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Abstract. We address the multi-robot patrolling problem where as-
sets have varying importance. Traditional patrolling strategies minimize
weighted idleness by visiting high-value assets more frequently, but this
approach has the potential of revealing sensitive information to adver-
saries. We introduce the min-max weighted multi-TSP (WmTSP), an
NP-hard problem that enforces uniform visitation frequencies within cy-
cles to achieve value-masking. To solve this problem, we propose Weighted
m-SPLITOUR (Wm-SPLITOUR), a polynomial-time approximation al-
gorithm that scales cycle lengths by their maximum vertex value. Simu-
lations show our method improves weighted idleness by up to 50% over
previous approaches, especially in complex, large-scale environments.

1 Introduction

With the increasing adoption of robots for security and patrolling applications,
interest in algorithms for planning the actions of robots engaged in these tasks
has grown accordingly [13, 29, 32]. With the term patrolling algorithms we refer
to computational methods that determine how one or more robots should move
within an environment with the goal of protecting a set of assigned assets against
external threats [13]. In this context, the environment of interest is typically
modeled as a graph, where vertices represent the assets to protect and edges
model the ability of a robot to move between assets. Accordingly, if a malicious
attacker tries to compromise an asset when a robot patroller is at the associated
vertex, the attack is neutralized. When the number of assets exceeds the number
of robots1, these must move between different assets to ensure they are not left
unguarded. Vertices might be given a value representing how important the asset
is, and edges are associated with costs that model the time it takes for a robot
to move from asset to asset.

Patrolling algorithms can be viewed as solutions to optimization problems,
whose goal is to determine how to allocate available resources (i.e., robots) so
as to provide the best possible protection to the assets, according to a given
objective function that measures “how good” a particular allocation is. Within
⋆ This work was conducted while the author was affiliated with University of Milan.
1 If this is not the case, then one places one robot per asset and the solution is trivial.



2 A. Bassot et al.

this general framework, numerous problem variations exist, some of which are
discussed in Section 2. A common theme among most solutions is the requirement
that assets be revisited periodically to ensure that they are not under attack
by an adversary. This naturally leads to the notion of idleness, defined as the
maximum time elapsed between two successive visits to an asset. Evidently, the
higher the idleness for an asset, the weaker protection is being provided to it due
to the presence of a wider temporal window to initiate and complete an attack.
A related concept is the so-called weighted idleness, i.e., the product between
the value of a vertex and its idleness. These quantities often lead to patrolling
strategies where vertices with higher weight are visited at a higher frequency to
reduce their weighted idleness, while it is admissible to visit vertices with lower
weights less frequently. These concepts are illustrated in Figure 1.

Fig. 1: Two possible strategies for patrolling a weighted graph with two agents
(green and blue) where one vertex (blue vertex) has value higher than the others.

Fig. 2: Our strategy aims at providing effectiveness by minimizing the weighted
idleness of the assets, while being robust to information leakage.

The two paths shown in the left panel of Figure 1 (green and blue path), split
the graph in two subgraphs, with the red vertex being on both paths (the role of
a shared vertex will be clarified later). In this case, the weighted idleness of the
vertex with the highest value (blue vertex) is determined by product between
its weight and the time it takes to cycle through the green path it is part of.
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In this situation, longer paths lead to higher weighted idleness. To mitigate
this problem, strategies like the one on the right panel of Figure 1 are often
introduced, where the green path implements a star shaped patrolling strategy
alternating visits between the high value vertex and the others. A large portion of
the literature is devoted to algorithms centered on these two concepts, and many
proposed solutions ultimately result in deterministic patrolling strategies, often
inspired by game-theoretic models (e.g., Stackelberg equilibria [23]). However,
deterministic routes may in principle be observed and learned by an adversary,
who could then time attacks based on predicted robot movements. For example,
an external agent observing a robot implementing the star-shaped strategy would
easily figure out that the blue vertex has higher value, even without having any
preliminary knowledge. In our previous work [6,7,12], we addressed this issue by
introducing varying degrees of randomness into the patrolling strategies, with
the goal of reducing an adversary’s ability to learn and predict robot behavior
and assets’ values. We call this feature value masking. In this paper, we continue
along this line of research, but approach the problem from a different perspective
that still relies on deterministic patrolling strategies.

Observe that the two features required for solutions to be effective are con-
flicting: lowering the idleness of more important assets demands more frequent
visits to ensure security, but doing so proportionally to the asset’s value reduce
value masking potential. To mitigate the information leakage, we consider pa-
trolling strategies by multiple robots in which each vertex is visited as part of
a cycle, thereby preventing any disclosure of relative asset importance because
all vertices that are visited as part of a cycle experience all the same idleness.
At the same time, we seek solutions designed to have the assets’ worst weighted
idleness minimized, providing at the same time patrolling tours that are aware
of assets’ importance.

This approach is shown in figure 2. As it can be seen, the vertex with the
higher weight is included in a shorter path, so that its weighted idleness is
smaller. Note that in this case all vertices along the green path experience the
same idleness.

Therefore, given m robots to patrol a graph with n vertices, how should
these vertices be partitioned and patrolled so that the overall maximum weighted
idleness is minimized? This problem, which is related to the multi-TSP problem
and which we call min–max weighted mTSP, is formally defined in Section 3 and
shown to be NP–hard. We therefore propose an approximation algorithm that
is also applicable to a broader class of multi vehicle routing problems. The main
contributions of this paper are as follows:

– We introduce a novel patrolling problem, called min–max weighted mTSP
(or WmTSP in short), and prove its NP–hardness.

– We propose a novel approximation algorithm called Wm-SPLITOUR, which
augments the approximation logic of the min–max multi-TSP with vertex
weights.

– We conduct experiments showing how our algorithm performs well in prac-
tice, significantly outperforming existing baselines.
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The remainder of the paper is organized as follows. Related work is briefly
discussed in Section 2. The WmTSP problem is formally defined in Section 3,
where its computational complexity is also established. The proposed approxima-
tion algorithm and the associated theoretical analysis is presented in Section 4.
Experimental results are reported in Section 5, while conclusions together with
directions for future work are given in Section 6.

2 Related Works

The first studies on the patrolling problem for teams of robots within a shared
environment identify the idleness of the surveilled locations as the key objective
function to be minimized [4,19]. The usual abstraction of the patrolled environ-
ment is a graph where the vertices represent locations and edges represent the
time needed to go from one location to another. The research in this field links
with the field of vehicle routing, since minimizing the travel length is a key factor
in minimizing the idleness of the vertices.

Typically, Vehicle Routing Problems (VRP) are NP–hard problems [26],
therefore the research focus on finding approximate solutions. The work done
in [19] is one of the first studies that adopts approximate solutions of the Trav-
eling Salesman Problem (TSP) to generate strategies that lower the idleness of
the patrolled sites within approximation bounds. Variants of the multi–robot pa-
trolling problem have been studied in literature [11,28,30,31], where the solutions
proposed are generated through various heuristics and approximation algorithms
for routing. One of the most important procedures that finds an approximate
solution for the TSP in general metrics is the Christofides algorithm [20], which
provides a 3

2–approximation and it is still widely adopted in literature. This fac-
tor was recently slightly improved [25]. For multi–robot routing, many variants
of approximation algorithms for minimization and min–max problems have been
studied [9, 21]. One of the most popular and natural extensions of the TSP is
the min–max multi TSP (mTSP), where, given a depot vertex and a team of m
robots, the objective is to find a set of m disjoint cycles starting and ending at
the depot vertex, such that the maximum length among the cycles is minimized.
The best known approximation factor for this problem is 5

2 − 1
m , provided by

the m–SPLITOUR algorithm in [21].
Besides minimizing the lengths of the robots’ paths, the patrolling problem

presents other critical issues that must be taken into account in the solution. One
of this criticalities is the fact that in real–life scenarios some locations have to
be patrolled more often than others due to their higher importance. Work done
toward this idea considers the objective of minimizing the maximum weighted
idleness of the vertices [3,27]. Typically, approximate solutions for this problem
increase as the ratio γ between the highest and the lowest values of the vertices.
The single–robot version is tackled in [3], where the authors provide a O(log γ)–
approximation algorithm for the min–max weighted idleness exploiting the novel
idea of latency walks. In [1] the results from [3] are adopted to solve the multi–
robot version of the problem with m robots, with an approximation factor of
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O(m2 log γ), recently improved to O(m log γ) in [18]. Notice that the multi-robot
solutions have approximation factors that grow at least linearly with the number
of robots m. A similar concept to the min–max weighted idleness is explored
in [11], where the vertices have latency constraints instead of values representing
their importance. Another multi-robot patrolling problem variant which aims
at minimizing the worst weighted idleness is studied in our recent works [8, 16],
where locations are divided into a high-priority core patrolled by all robots and a
lower-priority periphery partitioned into subsets, each assigned to one robot only.
In [8] we defined the problem and we addressed it with heuristic methods, while
in [16] we proposed a first approximation algorithm for a simplified version of
the problem. Problem instances that involve values associated to vertices are not
only related to patrolling. In [17], for example, the authors present the demand–
weighted routing problem, a variant of the min–max multi–TSP where the cost
of each cycle is its length multiplied by the sum of the vertex values that it
contains. The key difference between our weighted variant and the formulations
above is that weights are not additive but treated under a worst-case logic (we
do not multiply the sum of weights of the visited vertices to the cycle length, but
rather multiply the maximum value by the cycle length). Combining this with
the requirement of avoiding repeated visits to the same vertex during each cycle
iteration yields a variant that shares unique aspects with both the multi-TSP
and the multi-robot patrolling domains. To the best of our knowledge, such a
variant has not been previously studied.

Another pivotal issue that comes with patrolling is the capacity of being
robust to attackers observations. This research field, known as adversarial pa-
trolling [13], considers scenarios where possible adversaries have total [2] or par-
tial [6, 12] knowledge about the environment or the patrolling strategy. Usual
approaches model the problem as a stochastic game [14] and focus on construct-
ing non–deterministic paths for the robots, often obtained with Markov chains,
with the objective of minimizing the probability of a successful attack [10,12,15].
Other studies focus their work on deterrence, i.e., how the strategy can influence
the attacker decision of attacking or not attacking [5, 24]. With this work, we
move toward this concept by building strategies that do not reveal information
about the assets’ importance, providing deterrence in the following sense: by
observing the robot’s paths, the attacker cannot distinguish the most important
asset from the others in the same cycle. This implies that a rational attacker
must take into account the fact that they might also end up attacking the vertex
with the lowest value.

3 Problem Formulation and Objectives

In our problem, the environment to be patrolled is modeled by a complete metric
graph G = (V,E,w, ℓ) where:

– V = {0, 1, . . . , n} is the set of vertices and a special vertex called depot is by
convention assumed to be the vertex 0;

– E = {(i, j) : i, j ∈ V } is the set of undirected edges;
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– w(i) = wi ∈ (0, 1] denotes the value of vertex i ∈ V \ {0};
– ℓi,j ∈ R+ is the length (or travel time) of edge (i, j); lengths satisfy the

triangle inequality: ℓi,j ≤ ℓi,k + ℓk,j for all i, j, k ∈ V .

A path π is an ordered sequence of vertices such that no vertex appears in
the sequence more than once. π naturally defines an ordered sequence of edges,
formed by the ones that link each vertex in π with the one immediately following,
except for the last one. A cycle C is obtained by the closure of a path, that is,
by adding the edge that connects its first and last vertices. In the following,
we identify a path or a cycle with the set of its constituent vertices or edges,
depending on the context.

Given a subset of edges S ⊆ E (such as a path π or a cycle C), we extend the
length and value notations such that the length of S is the sum of the lengths
of its edges:

ℓS :=
∑

(i,j)∈S

ℓi,j

The value of S is defined as the maximum value among the vertices it traverses:

wS := max
(i,j)∈S

max{wi, wj}

We define wmax := maxi∈V wi and wmin := mini∈V wi as the highest and lowest
weights among the vertices of the graph, and we call their ratio γ := wmax

wmin
.

For a given environment G, let m < n be the number of patrolling robots. We
define a m-tour Θ = {C1, . . . , Cm} as a set of at most m disjoint cycles rooted
at the depot (i.e., starting and ending at vertex 0) that collectively visit every
vertex in V . The left panel in Figure 1 and Figure 2 show two different 2-tours
for the same graph. The red vertex in the graph identifies the depot vertex. This
is known to be a well-defined candidate solution for the mTSP problem [21]. Let
Tm be the set of all m–tours on G. We introduce the following problem.

Min-Max Weighted mTSP (WmTSP) Let G = (V,E) be an envi-
ronment to patrol defined as above, and let m < n be the number of
robots tasked with patrolling G. Find the m-tour Θ∗ on G that satisfies
the following objective:

Θ∗ = argmin
Θ∈Tm

c(Θ) (1)

where c(Θ) := max
C∈Θ

{wCℓC}.

WmTSP naturally aligns with our motivating patrolling setting, requiring a
balance between weighted idleness minimization and the enforcement of vertex
value masking as we discussed in Section 1. The problem remains grounded in
multi-robot patrolling since the objective function of Eq. (1) encodes a worst-
case weighted idleness across G. Specifically, the model assumes that each robot
repeatedly traverses a uniquely assigned sub-cycle of the m-tour Θ, thereby
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bounding the maximum time an asset remains unguarded relative to its impor-
tance. Simultaneously, the value-masking feature emerges as a direct structural
consequence of this formulation. By constraining robots to traverse fixed cycles,
every vertex within a given cycle is subject to the exact same revisit frequency.
Consequently, an adversarial agent tracking a single robot observes a uniform
visitation pattern, preventing them from distinguishing high-value assets from
lower-value ones based on visit statistics. Note that the problem formulation en-
forces solutions to be disjoint tours sharing only a depot vertex. This improves
the method’s deployability, as shared vertices among different robots would in-
troduce non-trivial challenges related to coordination.

This problem generalizes the min–max multi–TSP (mTSP), which corre-
sponds to the special case where wi = 1 for all i ∈ V \ {0}. Since the mTSP
is NP-hard [21], WmTSP is NP-hard as well. Our objective is to devise an
algorithm that provides theoretical approximation guarantees while achieving
satisfactory empirical performance. The natural starting point is analyzing the
approximability of the mTSP, given that the two problems are closely related.
To the best of our knowledge, the tightest approximation factor currently known
for the mTSP is provided by Frederickson et al. [21]: ρmTSP = 1 + ρTSP − 1

m ,
where ρTSP is the approximation factor for the single-robot TSP. Their proposed
heuristic, m–SPLITOUR, operates in two phases: (i) it computes an approximate
single-robot TSP tour, and (ii) it removes the depot vertex (and its incident
edges) to create a path, which is then split into sub-paths. This splitting step
utilizes a heuristic designed to balance the lengths of the resulting sub-paths.
In metric environments (where lengths satisfy the triangle inequality, as in our
case), step (i) can be solved using Christofides’ algorithm [20] (ρTSP = 3

2 ),
yielding therefore an overall approximation factor of ρmTSP = 5

2 − 1
m .

These premises lead to a natural question: does the approximation logic
for the standard mTSP transfer to our generalized setting considering weights?
Specifically, can it handle the additional complexity given by the fact that the
cost of a cycle is weighted by the maximum value among its visited vertices? In
the following, we show that the answer is affirmative. We capture this result in
this observation (we omit the proof since it follows trivially from the problem
definitions).

Observation 1 A ρmTSP -approximation for mTSP also yields an approxima-
tion for WmTSP with factor ρWmTSP = γρmTSP .

The m-SPLITOUR algorithm yields a valid baseline approximation, but it
remains oblivious to the weighting mechanism inherent to our formulation. Ef-
fectively minimizing our objective requires balancing the weighted costs, scal-
ing each cycle’s length by the maximum value of its visited vertices, rather
than merely balancing geometric lengths. Neglecting this coupling often leads to
solutions that, while still satisfying worst-case approximation guarantees, per-
form poorly in practice. This discrepancy arises because accommodating cycle-
dependent weights frequently requires tours of unbalanced lengths. This diver-
gence is exemplified in Figure 3, where we show an example of how a weight-
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Fig. 3: Impact of vertex weights. The graph has unitary edges and contains one
high-value vertex (blue, w = 1) and three low-value ones (black, w = 0.1). Left:
m–SPLITOUR balances geometric lengths, but yields a high cost of 3. Right:
the optimal WmTSP solution has unbalanced lengths but a lower cost of 2.

aware optimal solution could be significantly different from the one computed
with an unweighted approach.

Our goal is to bridge this gap by designing a heuristic that rigorously pre-
serves the approximation guarantees induced by m-SPLITOUR, while exploiting
vertex weights to minimize the objective in practice. To this end, we intro-
duce Weighted m-SPLITOUR (Wm-SPLITOUR). This novel method informs
the original splitting step with a weight-aware optimization criterion. By doing
so, our approach retains the theoretical robustness of the baseline while perform-
ing significantly better on empirical evaluations. In the next section, we detail
our method also proving how it maintains the same approximation factor of
Observation 1, while in Section 5 we empirically show how it outperforms the
baseline.

4 The Wm-SPLITOUR Algorithm

In this section, we present Weighted m-SPLITOUR (Wm-SPLITOUR), a con-
structive approximation algorithm for the WmTSP. Our method augments the
tour-splitting step proposed by Frederickson et al. [21]: instead of merely balanc-
ing the geometric lengths of the resulting sub-paths, we search for a split that
minimizes the maximum weighted cost, effectively scaling the length of each sub-
path by the maximum weight among the vertices it visits. This last problem of
optimally splitting a path is well-known in the field of multi-robot patrolling;
notably, Pasqualetti et al. [28] proposed a linear graph partitioning framework to
efficiently address the unweighted variant. We build upon the same framework
by mapping the vertex sequence from an initial TSP approximation onto a linear
metric space. Subsequently, we extend their left-induced m-partition algorithm
to minimize our specific, weight-dependent objective function.

We start by assuming to have computed a path π = (p(1), . . . , p(n)) that visits
all the n vertices in V \ {0}, Here p(i) denotes the i-th vertex in the sequence
followed by the path. We map the vertices of π onto the real line R+ and we
assign a coordinate x ∈ R+ to each vertex based on its cumulative distance from
the start of the path. To be able to refer to a vertex both directly by its id
and indirectly by its index of visit along the path π, we shall use the subscript
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Fig. 4: A construction where the vertices visited by a path π are placed on the
real line and connected to the depot.

·i to identify the vertex by id (vertex i) and the parenthesized subscript ·(i)
to identify the vertex by its index on the path (the i-th visited vertex). So, xi

denotes the coordinate of vertex i ∈ V , while x(i) refers to the coordinate of the
i-th vertex in path π’s sequence (vertex p(i)). Coordinates are assigned according
to the following rules: x(1) = 0 and x(i+1)−x(i) = ℓp(i),p(i+1)

. Figure 4 (top part)
depicts an example of this construction.

We now introduce two key definitions on which our method will rely on.

Definition 1. An m-partition of a path π is an ordered set Π := {π1, . . . , πm}
of at most m disjoint sub-paths obtained by removing at most m− 1 edges from
π. Let 1 ≤ i1 ≤ i2 ≤ · · · ≤ im−1 < n be the splitting breakpoints. For instance,
when we have m different breakpoints, the sub-paths are defined as:

π1 =
(
p(1), . . . , p(i1)

)
π2 =

(
p(i1+1), . . . , p(i2)

)
...

πm =
(
p(im−1+1), . . . , p(n)

)
We also define the set of all m–partitions of π:

Partm(π) = {Π | Π is an m-partition of π}.

Definition 2. The weighted rooted cost of a path π = ⟨(i, ·), . . . (·, j)⟩ is the
real positive number

ℓw(π) = wπ(xj − xi + ℓ0,i + ℓj,0)

The weighted rooted cost of an m-partition Π ∈ Partm(π) is the value

cw(Π) = max
πr∈Π

ℓw(πr)
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Algorithm 1: WRL-Partition
Input : G, π, ρ
Output: Πρ

1 Πρ ← ∅, i, j ← 1;
2 while i ≤ n do
3 i← j;
4 x(i) ← x(j);
5 σ ← ∅;
6 while j ≤ n do
7 cost← (x(j) − x(i) + ℓ0,(i) + ℓ(j),0)max{w(i), . . . , w(j)};
8 if cost ≤ ρ then
9 σ ← σ ∪ {p(j)};

10 else
11 break
12 j ← j + 1;
13 if π = ∅ then
14 return ∅
15 Πρ ← Πρ ∪ {σ};
16 return Πρ

Denote by π the cycle formed by connecting the endpoints of a subpath π to the
depot. The term x(j)−x(i)+ℓ0,(i)+ℓ0,(j) corresponds to the length of such a cycle
(see Figure 4). When a robot repeatedly traverses π, this total length determines
the constant revisit interval, and thus the idleness, for every constituent vertex.
Consequently, the weighted cost in the above definition captures the worst-case
weighted idleness by scaling this cycle length by the maximum vertex value found
in π. Additionally, given Π = {π1, . . . , πm} ∈ Partm(π), observe that:

– ΘΠ := {π1, . . . , πm} is an m–tour
– c(ΘΠ) := cw(Π)

The polynomial-time algorithm called left induced m-partition and proposed
in [28] finds the optimal m–partition Πopt ∈ Partm(π) as the one minimizing the
maximum length among its sub-paths, hence addressing a more specific variant
of our problem where vertex weights are uniform. In Algorithm 1 we extend such
a method by plugging into it our rooted and weighted setting encoded by the cost
function of Definition 2 and hence allowing to find a m–partition Π∗ ∈ Partm(π)
such that Π∗ = argminΠ∈Partm(π) cw(Π). We call this procedure Weighted-
Rooted Left-Induced m-partition (WRL–Partition). Given a path π and a cost
threshold ρ, the algorithm finds, if it exists, a partition Πρ such that every sub-
path has a weighted cost at most ρ. The partition is essentially built greedily,
by traversing π from left to right and closing a sub-path σ only when adding the
next vertex would cause its weighted cost to exceed ρ.

If we abstract the size of the returned partition |Πρ| as a function of the
threshold ρ, denoted as f(ρ) = |Πρ|, we observe that f(ρ) is monotone non-
increasing and right-continuous. Intuitively, increasing the cost upper bound ρ
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allows sub-paths to grow longer, thereby requiring fewer sub-paths to cover the
entire sequence of vertices. The function has at most |π| = n discontinuity points
{ρ1, . . . , ρn}, satisfying: {

|Πρ| ≤ k if ρ ≥ ρk

|Πρ| > k if ρ < ρk
(2)

Also, notice that the following statement arises naturally: ρm = min{ρ | |Πρ| ≤
m}. In the following, we show that the optimal cost of a weighted m-partition
ρ∗ corresponds to one discontinuity point of the above function and specifically
to ρm. This property is given by the following theorem, which is an extension of
Theorem 3.4 from [28].

Algorithm 2: WR-Partition
Input : G, π, ε
Output: Π∗

1 ℓ0max ← max{ℓ0,(i)};
2 a← 0, b← 2wmax(

x(n)

m
+ 2ℓ0max);

3 ρ← a+b
2

;
4 while b− a > 2ε do
5 Πρ ←WRL-Partition(G, π, ρ);
6 if |Πρ| > m or Πρ = ∅ then
7 a← ρ;
8 ρ← a+b

2
;

9 else
10 Π∗ ← Πρ;
11 b← ρ;
12 ρ← a+b

2
;

13 return Π∗

Theorem 1 (Optimal weighted rooted m-partition). Consider a path π =
(p(1), . . . , p(n)) with corresponding vertex weights w(i). Let Π∗ = {π∗

1 , . . . , π
∗
m} an

optimal weighted m–partition of π of cost cw(Π
∗) = ρ∗. Let Πρ = {πρ

1 , π
ρ
2 , . . .}

be the weighted left–induced partition computed by Algorithm 1 for a given ρ.
Then,

ρ∗ = min{ρ ∈ R+| |Πρ| ≤ m}.

Proof. We prove that ρ∗ verifies Condition 2, i.e, that ρ∗ = ρm.
Consider ρ < ρ∗ and suppose by contradiction that |Πρ| ≤ m. This implies

that Πρ is an m–partition such that cw(Π
ρ) < ρ∗, but this cannot be the case

because Π∗ is optimal.
Suppose now that ρ ≥ ρ∗ and call πρ

i = xρ
i,F . . . xρ

i,L, and π∗
i = x∗

i,F . . . x∗
i,L

(with L and F we refer to the first and last vertices of their belonging path,
respectively). We prove that x∗

i,L ≤ xρ
i,L, ∀i ∈ {1, . . . ,m}, which implies that
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|Πρ| ≤ m since xρ
1,F = x∗

1,F = x(1) and x∗
m,L = x(n). We prove it by induction

on i. Now, notice that ρ ≥ ρ∗ implies π∗
1 ⊆ πρ

1 by construction, which means
that x∗

1,L ≤ xρ
1,L. By consequence, x∗

2,F ≤ xρ
2,F . Hence, suppose that x∗

i,L ≤ xρ
i,L,

which implies that x∗
i+1,F ≤ xρ

i+1,F . If, by contradiction, xρ
i+1,L < x∗

i+1,L, then
the path π = {xρ

i+1,F , . . . , x
∗
i+1,L} would be such that lw(π) > ρ since πρ

i+1 ⊊ π.
But since x∗

i+1,F ≤ xρ
i+1,F , this implies the following (L and F are implicitly

referred to path π∗
i+1):

lw(π
∗
i+1) = (x∗

L − x∗
F + ℓ∗0,L + ℓ∗0,F )max{w∗

F , . . . , w
∗
L} ≥ lw(π) > ρ ≥ ρ∗

which is impossible, since ρ∗ = maxi{lw(π∗
i )}. Thus, the thesis follows. ⊓⊔

Algorithm 3: Wm–SPLITOUR
Input : G, ε
Output: ΘΠ∗

1 C ← TSP(G) ; // Christofides algorithm [20]
2 π ← C \ {(0, ·), (·, 0)};
3 Π∗ ←WR-Partition(G, π, ε);
4 ΘΠ∗ ← ∅;
5 for π∗

i ∈ Π∗ do
6 Ci ← π∗

i ;
7 ΘΠ∗ ← ΘΠ∗ ∪ {Ci};
8 return ΘΠ∗

Now, notice that for each discontinuity point ρi we have that ρi ∈ {lw(πr) :
πr ⊆ π}2. Also the function {lw(πr) : πr ⊆ π} → {l(πr) : πr ⊆ π} is bijective
and |{l(πr) : πr ⊆ π}| ≤ |{πr : πr ⊆ π}|. As a consequence, to find the optimal
solution it suffices to test only |{πr : πr ⊆ π}| = n(n−1)

2 different values of ρ with
Algorithm 1. Theorem 1 extends the result of [28] providing an algorithm that
finds an optimal weighted rooted m–partition in polynomial time. We report in
Algorithm 2 the version of the algorithm that computes an (1+ε)–approximation
of the optimal solution with time complexity O(n2 log(ε−1)), using a similar
bisection method as the one described in [28]. We call this algorithm Weighted
rooted m–partition (WR–Partition). The convergence is straightforward after
noticing that ρ∗ ∈

(
0, 2wmax(

x(n)

m +2ℓ0max)
)
, where ℓ0max = max1≤i≤n ℓ0,i. Notice

that the exact version of the algorithm, which replaces the bisection search of ρ∗

with an iteration over all the n(n−1)
2 possible values of ρ, remains polynomial,

with time complexity O(n4).
Algorithm 3 integrates Algorithm 2 in the m–SPLITOUR algorithm [21] to

construct an approximate solution for the WmTSP. The Weighted m–SPLITOUR
(Wm-SPLITOUR) works along these steps:
2 With πr ⊆ π we mean a subpath of path π, not a generic subset of vertices or edges

contained in π.
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– finds an approximate TSP cycle C on the graph G.
– removes the cycle’s edges that connect the depot, obtaining a path π that

does not visit the depot, and apply the weighted rooted m-partition (Algo-
rithm 2) on it obtaining Π∗ = {π∗

1 , . . . , π
∗
m}.

– forms the WmTSP solution by closing each sub-path π∗
i back to the depot:

ΘΠ∗ = {π∗
1 , . . . , π

∗
m}.

We now prove that Wm-SPLITOUR achieves the approximation factor stated
in Observation 1, thus confirming that the theoretical guarantees of Frederick-
son’s framework extend naturally to our method for the weighted generalization
of the problem.

Theorem 2. The weighted m–SPLITOUR is a polynomial–time algorithm that
solves the WmTSP with depot with approximation factor

ρWmTSP = γ

(
ρTSP + 1− 1

m

)
Proof. Let Θ∗ be the optimal solution of the WmTSP, i.e., c(Θ∗) = OPTWmTSP

and let us call C the approximate solution of a TSP instance of length L on the
set V , i.e., L ≤ ρTSPOPTTSP . By the triangular inequality,

wminL

m
≤ ρTSPOPTWmTSP .

Now, apply on C the weighted m–SPLITOUR, from which we have that c(ΘΠ∗) =
cw(Π

∗) = max1≤i≤m ℓw(π
∗
i ), and Π∗ is optimal. It follows that

c(ΘΠ∗) ≤ wmax

(
L− 2ℓ0max

m
+ 2ℓ0max

)
,

where recall that ℓ0max = max1≤i≤n ℓ0,i. Hence, the cost of the approximate
solution ΘΠ∗ is such that

c(ΘΠ∗) ≤ wmax

wmin

(
wminL

m
+ 2wminℓ

0
max − 2wminℓ

0
max

m

)
≤ wmax

wmin

(
ρTSP + 1− 1

m

)
OPTWmTSP .

The thesis follows. ⊓⊔

The time complexity of Algorithm 3 is bounded by the maximum time com-
plexity between the Christofides algorithm [20] and Algorithm 2: O(n3) when
using Algorithm 2 to construct the near-optimal weighted m-partition, or O(n4)
when employing the exact version of the same algorithm.

Improving the current approximation factor presents a significant theoretical
challenge, requiring either an advance on the (decades-old) mTSP bounds or
a specialized analysis that reduces the factor when γ > 1 and aligns with the
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approximation factor of the mTSP when γ = 1. A third way consists in moving
away from the case γ = 1 and develop algorithms with better guarantees for the
weighted case (γ > 1), yielding poor guarantees for the unweighted case (γ = 1).
As this work intends to establish a primary constructive baseline, we defer these
complex theoretical refinements to future research.
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Fig. 5: Example of tours calculated by the m–SPLITOUR and the Weighted m–
SPLITOUR, respectively, on the same 30–vertices graph instance with 5 robots.
The depot vertex is evidenced in red. The worst weighted idleness of each tour
in the 5–tour solution calculated by the m–SPLITOUR (left figure) are, ap-
proximatively, 18, 205, 198, 145, 131. The solution proposed by the Weighted
m–SPLITOUR (right figure) is: 166, 171, 183, 178, 156.

5 Empirical Evaluation

We evaluate the weighted m-SPLITOUR presented in Section 4 as a better alter-
native for vertex-valued graphs to the state-of-the-art m–SPLITOUR method [21].
To the best of our knowledge, our method is the first approximation algorithm
for solving the multi–TSP with depot on graphs that include vertex values. We
therefore evaluate its performance against the m–SPLITOUR. The code and
the experiments are publicly available at https://github.com/alexbassot97/
Weighted_mTSP. For the experiment campaign, we generated 50 instances of
vertex–valued graphs with |V | = n ∈ {30, 50, 100, 200, 400} and randomly des-
ignated a vertex of each graph instance as the depot. Each vertex xi was then
randomly assigned a value yi ∈ (0, 1] ⊂ R, except for the depot vertex. Val-
ues were then normalized to guarantee at least one vertex with value 1. For
each graph instance, both the Wm–SPLITOUR and the m–SPLITOUR were
applied to construct the m–tours for teams of robots R with cardinality |R| =
m ∈ {3, 5, 10, 15, 20}. We call ΘW and ΘS an m–tour generated by the Wm–
SPLITOUR and by the m–SPLITOUR, respectively, on the same graph instance.

https://github.com/alexbassot97/Weighted_mTSP
https://github.com/alexbassot97/Weighted_mTSP
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|R|

|V |
30 50 100 200 400

3 1.00 1.34 1.00 1.28 1.01 1.24 1.01 1.14 1.00 1.12

5 1.00 1.50 1.03 1.41 1.03 1.33 1.04 1.25 1.00 1.34

10 1.00 1.35 1.05 1.35 1.03 1.43 1.06 1.36 1.09 1.29

15 1.00 1.18 1.01 1.29 1.07 1.39 1.09 1.44 1.08 1.37

20 1.00 1.14 1.00 1.23 1.01 1.36 1.05 1.44 1.13 1.37

Table 1: This table shows the highest (green) and lowest (blue) value of WIratio
(Eq 3) calculated over the 50 graph instances, for each pair of number of vertices
and number of robots.

See Figure 5 for a graphical example of the two solutions. The self-intersecting
tours are due to the partitioning method adopted on the approximated TSP
(which is calculated using the OR-Tools Routing Library [22]). Clearly, the tours
could be improved without compromising the approximation factor by solving a
TSP for each vertex partition together with the depot. We chose not to do this
to ensure an unbiased comparison between the two methods.

As Figure 5 shows, one of the main features of the solutions calculated
by the Wm–SPLITOUR is a better distribution of patrolling workload among
the robots, proportional to the vertex with the highest value within the tour.
The tour lengths are more unbalanced respect to the one provided by the m–
SPLITOUR, allowing robots assigned to higher-value vertices to follow shorter
tours. The consequence of the unbalanced tour lengths provided by the Wm–
SPLITOUR is that, when evaluated under the worst weighted idleness metric
(which scales tour lengths by the maximum vertex value within each tour) they
outperform those computed by m–SPLITOUR.

To see this, we calculate the ratio between the costs of ΘS and ΘW :

WIratio =
c(ΘS)

c(ΘW )
. (3)

Table 1 shows the lowest and highest values of WIratio for each combination
of n and m, over all the 50 graph instances. The table empirically proves that on
our large benchmark dataset Algorithm 3 is never worse than the m–SPLITOUR
because the ratio is always equal or greater than 1 and may reach improvements
of up to 50% (see for example the case of 30 vertices patrolled with 5 robots).

To provide a deeper analysis, we also evaluate the average weighted idleness
over the 50 graphs for each combination of n and m:

AWIS =
1

50

∑
c(ΘS), AWIW =

1

50

∑
c(ΘW ).
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Fig. 6: Surface graph that shows how the average ratio as defined in Equation 4
changes when varying the number of robots and the number of vertices.

These values are then used to calculate the average ratio, that measures the
advantage of applying the weighted m–SPLITOUR instead of the m–SPLITOUR,
given different configurations of number of robots employed and cardinality of
the set of vertices:

AWIratio =
AWIS
AWIW

. (4)

As shown in Figure 6, the differences grow when both the number of robots
and vertices increase. This means that our method becomes more and more ad-
vantageous as the problem becomes harder. Clearly, when the number of robots
is similar to the number of vertices, the tour splits into balanced partitions in
both methods because the clusters are made of few vertices. On the other hand,
when the set of vertex is big and we employ a small set of robots, the average
ratio degrades because there is more possibility of having high-valued vertices
in all the length-balanced partitions provided by the m–SPLITOUR. Therefore
Algorithm 3 outputs solutions that are similar to the ones provided by the m–
SPLITOUR.

6 Conclusions and Future Work

In this work we introduced the min-max weighted multi-TSP problem for multi-
robot patrolling and provided a first heuristic that solves it within an approxima-
tion bound, extending a well-known existing method. Future work is essentially
twofold: one direction goes toward studying new heuristics for the WmTSP that
would improve the approximation factor of the Wm-SPLITOUR algorithm; a
second direction is to exploit the WR-Partition algorithm for other min-max
problems that involve the construction of tours on graphs with vertex values.
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