u22 = r2 ·α[xi]. (13)

From (12)-(13), it follows that u11 is well-de�ned and non-zero if ∥α[xi−1]∥ ̸= 0,
while u22 is well-de�ned and non-zero if additionally α[xi−1]×α[xi] ̸= 0.

Thus far, matrices R and U1 are completely and uniquely determined.
The position vector p in (10) can then be determined as follows. After pre-
multiplication with R⊤, the lower block row of (10) can be written as:

R⊤B =
(
R⊤ [p]× R

)
U1 +U2. (14)

Equation (14) can be rewritten using the orthogonal basis transformation prop-
erty of a skew-symmetric matrix [11]: R⊤[p]×R = [R⊤ p]×. This results in:

R⊤B =
(
[R⊤ p ]×

)
U1 +U2. (15)

Introducing p∗ := R⊤ p results in:

R⊤B = [p∗]× U1 +U2. (16)

From the lower-diagonal entries in (16), three scalar equations are obtained that
do not rely on the unknown upper-triangular elements in U2.

(R⊤B)21 = u11p
∗
z, (17)

(R⊤B)31 = −u11p
∗
y, (18)

(R⊤B)32 = u22p
∗
x − u12p

∗
y, (19)

where the notation (R⊤B)ij in the left-hand side of equations (17)-(19) denotes
the element in the ith row and jth column of R⊤B.

The coordinates p∗x, p
∗
y, p

∗
z of p

∗ can be uniquely determined from (17)-(19),
again under the same conditions: u11 ̸= 0 and u22 ̸= 0. Now that R, U1, and
p∗ are completely determined, p can be found as p = R p∗, while U2 can be
solved from (16):

U2 = R⊤B − [p∗]× U1. (20)

The upper-triangular matrices U1 and U2, together with the orientation R
and position p are now completely and uniquely determined. The derivation of
this SU -decomposition algorithm proves that a unique SU -decomposition exists
under the derived regularity conditions. ■
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Property 1. The matrix U is invariant to changes in coordinate system.

Proof. Consider Ξ expressed in coordinate system {1}, denoted as 1Ξ. The
coordinate system of 1Ξ can be changed to a di�erent coordinate system {2} by
left multiplication with the screw-transformation matrix 1

2S, such that:

2Ξ = 1
2S 1Ξ. (21)

Substituting the SU -decomposition (8) of 1Ξ in (21) results in:

2Ξ = 1
2S

(
1S U

)
. (22)

Since the matrix multiplication of the two screw-transformation matrices, 1
2S

and 1S, yields another screw-transformation matrix 2S, this results in:

2Ξ = 2S U . (23)

This proves that 2S U is a valid SU -decomposition of 2Ξ. Moreover, since the
SU -decomposition is unique, the decomposition 2S U is the only possible SU -
decomposition of 2Ξ. Hence, the SU -decomposition of 2Ξ necessarily results in
the same U matrix as the one for 1Ξ. This proves that U is invariant to changes
in the coordinate system of Ξ. ■

Remark 1. The matrix Ξ is a 6 × 3 matrix and hence contains 18 degrees of
freedom (DoFs). In the SU -decomposition (8), these 18 DoFs are redistributed
between S and U . Matrix S contains 6 DoFs: three arising from the position
vector p and three arising from the rotation matrix R. The remaining 12 DoFs
are contained in U . The variability of the entries of Ξ can hence be separated
into variability due to (1) a change of coordinate system, captured entirely by
S, and (2) a change in the intrinsic evolution of the screw ξ[xi], captured in an
invariant manner up to second order by U . Furthermore, since both S and U
are unique in the regular case, the SU -decomposition is a bijective map between
Ξ and the pair of matrices (S,U).

3.3 Geometric Interpretation of the SU-decomposition

The matrix R and vector p can be interpreted as the orientation and position
coordinates of an orthogonal coordinate system, functionally de�ned by the screw
axis and its motion (see Fig. 1). The �rst column r1 ofR de�nes the x-axis of this
functional coordinate system and is aligned with the screw axis of ξ[xi−1]. The
third column r3 of R de�nes the z-axis of this functional coordinate system and
is aligned with the common normal of the screw axes of ξ[xi−1] and ξ[xi]. The
y-axis follows from right-handed orthogonality. The origin p coincides with the
intersection point of the screw axis of ξ[xi−1] and the common normal. Although
this geometric interpretation can be intuitively inferred from the structure of
U , particularly its zero entries, proofs of this interpretation are provided in
Appendix A for completeness.
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Fig. 1. Geometric interpretation of p and R = [r1 r2 r3], which are the
components of the screw-transformation matrix S in the SU -decomposition of
Ξ = [ξ[xi−1] ξ[xi] ξ[xi+1]]. The screw axes of ξ[xi−1] and ξ[xi] are shown as solid
black lines. The common normal of the two screw axes is shown as a dotted black line.

Remark 2. This geometric interpretation highlights that the SU -decomposition
not only allows to compute the DUTIR of Ξ, but it also enables an e�cient,
closed-form computation of key geometric entities. In particular, by computing
p and R, we compute the position and orientation of the screw axis of ξ[xi−1]
as well as the common normal of the screw axes of ξ[xi−1] and ξ[xi].

Remark 3. The position p and matrix R are geometric entities anchored to the
screw trajectory. As a result, they transform consistently under changes of co-
ordinate system. Consequently, the computation of R and p from Ξ constitutes
an equivariant map [4] with respect to coordinate system transformations.

3.4 Regularization of the SU-decomposition

When the regularity conditions (7) are not met, the QR-decomposition of A
is ill-de�ned and the system of equations (17)-(19) becomes underdetermined.
Consequently, an in�nite number of possible solutions for R, p∗, and p exist. An
intuitive example is the case of a pure translational motion (where α = ω = 0
and β = v ̸= 0). In this case, the screw axes of ξ[xi−1] and ξ[xi] are ill-de�ned,
since a pure translation can be represented by (1) a screw axis at a �nite distance
from the moving body and parallel to the translational velocity v, or by (2)
a screw axis at an in�nite distance from the body and perpendicular to the
translational velocity v [16] . In practice, the second solution is rarely meaningful.
Inspired by the �rst, more intuitive case, we introduce a regularization procedure
for the SU -decomposition in this subsection.

1) Regularization of p: To regularize p, we �rst prede�ne a maximum
allowed distance between p and the origin of the coordinate system and denote it
as L. This value for L can be interpreted as a geometric scale, de�ning a spatial
region in which the computed value of p is considered relevant. Then, after
solving (17) - (19) to obtain p∗, we evaluate whether regularization is required,
which is the case when ∥p∗∥ > L. In that case, we search for a regularized
version of p∗, denoted as p̂∗, that satis�es ∥p̂∗∥ = L. After performing the
regularization action (which is detailed later in this subsection), the regularized
matrix Û2 can be found by solving (20) using p̂∗. An important consequence of



10 A. Verduyn et al.

this regularization is that, when active, the regularized matrix Û2 is no longer
guaranteed to be upper-triangular. Instead, the lower-diagonal elements of Û2

can be non-zero, with their values depending on the location of the origin of the
coordinate system. Ideally, these lower-diagonal elements remain small such that
a high resemblance to the original U2 is obtained. To this end, we design the
regularization such that the sum of squares of the lower-diagonal terms in the
�rst column of Û2 are minimized. Expressions for these terms, denoted as ε51
and ε61, follow from (17) and (18):

ε51 = (R⊤B)21 − u11 p̂
∗
z and ε61 = (R⊤B)31 + u11 p̂

∗
y, (24)

where εij denotes the lower-diagonal entry at the i-th row and j-th column
of U . Minimizing the sum of squares of ε51 and ε61 subject to the equality
constraint ∥p̂∗∥ = L can be solved analytically using the method of Lagrange
multipliers [2]. Speci�cally, we search for the stationary points of the Lagrangian
L(p̂∗, λ) de�ned in terms of the variable p̂∗ and the Lagrange multiplier λ:

L(p̂∗, λ) = ε251 + ε261 + λ
(
L2 − ∥p̂∗∥2

)
. (25)

The following two solutions for p̂∗ exist:

p̂∗ =

sign(p∗x)
√

L2 − (p∗y)2 − (p∗z)2

p∗y
p∗z

 or p̂∗ =


0

L
p∗y√

(p∗y)
2+(p∗z)

2

L
p∗z√

(p∗y)
2+(p∗z)

2

 . (26)

The �rst solution in (26) consists of retaining p∗y and p∗z, while projecting p
∗
x along

the screw axis of ξ[xi−1] onto the spherical manifold de�ned by L. This solution
is a valid solution when (p∗y)

2 + (p∗z)
2 < L2. The second solution in (26) consists

of setting p̂∗x = 0, while isotropically projecting p∗y and p∗z onto the spherical
manifold de�ned by L. The two solutions for p̂∗ are visualized in Figure 2.

Fig. 2. Two-dimensional illustration of the regularization of p∗, showing the coordinate
system of Ξ (green), the spherical manifold de�ned by L (black circle), the screw axis
of ξ[xi−1] (black line), and the functional coordinate system de�ned by p∗, r1, and r2

(red). The solution for p̂∗ is illustrated for (a) the case where the screw axis intersects
the spherical manifold, i.e., when (p∗y)

2 +(p∗z)
2 < L2, and (b) the case where the screw

axis does not intersect the spherical manifold, i.e., when (p∗y)
2 + (p∗z)

2 > L2.

Based on these two solutions, the regularization of p is implemented as follows.
We �rst compute p∗ and test whether regularization is required, which is the
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case when ∥p∗∥ > L. If so, we test whether (p∗y)
2 + (p∗z)

2 < L2. If this condition
holds, it means that the screw axis intersects the spherical manifold (see Fig. 2a)
and the �rst solution for p̂∗ should be selected. If this condition does not hold,
we use the second solution. Finally, p̂ is found as p̂ = R p̂∗, and the matrix Û2

can be found by solving (20) using p̂∗.

2) Regularization of R: We propose to additionally regularize R, since
the regularization of p breaks the exact upper-triangular structure of U2, and
this structure can be approximately restored by regularizing R.

Conceptually, we search for the regularized matrix R̂ that yields matrices Û1

and Û2 that are both as close as possible to upper-triangular matrices. Impor-
tantly, exact upper-triangular structure of both Û1 and Û2 cannot be achieved.
Such exact structure corresponds to the unique solution of the unregularized
SU -decomposition, from which we deviate due to the regularization of p.

Speci�cally, we propose to regularize R as R̂ = RR⊤
c , where Rc is a correc-

tive rotation matrix determined via solving an orthogonal Procrustes problem:

minimize
Rc

w2
∥∥∥U1 −RcU1

∥∥∥2
F

+
∥∥∥Û2,△ −RcÛ2

∥∥∥2
F
, (27)

subject to R⊤
c Rc = I3×3 and det(Rc) = 1, (28)

which admits a closed-form solution [15]. In (27), ∥ · ∥F denotes the Frobenius

norm, w is a weighting parameter expressed in meters, and Û2,△ is the exact

upper-triangular version of Û2. The matrix Û2,△ is obtained from Û2 using the
same procedure to transform A into the upper-triangular matrix U1 (11).

Introducing the weight w is necessary because the entries of U1 and Û2

have di�erent physical units: for twists, U1 contains angular components in
rad/progress, while Û2 contains translational components in m/progress. For
wrenches, the corresponding units are N and Nm, respectively.

Given the computed matrix Rc, the regularized matrix Û1 is obtained as
Û1 = RcU1, while Û2 is updated as RcÛ2.

Remark 4. The proposed regularization introduces two distinct solution cases
for the regularized SU -decomposition. When the regularization is inactive, the
solutions for p̂ and R̂ remain purely coordinate-invariant. When the regulariza-
tion is active, the solutions for p̂ and R̂ become sensitive to the choice of the
origin of the coordinate system.

Remark 5. We propose to set w = L such that the regularization is completely
determined by a single parameter. Choosing w = L is allowed since w and L
share the same physical unit (meters). Furthermore, this choice is conceptu-
ally well motivated: both L and w govern the extent to which the regularized
SU -decomposition depends on the origin of the coordinate system. Speci�cally,
decreasing either L or w increases the sensitivity to the location of this origin. In
practice, we propose to treat L as a hyperparameter. For instance, in recognition
tasks, a value for L can be selected via hyperparameter validation procedures,
such as maximizing recognition performance on a held-out validation set.
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3.5 Numerical Example

In this subsection, we present a numerical example demonstrating the appli-
cation of the SU -decomposition to rigid-body motion trajectory data. We use
real trajectory data from [19], corresponding to a human-demonstrated pouring
task performed with a kettle. Note that working with real recordings of human
demonstrations is particularly challenging due to both the measurement noise
during motion capture and the substantially lower precision of human motion
compared to robotic execution. The trajectory is parametrized with respect to
time t, and consists of three distinct motion segments: sliding the kettle along the
table (t ∈ [0, 0.7]), lifting the kettle (t ∈ [0.7, 1.6]), and pouring (t ∈ [1.6, 2.8]).

To highlight coordinate invariance, the SU -decomposition is applied twice us-
ing di�erent choices of the coordinate system attached to the body (see Fig. 3a).
From the successive positions and orientations of the coordinate system, twist
coordinates are computed via numerical di�erentiation using the logarithmic
map [10] (see Fig. 3b). As expected, the resulting twist coordinates di�er under
changes in coordinate system. Subsequently, U is evaluated along the trajectory
at successive time instances. To assess the e�ect of regularization, we computed
the SU -decomposition both without regularization (see Fig. 3c) and with regu-
larization when choosing L = 0.3m (see Fig. 3d).

In the unregularized case (see Fig. 3c), the computed U is strictly twice
upper-triangular. Also, the results in the two coordinate systems are exactly the
same, con�rming the coordinate invariance of U . However, u53 and u63 exhibit
a high noise sensitivity during the sliding segment (t ∈ [0, 0.7]). This high noise
sensitivity arises since the sliding motion corresponds to a near-pure translation,
and pure translation corresponds to a singularity in the SU -decomposition.

In the regularized case (see Fig. 3d), the computed U is approximately twice
upper-triangular. Also, the results in the two coordinate systems are approxi-
mately the same. This hence demonstrates high robustness to coordinate-system
changes, albeit without exact invariance. Figure 3d also shows that the noise sen-
sitivity of u53 and u63 is substantially reduced, and that more pronounced signals
appear in the pro�les of u41, u42, and u43 during the sliding segment. This is a
desirable e�ect since the magnitude of these signals corresponds to the magni-
tude of the translational velocity during sliding. These results hence showcase
that the regularized approach yields a representation of near-pure translational
motion that is more interpretable and less sensitive to noise.

Additional examples and the implementation of the SU -decomposition are
provided at https://github.com/arnoverduyn/SU_decomposition.

4 Discussion and Conclusion

The goal of this paper was to present a coordinate-invariant representation of
screw trajectories that ensures (1) locality of the representation, (2) low compu-
tational complexity, and (3) low noise sensitivity. This goal is achieved through
the contributions presented in this work. Speci�cally, we presented the SU -
decomposition and the corresponding DUTIR of Ξ. The matrix Ξ captures

https://github.com/arnoverduyn/SU_decomposition


Coordinate-Invariant Representation of Motion and Wrench Trajectories 13

Fig. 3. Numerical example of the SU -decomposition applied to rigid-body trajectory
data. (a) Visualization of the trajectory for two di�erent choices (red and blue) of
the coordinate system attached to the body; (b) Twist coordinates extracted from the
trajectory via numerical di�erentiation using the logarithmic map [10]; (c) Components
of the invariant representation U obtained without regularization. In this case, the
lower-diagonal entries εij of U are exactly zero; (d) Components of Û obtained with
regularization. In this case, the lower-diagonal entries εij of U are approximately zero.

the local evolution of the screw trajectory up to second order, while the DU-
TIR, U , provides a coordinate-invariant representation of this evolution. The
proposed SU -decomposition is computationally e�cient, since it involves the
computation of analytical, closed-form solutions without iterative procedures.
Furthermore, we presented regularization to reduce the sensitivity to noise of
the SU -decomposition near irregularity.

The SU -decomposition and its regularization have been experimentally val-
idated in prior work. Speci�cally, the work in [18] builds further on the SU -
decomposition, derives a coordinate-invariant measure of similarity between screw
trajectories, and validates this similarity measure for rigid-body trajectory recog-
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nition. Across multiple rigid-body motion datasets and across di�erent choices
for the progress variable, this method has demonstrated high robustness to
coordinate-system variations, outperforming similarity measures based on ex-
isting invariant trajectory representations [5, 7, 9, 21, 23, 25]. These results also
showed that the proposed regularization in the SU -decomposition signi�cantly
reduced the sensitivity to noise when dealing with singular motions, such as
pure translations. Although the proposed regularization reintroduces a depen-
dency on the choice of the origin of the coordinate system, the sensitivity to this
choice has shown to remain minor. This is because, by design, the regulariza-
tion is only activated near singular cases and furthermore, the sensitivity of the
invariant representation to variations in coordinate-system-origin is limited by
minimizing the lower-diagonal terms in the �rst column of Û2.

In other prior work [20], a real-time recognition system was developed in-
spired by the proposed SU -decomposition. This system robustly recognized ges-
tures (i.e. motion signatures traced by the palm of the human hand) across
varying coordinate systems in real time, achieving a solid F1-score of 92.3%.

The discussed prior works focused on the motion trajectories of rigid bodies.
Importantly, the SU -decomposition and DUTIR are also directly applicable to
the trajectories of interaction forces (i.e. through the wrench). The application
to wrenches is for example relevant for recognizing robot actions in contact
with the environment. Incorporating wrench information is then bene�cial if
the aim is to discriminate robot actions that exhibit similar motion pro�les but
di�er signi�cantly in their contact wrench pro�les. Experimental validation of
the proposed representation for this type of task is part of future work.

However, invariant representations have their limitations and hence should
not be employed in every practical scenario. For example, in scenarios where
coordinate system calibration is straightforward, reliable, and the trajectories
are consistently performed relative to the calibrated coordinate system (e.g.
performed at the same location, in the same direction, etc.), then traditional
coordinate-dependent methods may outperform invariant methods. This is be-
cause invariant representations, by design, discard information tied to the coor-
dinate system. Nevertheless, invariant representations are particularly valuable
for analysing trajectories when coordinate systems are misaligned with their
exact relationships unknown, when the relation between motion direction and
coordinate axes is non-deterministic, or when aiming to eliminate the need for
coordinate system calibration when such calibration is labour-intensive.

In conclusion, the proposed DUTIR and SU -decomposition o�er a promising
way for future algorithms in robotics that need to compare trajectories in an
invariant manner without compromising robustness or computational e�ciency.
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A Interpretation of the SU -decomposition: Proofs

In Section 3.3, it is stated that:

1. The �rst column r1 of R is parallel to the screw axis of ξ[xi−1];
2. The third column r3 of R is parallel to the common normal of the screw

axes of ξ[xi−1] and ξ[xi];
3. The vector p represents a point on the screw axis of ξ[xi−1];
4. The vector p represents the intersection point between the screw axis of

ξ[xi−1] and the common normal of the screw axes of ξ[xi−1] and ξ[xi].

In this appendix, we present proofs of these statements. Before presenting the
proofs, we �rst summarize a set of relations involving α[xi−1], α[xi], r1, r2, u11,
u12, and u22. The vectors r1 and r2 are obtained by orthonormalizing α[xi−1]
and α[xi]. The scalars u11, u12, and u22 represent the components of α[xi−1]
and α[xi] along r1 and r2 (see Fig. 4). By applying trigonometric identities, the

Fig. 4. Geometric relations between α[xi−1], α[xi], u11, u12, and u22.

following relations can be derived:

∥α[xi−1]∥ = u11, (29)

α[xi−1] ·α[xi] = ∥α[xi−1]∥∥α[xi]∥ cos θ = u11u12, (30)

α[xi−1]×α[xi] = ∥α[xi−1]∥∥α[xi]∥ sin θ r3 = u11u22r3, (31)

and:

∥α[xi−1]∥2∥α[xi]∥2 − (α[xi−1] ·α[xi])
2 = u2

11∥α[xi]∥2
(
1− cos2 θ

)
= u2

11u
2
22. (32)

Next, we present the proofs of the four enumerated statements.
Proof of 1 : The proof follows from (3) and (12). Equation (3) shows that

the direction of the screw axis of ξ[xi−1] is obtained by normalizing the vector
α[xi−1], while (12) con�rms that r1 represents this normalized vector. ■

Proof of 2 : The proof follows from (31), which shows that r3 lies parallel to
the vector α[xi−1]×α[xi]. This vector is orthogonal to the screw axes of ξ[xi−1]
and ξ[xi], and thus de�nes the direction of their common normal. ■

Proof of 3 : The point p lies on the screw axis of ξ[xi−1] if and only if the
following parametric line equation is satis�ed:

p = p⊥ + p∥e. (33)
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The �rst term in (33) represents the point on the screw axis of ξ[xi−1] closest to
the origin of the coordinate system (see (4)). The second term in (33) represents
a displacement along the screw axis of ξ[xi−1], with p∥ ∈ R a free parameter.

By substituting (3) and (4) in (33), then left multiplying the result with R⊤,
and �nally using p∗ = R⊤p and (29), it can be shown that (33) reduces to:

p∗ =
1

u11

 0

−(R⊤B)31
(R⊤B)21

+ p∥

1
0
0

 , (34)

which leads to the following three conditions:

p∗x = p∥, u11p
∗
y = −(R⊤B)31 and u11p

∗
z = (R⊤B)21. (35)

The �rst condition is satis�ed, since p∥ is a free parameter. The other two con-
ditions are also satis�ed, since they correspond to the expressions for computing
p∗z and p∗y shown in (17) and (18), respectively. This proves that the line equation
in (33) is satis�ed, and hence that p lies on the screw axis of ξ[xi−1]. ■

Proof of 4 : The common normal of two axes is the line that perpendicularly
intersects both axes. The distance between the two intersection points is the
shortest distance between the two axes. These two intersection points can hence
be found by identifying the points on each axis with minimum mutual distance.

Similarly to (33), we can de�ne a line equation for the screw axis of the
second screw ξ[xi]. We denote the entities corresponding to the �rst and second
screw, ξ[xi−1] and ξ[xi], with the subscripts 1 and 2, respectively, resulting in:

p1 = p⊥1 + p∥1 e1 and p2 = p⊥2 + p∥2 e2. (36)

The points on the two screw axes with minimal mutual distance can be found by
minimizing the squared distance, d2 = ∥p1 − p2∥2. The minimum can be found

by searching for the points where the gradient, ∇d2 = ( ∂d2

∂p∥1
, ∂d2

∂p∥2
), is equal to

the zero vector. This results in a system of two equations in the variables p∥1
and p∥2. Following this approach, the following expression for p∥1 can be found:

p∥1 =
∥α[xi−1]∥ [α[xi−1] · (α[xi]× β[xi])] +

α[xi−1]·α[xi]

∥α[xi−1]∥
[α[xi] · (α[xi−1]× β[xi−1])]

∥α[xi−1]∥2∥α[xi]∥2 − (α[xi−1] ·α[xi])
2 .

(37)

Using (29), (30), and (32), expression (37) can be rewritten as:

p∥1 =
u11α[xi−1] · (α[xi]× β[xi]) + u12α[xi] · (α[xi−1]× β[xi−1])

u2
11u

2
22

. (38)

Using the property: a · (b× c) = c · (a× b), and relation (31), (38) reduces to:

p∥1 =
u2
11u22β[xi] · r3 − u11u12u22β[xi−1] · r3

u2
11u

2
22

, (39)

which �nally can be rewritten as:

p∥1 =
1

u22

[
(R⊤B)32 −

u11

u12
(R⊤B)31

]
. (40)

From (18) and (19), it follows that p∥1 = p∗x, which proves the argument. ■
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