
Toward Learning POMDPs Beyond
Full-Rank Actions and State Observability

Seiji Shaw1, Travis Manderson1, Chad Kessens2, and Nicholas Roy1

1 MIT Computer Science and Artificial Intelligence Lab,
51 Vassar St, Cambridge, MA 02139, USA

{seijis, travislm}@mit.edu, nickroy@csail.mit.edu
2 DEVCOM Army Research Laboratory

2800 Powder Mill Road, Adelphi, MD 20783, USA
chad.c.kessens.civ@army.mil

Abstract. We are interested in enabling autonomous agents to learn
and reason about systems with hidden states, such as locking mecha-
nisms. We cast this problem as learning the parameters of a discrete Par-
tially Observable Markov Decision Process (POMDP). The agent begins
with knowledge of the POMDP’s actions and observation spaces, but not
its state space, transitions, or observation models. These properties must
be constructed from a sequence of actions and observations. Spectral ap-
proaches to learning models of partially observable domains, such as
Predictive State Representations (PSRs), learn representations of state
that are sufficient to predict future outcomes. PSR models, however, do
not have explicit transition and observation system models that can be
used with different reward functions to solve different planning problems.
Under a mild set of rankness assumptions on the products of transition
and observation matrices, we show how PSRs learn POMDP matrices
up to a similarity transform, and this transform may be estimated via
tensor decomposition methods. Our method learns observation matrices
and transition matrices up to a partition of states, where the states in
a single partition have the same observation distributions corresponding
to actions whose transition matrices are full-rank. Our experiments sug-
gest that explicit observation and transition likelihoods can be leveraged
to generate new plans for different goals and reward functions after the
model has been learned. We also show that learning a POMDP beyond
a partition of states is impossible from sequential data by constructing
two POMDPs that agree on all observation distributions but differ in
their transition dynamics.
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1 Introduction
When planning and acting in the real world, intelligent agents must learn and
reason about hidden information. Of great inspiration to us is the work of Baum
et al. [11], which shows that a real autonomous robot can infer a cabinet’s lock-
ing mechanism from a hypothesis set of mechanisms through interaction. We are
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interested in a symbolic variant of the problem where autonomous agents must
learn, through interaction, the dynamics of a system with hidden states, without
any knowledge of the system state and transitions beforehand. The agent should
also compute explicit estimates of transition and observation likelihoods to sup-
port downstream operations that manipulate the model, such as task specifica-
tion to direct agent behavior. Our problem is modeled as learning the parameters
of a discrete Partially Observable Markov Decision Process (POMDP) from a
sequence of actions and observations acquired through random exploration.

One common approach to learning a representation of a probabilistic latent-
variable model like a POMDP is to apply a spectral decomposition to a ma-
trix that encodes correlations of the observable random variables [23, 10]. For
POMDPs, spectral methods may be applied to a Hankel matrix, which rep-
resents the correlation between past and future observations conditioned on a
sequence of past and future actions. The decomposition of this matrix can be
used to derive a (linear) Predictive State Representation [12, 10]. The ‘state’ of
the PSR is a sufficient statistic that can be used to predict the likelihood of
future observations given a possible sequence of actions. This prediction capa-
bility allows PSRs to be used as black-box models for reinforcement learning [33,
53]; however, transition and observation likelihoods cannot be directly recovered
from a PSR. This lack of interpretability makes these models difficult to manip-
ulate, like changing the goal or reward function for planning. If a goal state of
the agent changes, then the PSR must be relearned for the new task, since the
underlying state cannot be accessed.

There are other POMDP-learning algorithms that yield estimates of the full
model, e.g. observation and transition likelihoods, but under assumptions that
ultimately restrict the class of POMDPs that can be learned. Approaches in-
troduced by Azizzadenesheli et al. [7] and Guo et al. [21] utilize tensor decom-
positions to recover observation distributions for each action whose transition
matrix is full-rank. To recover the transitions, however, these approaches must
also make the assumption that for each action, the corresponding diagonal ob-
servation matrices must be unique for every state, which implies every state
has a unique observation distribution. While, full-rank transitions are common
when modeling many real-world POMDPs, especially when actions may ‘fail’
with some probability, many real-world systems have aliased states, e.g. states
that do not have distinct observation distributions associated with every action.
Systems that fall in this class include the locking mechanisms of Baum et al. [11]
or many standard POMDPs in the literature, like Tiger [29].

We investigate the relationship between PSRs and tensor decomposition
methods to learn a broader class of POMDPs than existing tensor methods.
A result established by Carlyle and Paz [15] states that PSRs learn transitions
and diagonal observation matrices up to an unknown basis. We then reformu-
late tensor decomposition methods to estimate the unknown basis to recover
the original basis. Our modification of tensor decomposition methods for hidden
state inference allows us to simultaneously leverage all observation distributions
from all actions with full-rank transition methods all at once, rather than a per-
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action basis like previous approaches [7, 21]. Should the collection of observation
distributions of all full-rank actions be unique for each state, like Tiger, we may
recover the full POMDP. Should there exist states that share the same set of
observation distributions when aggregated across actions, we learn transitions
between partitions of states, where states in a single partition share the same
observation distributions over all actions. We also show that when restricted
to sequential data, learning transition and observation up to observability par-
titions cannot be improved. We construct an example of two POMDPs whose
dynamics differ between aliased states but yield the same distribution over all
future observations under an arbitrary sequence of actions.

Learning explicit transition and observation matrices is valuable because
these models enable reasoning over environment dynamics. Whereas black-box
PSRs only provide predictive likelihoods of observation sequences, access to ex-
plicit transition matrices and diagonal observation matrices allows for the spec-
ification of rewards after the model has been learned. Our experimental results
suggest that our method can correctly learn partition-level transitions and obser-
vations and that these likelihoods are necessary to correctly direct agent behavior
in POMDPs with very noisy observations.

2 Problem Setting
We assume that the ground truth system can be described as a discrete POMDP,
a tuple (S, T , A, O, Z, b0, R, γ). The set S = {s1, s2, . . . } is a discrete set of
states, A is a discrete set of actions, and O = {o1, o2, . . . } is a discrete set of
observations. T = {T a : a ∈ A} denotes a set of row-stochastic state transition
matrices. The element T a

ij = P(st+1 = sj |st = si, at = a) denotes the probability
of transition to state sj from state si after taking action a at time t. The set Z =
{Oao : (a, o) ∈ A × O} describes a collection of diagonal matrices, where Oao

ii =
P(ot = o|st = si, at = a) denotes the emission probability of o under action a
when leaving state si. The distribution b0 ∈ ∆(S) describes the distribution over
the initial state. The constant γ ∈ (0, 1) is the reward discount factor.

The agent begins acting in a POMDP with access to the action and observa-
tion spaces A and O. Under a uniform, memoryless random exploration policy
at ∼ Unif(A) for all t ≥ 1, the agent collects a dataset D, which is a long string
of actions and observations D = (a1, o1, a2, o2, . . . ). From this data, we wish the
agent to estimate the number of hidden states |S|, transition matrices T̂ = {T̂ a :
a ∈ A}, and diagonal observation matrices Ẑ = {Ôao : (a, o) ∈ A × O}. We may
also require the agent to learn a tabular reward R function by including rewards
as observations [26]. We evaluate the approach by measuring the error of the es-
timated model parameters against those of the ground-truth POMDP. Another
evaluation gauges the performance of the agent under a planning algorithm af-
ter the POMDP is inferred from D. The last is by evaluating the behavior of a
planner at user-designated task after model learning.

For notational convenience, we will often need to refer to strings of actions
and observations. We call a string (a1, o1, . . . , at, ot) that is observed by the agent
in the past a history, often abbreviated as hist. A string (at+1, ot+1, . . . , an, on)
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the agent may observe in the future will be called a test [32, 47]. To abbreviate
the expression of the likelihood of observations conditioned on the actions, we
write

p(hist, test) = P(o1, . . . , ot, ot+1, . . . , on|a1, . . . , at, at+1, . . . an),
p(hist, st = si) = P(o1, . . . , ot, st = si|a1, . . . , at),
p(test|st = si) = p(ot+1, . . . , on|at+1, . . . , an, st+1 = si) . . . and so on.

Occasionally, it will be convenient to stack the diagonals of matrices in Z as-
sociated with the same action a into |S| × |O| row-stochastic matrices Obsa,
where Obsa

i,j = P(ot = oj |st = si, at = a). To distinguish between the two, we
refer to the collection Z as diagonal observation matrices and the latter matrices
{Obsa : a ∈ A} as row-stochastic observation matrices.

3 Learning Predictive State Representations
3.1 Forward, Backward, and Hankel Matrices

To estimate systems of hidden state, a natural place to start is to form an
array that expresses the correlation between the observable random variables. A
Hankel matrix is an instance of these arrays that encodes the joint likelihoods
of past and future action-observation trajectories. In this section, we derive the
Hankel matrix given knowledge of the ground truth POMDP. Our construction
starts with two intermediate factors, called the forward and backward matrix,
which we will multiply together to form the Hankel matrix.3

The forward matrix Forw is an infinite-by-S matrix that expresses the joint
likelihood of observing a history and the current state. After choosing a suitable
ordering to map histories to indices (histories of length one, then histories of
length two, and so on), we may write Forwhist,i = p(hist, st+1 = si) for a
given history hist = (a1, o1, . . . , at, ot). In terms of the POMDP matrices T
and Z, a row of the forward matrix can be expressed by right-multiplying the
corresponding matrices in the order of the history:

Forwhist,: = b0 · Oa1,o1T a1 · · · Oat,otT at . (1)

The backward matrix Back is an S-by-infinite matrix that represents the con-
ditional likelihood of obtaining the observations of a test after executing its
actions, e.g. Backi,test = p(test|st+1 = si). If the test = (at+1, ot+1, . . . , an, on),
then a column of Back can also be computed similarly to the rows of Forw:

Back:,test = Oat+1,ot+1T at+1 · · · Oan,onT an · 1, (2)
3 This factorized construction is inspired by the construction of a related matrix,

called the System Dynamics Matrix, by Singh et al. [47]. The entries of the System
Dynamics Matrix (SDM) are the likelihood of a given test conditioned on a history.
Each row of the Hankel matrix is the same as the SDM except scaled by a constant,
the likelihood of the history that indexes the row [8].



Learning POMDPs Beyond Full-Rank Actions and State Observability 5

where 1 is a vector of one in all entries.
The product of the forward and backward matrices results in the Hankel

matrix, which we denote as H. The matrix multiplication unconditions and
then marginalizes out the intermediate hidden state. Given a history hist =
(a1, o1, . . . , at, ot) and a test test = (at+1, ot+1, . . . , an, on), a Hankel matrix en-
try is the corresponding joint likelihood of receiving a full string of observations
conditioned on taking a full string of actions, e.g.

Hhist,test = P(o1, . . . , on|a1, . . . an). (3)

The Hankel matrix does not refer to the underlying hidden state of the
POMDP and can be estimated from action-observation trajectories. If we had
a long string of actions and observations Dn = (a1, o1, . . . , an, on), the matrix
H could be estimated by the suffix-history approach, taking frequency counts of
subsequences of increasing lengths [52, 12]:

Ĥhist,test =
∑n−L

i=1 I(ai,oi,...,ai+L,oi+L)=hist⊕test∑n−L
i=1 I(ai,...,ai+L,)=acts(hist⊕test)

(4)

where acts(hist ⊕ test) is the action sequence associated with hist ⊕ test, ⊕ is
the concatenation operator, and L = |hist ⊕ test| < n.

It is important to note that expressing the Hankel matrix as a factorization
of Forw and Back represents the system under a memoryless policy where
future actions are independent of previous observations. To correctly estimate
the matrix via Eq. (4), the data must also be collected under a memoryless
policy. Using a uniformly random exploration policy admits this condition, but
a larger class of non-memoryless exploration policies can be used for importance
sampling [13].

3.2 Assumptions
Before we discuss our algorithm, we must state some key assumptions. First, we
assume that under a memoryless random exploration-policy a ∼ πexp(A), π ∈
∆(A)4 (which, in this paper, we take to be uniform), the induced Markov chain
(st, at, ot)t≥0 is ergodic. This property causes the visitation distribution over
states to converge to a stationary distribution bπ, with nonzero support over the
state space, as the agent explores. Ergodic Markov chains are irreducible, i.e.,
every state is reachable with nonzero probability, and aperiodic, i.e., cannot be
trapped in periodic cycles. We believe these conditions are reasonable. If an agent
becomes trapped in some connected component of the system, then the dynamics
of that component are the ones that are learned. Robots also often have passive
observation that do not change the environment state. The transition dynamics
of these actions are loops with period one, which breaks periodicity.

Second, we also assume that Forw, when limited to indices corresponding
to one fewer than the maximum sequence length, has the same rank as the
4 ∆(A) denotes the set of distributions over the discrete set A.



6 S. Shaw et al.

number of states (e.g. is full-rank), and that Back is also full-rank. This as-
sumption is strictly weaker than prior work that assumes that all transition
matrices T a and row-stochastic observation matrices Obsa are full rank for all
actions [7, 21]. The implication can be proven by showing that the products
diag(bπ)T aObsa diag(bπ)−1 and T aObsa are submatrices of Forw and Back,
respectively. If bπ is a stationary distribution, as implied by our ergodicity as-
sumption, then every entry is positive, so Forw and Back are full-rank. Many
of the standard POMDPs in the literature, which are also included in our ex-
periments (Sec. 5), are counterexamples for the converse of the implication.

Our assumptions have a few consequences on the estimated Hankel matrix.
The starting state distribution b0 at the start of the learning problem, so b0 has
little influence over the Hankel matrix. Instead, the Hankel matrix will take on
the stationary distribution bπ as the initial distribution instead. Furthermore,
the rank of the resulting Hankel matrix will be equivalent to the number of
states of the POMDPs in the restricted class that adhere to our assumptions, as
opposed to the lower bound as is the case for general POMDPs [47, 24]. A proof
of these claims is in Appendix A.1 of the supplemental material.

3.3 Constructing a Linear Predictive State Representation
Suppose we have a Hankel matrix H, estimated in the limit of infinite data.
Since an implication of Lemma 2 is that the rank of Hankel matrix H is equiv-
alent to the number of states of the POMDP, a natural first step of our method
(and learning a PSR) is to compute a rank factorization of H [12, 10]. One way
to achieve this factorization is to compute a singular-value decomposition of
the Hankel matrix H = UΣV T , where singular values under a specified thresh-
old (and their corresponding orthogonal vector components) are dropped. The
truncated SVD is converted into a rank factorization by computing A = UΣ
to be the left factor and V T to be the right factor. Crucially, since A · V T and
Forw·Back both form rank factorizations of H (according to assumptions in Sec
3.2), there must exist some invertible transformation P such that A = Forw · P
and P −1 · Back = V T (see Appendix A.2 in the supplemental material).

Moving one step earlier in the Hankel construction (Sec. 3.1), we can relate
transitions, observations, and initial distributions with the rank factors and the
Hankel matrix using Eqs. (1) and (2). Let histsao denote an ordered set of all
history indices that end in action-observation pair ao, and hists−ao denote the
same set with the same ordering but without the ending pair ao. From Eqs. (1)
and (2), we observe for each a ∈ A, o ∈ O:

Hhistsao,: = Forwhists−ao,: · OaoT a · Back = Ahists−ao,:(P −1OaoT aP )V T (5)
Hε,: = bT

0 · Back = (bT
0 P ) · V T (6)

H:,ε = Forw · 1 = A · (P1) (7)

After applying the Moore-Penrose inverse of A and V T to Eqs. (5)–(7), we obtain
the observation-transition product, initial belief, and final summation vector up
to a similarity transform. The transformed initial belief m0 = bT

0 P from Eq. (6)
is called the initial vector and the transformed summation vector m∞ = P1
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from Eq. (7) is called the final vector. The product Mao = P −1OaoT aP from
Eq. (5) is called a linear PSR update matrix. Together, this collection of ma-
trices and vectors forms a linear PSR model [32, 12]. A PSR can be used to
compute the likelihood of observations o1, o2, . . . , on under actions a1, . . . , an

by computing the product P(o1, . . . , on|a1, . . . , an) = mT
0 Ma1o1 · · · Manonm∞ =

b0PP −1Oa1o1T a1 · OanonT anP −1P1, with appropriate normalizations for condi-
tional calculations. With a few more details, the argument sketched above is a
proof of a result of Carlyle and Paz [15]. The original result given by the authors
was for probabilistic automata, and later versions were proved for HMMs [23,
10, 50, 24].

Proposition 1. Let H = AV T be a rank factorization of a Hankel matrix H
with rank(H) = r formed from a POMDP with initial state bπ, transition matri-
ces {T a} and diagonal observation matrices {Oao}. Suppose m0, {Mao, ∀(a, o) ∈
A × O}, m∞ are computed as in Eqs. (5)–(7). Then there exists a nonsingular
matrix P ∈ Rr×r such that P −1MaoP = OaoT a for all a ∈ A, o ∈ O, mT

0 P = bπ,
and P −1m∞ = 1.

4 Computing the Similarity Transform
When a reward is part of the observation, the PSR representation Mao can be
used to compute policies that maximize the expected reward. However, if we had
access to Oao and T a, we could compute policies for any reward function. To
recover Oao and T a, we need a way to recover the similarity transform P and
apply Prop. 1. The observation and transition matrices can be computed from
products OaoT a by taking the sums of the rows to form the diagonal of Oao and
then normalizing to form T a. In many problem scenarios, P is not the identity
matrix, since the rank factors computed via SVD are orthogonal matrices, which
is not always the case for Forw and Back. Our approach can recover P up to
a certain partition of states, which we introduce with an example.

A running example. Consider the POMDP illustrated in Fig. 1, which is
modified from the Float-Reset domain introduced by Littman and Sutton [32].
Like the original, the float action transitions the state up and down a line graph
and will always emits an observation of 0. The reset action, also identical to
the original, deterministically sets the state to the left end of the graph. This
action emits an observation of 1 if the state is already in the leftmost state
and 0 otherwise. The observations of the sense action are the same as reset,
except each state of the system does not change. We also augment the system
with a reward function; the agent obtains +1 reward for executing any action
in the state adjacent to the reset state and zero reward otherwise. This system
is challenging to learn due to its nontrivial state aliasing. Aside from the two
leftmost states (when treating rewards as observations), all other states in this
POMDP have the same observation distributions, regardless of the action.

We wish to capture the difficulties of Sense-Float-Reset to discuss the main
output of our algorithm in general terms. For arbitrary POMDPs, we group
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obs:0
R:+1obs:1 obs:0 obs:0obs:0

R:+1
obs:0 obs:0obs:1

obs:0
R:+1 obs:0 obs:0obs:0

sense float reset

Fig. 1: Sense-Float-Reset. Edges are labeled with transition probabilities, and nodes are
labeled with observations and reward received upon leaving the state. The reward of a
state is zero unless specified otherwise. Node shade denotes observability partitions.

states that have the same observation distribution to form a partition of states.
We call this grouping an observability partition. Of particular importance is the
collection of observation distributions that correspond to actions with full-rank
transition matrices.

Definition 1 (Full-Rank Observability Partition). Let SΠ ⊂ 2S be a par-
tition of states, such that for any set S ∈ SΠ , states si, sj ∈ S if and only if
Obsa

i,: = Obsa
j,: for all a ∈ Afull. We call SΠ a full-rank observability partition.

4.1 Recovery up to a Full-Rank Observability Partition

Our algorithm can estimate the similarity transform P up to the full-rank ob-
servability partition, which we formalize in Theorem 1. Our statement is given
in the regime of infinite data; for parameters introduced for finite data, see Ap-
pendix B.1 in the supplemental material.

Theorem 1. Let H be a Hankel matrix of POMDP (S, T , A, O, Z, bπ, R, γ) that
adheres to the assumptions in Sec. 3.2, where bπ is the stationary distribution
under exploration policy at ∼ Unif(A). Let SΠ ⊂ 2S be the full-rank observability
partition of the POMDP. Let m0, {Mao : a ∈ A, o ∈ O}, and m∞ be the linear
PSR model as computed via Eqs. (5)–(7). Then there exists an algorithm on m0,
{Mao}, and m∞ that computes a nonsingular matrix P̃ , such that if

b̃T
π = mT

0 P̃ = bπP −1P̃ (8)
ÕaoT̃ a = P̃ −1MaoP̃ = P̃ −1POaoT aP −1P̃ (9)
b̃∞ = P̃ −1m∞ = P̃ −1P1 (10)

then∑
si∈S

b̃πi =
∑
si∈S

bπi (11)

∑
si∈S

(b̃T
π Õa1,o1 T̃ a1 . . . Õan,on T̃ an)i =

∑
si∈S

(bT
π Oa1o1T a1 . . . OanonT an)i (12)

b̃∞ = 1 (13)

for all a1, . . . , an ∈ A, o1, . . . , on ∈ O, integer n > 0 and partition set S ∈ SΠ .
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Fig. 2: An illustration of Theorem 1 applied to Sense-Float-Reset. While the individual
values inside a single box (state) may not be read as the belief likelihood of the system
occupying that state, summing indices over partitions, represented by box shades, will
compute the likelihood of the system state in that partition.

What Theorem 1 states is that we must sum over indices of the initial ‘belief
vector’ to compute the likelihood the system is in a particular partition (Eq. (8)).
The same remains true when computing joint likelihoods between observations
and the current state partition (Eq. (12); see Fig. 2 for a worked example for
Sense-Float-Reset). For POMDPs that have unique observation distributions
across all actions, each state is in its own singleton partition, and we can re-
cover the full similarity transform. Otherwise, we recover P up to the full-rank
observability partition. We note it is possible for us to recover some POMDPs
that have fewer observations than states, since the collection of distributions over
emitted observations across all actions must be distinct (see Appendix C.5 in
the supplemental material for examples).

To benefit from the result of Theorem 1, the systems to be learned must sat-
isfy the assumptions discussed in Sec. 3.2 and contain full-rank actions. Full-rank
actions commonly arise in many automated manipulation contexts, our domain
of interest. In automated manipulation, robot actions have a desired transition
state but may also fail (a gripper misses a grasp, slips of a drawer handle, etc.).
One way these actions have been modeled in robot planning systems is to des-
ignate a successful ‘desired state’ with some success likelihood psucc, and have
the system state ‘fail’ with some likelihood (causing a self-transition) [30, 20].
In POMDP terms, these types of actions can be simply modeled as the convex
combination psuccT + (1 − psucc)I, where T is a matrix with rows containing
all zeros except for a single entry of 1 (the ‘desired states’), the identity I indi-
cates self-loop failure dynamics, and psucc the likelihood of an action succeeding.
Under mild assumptions (e.g. psucc ̸= 1/2, 1), these actions are full-rank (see Ap-
pendix A.6 in supplemental material).

4.2 Recovering Observation Distributions from Full-Rank Actions
We now introduce an algorithm that computes the similarity transform P̃ . Our
approach is a reformulation of the tensor decomposition method [4, 7] for linear
PSR models. Our procedure begins by marginalizing out the observations in
matrices Mao, yielding the transitions T a up to similarity transform P . This
marginalization can be done by summing all matrices Mao over all o ∈ O for
some fixed a ∈ A:∑

o∈O
Mao = P

(∑
o∈O

OaoT a

)
P −1 = PT aP −1 (14)
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With a slight abuse of notation, we denote P −1T aP as the matrix Ma. The next
step of our procedure continues with transitions that are full-rank, which can
easily be determined by a threshold test on the singular value decomposition
on all matrices Ma. Let Mfull = {P −1T aP : a ∈ Afull} be the set of full-rank
transitions. Next, we compute the diagonal observation matrices associated with
the full-rank actions. For each Ma ∈ Mfull and o ∈ O we compute

Mao · Ma−1 = POaoT aP −1(PT aP −1)−1 = POaoP −1. (15)

Since we know that all matrices Oao are diagonal, the eigenvalues of the matrices
MaoMa−1 will be the diagonal entries of Oao. If the entries of a particular
Oao are unique, then the eigenvectors computed from an eigendecomposition
of MaoMa−1 will recover the columns of P up to a scalar factor. However, it
is common to have repeated observation likelihoods across states for a single
action (like all of Sense-Float-Reset), and an eigendecomposition may produce
any spanning set of the invariant space corresponding to the repeated eigenvalue.

To reduce ambiguity, we wish to compute a joint diagonalization of all ma-
trices MaoMa−1, which attempts to diagonalize each matrix with the same sim-
ilarity transform. We apply a method of He et al. [22]. Their method exploits
the fact that sums of matrices {MaoMa−1 : a ∈ Afull , o ∈ O} do not change
the invariant spaces spanned by eigenvectors of each matrix MaoMa−1. Suppose
{wao : a ∈ Afull , o ∈ O} is a set of weights, then the weighted sum

∑
a∈Afull ,o∈O

waoMaoMa−1 = P

( ∑
a∈Afull ,o∈O

waoOao

)
P −1 (16)

is still diagonalizable by P . Should we choose random weights wao, then the
eigenvalues will be distinct up to states that share the same observation distribu-
tion almost surely. We sample these weights from the unit sphere S|Afull |·|O|−1 [22].

Lemma 1. Let weights {wao : a ∈ Afull , o ∈ O} be sampled i.i.d. with respect
to Unif(S|Afull |·|O|−1) and Λ =

∑
a∈Afull ,o∈O waoOao. Then Λii = Λjj with prob.

1 if and only if Oao
ii = Oao

jj for all o ∈ O and all a ∈ Afull.

When multiple states have the same observation distribution for all actions, the
eigenvalues corresponding to those states will be the same, so their eigenvectors
cannot be uniquely determined. Thus, the similarity transform P ′ is nonunique
when we have a nontrivial full-rank observability partition, the consequences of
which we discuss in the next session.

4.3 Recovering Partition-Level Belief Likelihoods and Transitions
The recovered similarity transform P ′ formed by the eigenvectors of the ran-
dom sum in Eq. (16), but not the partition-level transitions. When the full-rank
observability partition is nontrivial, the matrix Q = P −1P ′ is block-diagonal,
with invertible blocks that correspond to states within the same partition (see
Appendix A.4 in supplemental material for a proof). This matrix Q prevents us
from using P ′ as the similarity transform promised in Theorem 1. For example,
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SVD

Trajectory Data

Hankel Matrix

PSR

Partition-Level POMDP

recover
similarity
transform

estimate

Fig. 3: An illustration of the entire algorithm pipeline described from Sec. 3.1-4.

when applying P ′ as a similarity transform to the PSR vector m0, a restriction to
the subindices of the partition S1 yields [m0P ′]S1 = [bT

0 P −1P ′]S1 = [bT
0 ]S1Q1, so

the sum of the entries is not a proper likelihood, violating Eq. (11) of Theorem 1.
To recover partition-level likelihoods and transitions, we look to the final

vector of the linear PSR after applying the transform P ′, e.g. Pm0 = P ′−1P1.
Intuitively, by applying diag(Pm0) as a similarity transform, we transform the
final vector back to 1, recapturing a marginalization of the latent state variable.
To avoid scenarios where P ′−1m0 has entries of zero, we perform a pre-processing
step by multiplying the system with a random block-diagonal rotation matrix
R, whose blocks correspond to the full-rank observability partition. We take the
transform diag(RP ′−1m∞)RP ′−1 as the similarity transform P̃ that satisfies
Theorem 1 (see Appendix A.5 for the proof of correctness and runtime).

Summary A diagram that sketches the entire learning algorithm can be found
in Fig. 3. Prop. 1 and Theorem 1 suggest that we can compute a PSR and
then recover the corresponding system model by recovering the unknown simi-
larity transform P . Sections 4.2 and 4.3 present an algorithm that applies to all
POMDPs that admit the assumptions of Sec. 3.2, and computes P up to the
full-rank observability partition of states. The set of POMDPs learned by our
method captures a large class of real-world POMDPs that arise in manipulation
scenarios.

5 Experiments
Our experiments evaluate the fidelity of the learned POMDP models and ex-
plore the advantages of estimating transition and observation likelihoods. We
seek to know, empirically, how quickly the learned partition-level transition and
observation matrices converge to ground truth values. We also wish to know how
the performance of the planning model is impaired by estimation error from lit-
tle data. Lastly, we evaluate whether the transition and observation likelihood
estimates can be leveraged to specify a reward function to elicit desired be-
havior from a planner. All experiments are compared against linear PSRs and
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Fig. 4: The directional and noisy hallway domains. The observations el and er rep-
resent ‘end-right’ and ‘end-left’ respectively. Transitions are shared and observation
distsributions differ in the middle state in the left and right actions. The right ac-
tion is the mirror image of left, with the obs. likelihoods swapped in the middle state
in the directional environment.

Expectation-Maximization (EM) [39, 45] with a number of states determined by
the number of components of the truncated SVD when learning a linear PSR.

For our planning experiments, we verify our approach on two standard do-
mains, Tiger [29] and T-Maze (with a single corridor state) [9], and Sense-Float-
Reset. To allow the agent to collect an arbitrary-length string of data in all
domains, we modify T-Maze to choose the next state randomly from the initial
state distribution instead of terminating the sequence of interactions. In the sup-
plemental material, Appendices B.1 and C contain details on the parameters of
the learning algorithm and planner, including sensitivity analyses to algorithm
parameters. Rewards of the original POMDPs have been learned as observations
for planning. For our reward-specification experiments, we introduce two novel
domains (noisy hallway and directional hallway) whose observation and transi-
tion matrices can be fully recovered by our method (see Fig. 4). For more details
on all domains, see Appendix C.5 in the supplemental material.

Convergence to true POMDP parameters. In Fig. 5, our results sug-
gest that our method successfully recovers the underlying observation models
through the L1 error of learned observation and partition-level transition likeli-
hoods against ground truth. EM consistently converges to a local minimum that
correctly predicts future observations but obtains incorrect POMDP matrices.

Planning performance with the learned model. To evaluate the perfor-
mance of the learned models, we apply a standard solver to the original ground
truth POMDPs, learned PSRs, and learned POMDPs. We use the sampling-
based planning approach PO-UCT of Silver and Veness [46] with the correction
described by Shah et al. [43]. Ideally, average planning performance should be
the same across ground truth models, PSRs, and the partition-level POMDPs,
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Fig. 5: Error bars represent standard deviation over 100 seeds. The y-axis is scaled
to make convergence visible. Row 1: Estimated number of states. Row 2: Obs. ma-
trix error relative to ground truth. Row 3: Trans. matrix error. This error is only
measurable once the estimated number of states matches that of ground truth, which
truncates the curves. Row 4: Total reward from planner under different models.

since they all learn the same distribution over observations and rewards given
a potential sequence of actions (see Appendix C.3 for rollout strategies for each
model). Figure 5 reports that the performance across models is roughly the same.

Planning performance on specified rewards. We explore whether the like-
lihoods and observations yielded by our algorithm can be leveraged to direct
agent behavior by specifying a reward function. When explicit POMDPs are
available, we can analyze the learned observation matrices to directly find the
states to assign positive reward. In the past, if a PSR did not learn a reward
model, then rewards were determined by observations [12]. Otherwise, the entire
model must be relearned to estimate a reward model that depends on state [26].

Our evaluations of this experiment are carried out on the two noisy hall-
way domains, where we attempt to direct the agent to drive the POMDP to
the ‘middle’ hallway state with ambiguous observations (say, to collect more
data for a poorly functioning perception model). We compare the strategies of
assigning rewards to observations and assigning rewards to states. In the direc-
tional domain, we assign +1 reward to action-observation pairs (left, end-left)
and (right, end-right) for the former strategy, and assign +1 reward to the
state whose maximum likelihood observations under left and right are their
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Fig. 6: The agent receives +1 reward for each timestep in the designated goal state (mid-
dle of hallway). ‘Obs’ refers to assigning rewards to action-observation pairs, whereas
‘state’ refers to assigning rewards to states. Error bars report standard deviation over
100 seeds. ‘Hacked reward’ refers to planning performance under a new reward fun.

corresponding hallway ends for the latter. For the noisy environment, we re-
ward the same action-observation pairs as the directional environment and also
(left, end-right) and (right, end-left) for the former strategy, and add +1
reward to the state that maximizes the sum of entropy of observation distribu-
tions across all actions for the latter. The former strategy is evaluated on PSRs
and POMDPs, whereas the latter is evaluated on learned POMDP models only.
Performance is judged on total reward gathered under the new reward function.

Results can be found in Fig. 6. In the directional domain, models that use
the first strategy allow the planner to drive the middle state because it is eas-
ily identified by the observations received under left and right. The second
strategy performs poorly with less data due to slow convergence of transition
matrices (see Appendix C.4). In the noisy domain, the uniform belief state and
belief state that places all mass on the middle of the hallway yield the same
observation mixture distribution when weighted by the belief over states. The
planner that uses observation-based rewards sees that playing the reset action
or controlling the state to stay in the center to yield the same rewards, leading to
unnecessary reset actions. The planner that uses the rewards emitted from the
highest-entropy state correctly rewards the middle state after the transition ma-
trices begin to converge, eliciting the correct behavior. This additional flexibility
highlights that learning POMDPs maintains all the advantages of PSRs and
obtains the flexibility to exploit observation and transition likelihood models.

6 On the Necessity of Observability Partitions
While learning POMDPs up to observability partitions falls short of our goal
of recovering all possible POMDPs with arbitrary transition and observation
matrices, the restriction of the observability partitions is in fact the best we can
achieve from a single sequential trajectory. We will show that there are multi-
ple POMDPs with different dynamics within the observability partitions that
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yield the same distribution over observations regardless of the actions taken,
even when we assume that Forw and Back are full-rank. The principal issue
is that there are multiple valid ‘forward-backward’ factorizations of the same
Hankel matrix. An equivalent statement is that there is a similarity transform P
that converts one valid forward-backward factorization into another. Our coun-
terexample to identifiability is framed in terms of the last point: we provide a
POMDP and a similarity transformation that, when applied in the manner of
Prop. 1 P , yields a valid b′

0, O′ao and T ′a of a different POMDP.
The counterexample is a perturbation of the sense-float-reset with three

states (Fig. 1). We perturb the float transition matrix, which we associate
with a new action float′, to allow for the states to jump between the two ends
of the graph. The reset, sense, and observation matrices remain unchanged.

T float′
=

.4 .5 .1
.5 .1 .4
0 .5 .5

 P =

1 0 0
0 0 1
0 .95 .05

 (17)

It can be readily verified that after applying the matrix P as a similarity trans-
form on all POMDP matrices of the perturbed sense-float-reset problem, that we
obtain another valid POMDP. Under a random exploration policy, the Hankel
matrices computed from data trajectories of both POMDPs are the same, in the
limit of infinite data (see Appendix A.7 in the supplemental material for proof).

Theorem 2. Let M = (b0, A, T , O, Z) and M′ = (b′
0, A′, T ′, O′, Z ′) be the

two POMDPs corresponding to the POMDPs as presented above, with arbitrary
initial distributions b0 and b′

0. Suppose the Hankel matrix H = limn→∞ Ĥ, where
Ĥ is computed via Eq. (4) under POMDP M, and suppose H′ is the analogous
Hankel matrix under M′. Then H and H′ are equivalent.

We can conclude that the distribution over observations is the same, regard-
less of the action sequences taken in either POMDP, since these observation
distributions can be read from the row of either Hankel matrix indexed by the
empty history. What our counterexample suggests is that knowledge of the in-
ternal structure of a POMDP is not necessary to predict future outcomes of
the system. While being able to predict future trajectories may be sufficient for
planning (with goals set as a function of observations), the ambiguity of inter-
nal structure prevents us from fine-grain model manipulation such as setting
goals on specific latent states for planning. Learning exact models that can be
leveraged in this way can only be done when certain conditions are met.

7 Related Work
Much of the theory surrounding Hankel matrix methods has been developed
to study Hidden Markov Models (HMMs), which can be viewed as POMDPs
with a single action. Hankel factorization approaches to learn HMMs have been
rediscovered many times [25, 10, 27]. Since then, conditions under which the Han-
kel matrix represents a finite-state HMM have been investigated [5, 50]. Sample
complexity and runtime complexity of these methods have also been studied in
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many contexts, including from sample trajectories of the HMM [24, 44] and from
directly querying Hankel entries [34].

The study of POMDP-learning has been informed by the development of
Hankel methods. PSRs [32, 47, 12, 52] were discovered separately, but share their
mathematical basis with Hankel factorization approaches to Hidden Markov
Models above. In the learning theory community, these spectral approaches have
largely been focused on learning predictive models for model-based reinforcement
learning [28, 17, 33, 16], but not learning explicit transition and observation dis-
tributions. The study of exact HMM and POMDP recovery has largely been done
using tensor decomposition methods, which require full-rankness assumptions on
transition and row-stochastic observation matrices [37, 24, 7, 21]. Relaxing these
assumptions is the focus of this paper.

Other approaches to learning POMDPs (and HMMs) have also been ex-
plored. Unlike the stochastic case, POMDPs have been shown to be learnable
when actions and observations are deterministic by matching states as equiv-
alence classes of observed histories that produce the same outputs on future
actions [6, 40, 18, 14, 41]. The Expectation-Maximation algorithm has been ap-
plied to both POMDPs and HMMs [39, 45], but are often stuck in local minima.
Mixed-integer programs to search through automata [49] and inductive logic
schemes [3] have also been applied. An alternate view of learning determinis-
tic discrete systems has been studied from the lens of combinatorial filters [42].
Recurrent deep-learning-based architectures have also been explored [51, 2, 1].

8 Conclusion and Future Work

We present a method that learns the parameters of a discrete POMDP from an
action-observation sequence gathered under a random exploration policy up to a
partition of the state space. Our approach applies tensor decomposition methods
to estimate a similarity that to recover a full POMDP model under a milder set
of assumptions relative to prior work. In domains where each state has a unique
observation distribution aggregated across all full-rank actions, we recover the
true POMDP. Otherwise, we learn the transitions between full-rank observability
partitions of the state space. We also show that we can only distinguish POMDPs
up to observability partitions from one sequential data trajectory.

One limitation of our work is the assumption that the forward and backward
matrices are full-rank. In general, it is known that the rank of the Hankel matrix
can be strictly smaller than the minimal number of states of an HMM, which
is also a POMDP [27, 50]. While we have learned much from Hankel factor-
ization algorithms for POMDP learning, the presence of this rank discrepancy
suggests a broader algorithmic framework may be required to better understand
the problem. Another limitation is that the algorithm only learns models from
domains with few states due to the size of the requisite Hankel matrix. Prior
work on HMMs characterizes computational efficiency based on the minimum
size of the Hankel matrix required to ensure full-rankness [24, 44]. Generalizing
these results to POMDPs may help us scale our algorithms to larger systems.
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